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To the memory of my mother,
who inspired me to become a physicist



Preface

This book deals with the intersection between string theory and cosmology, the
methods to obtain cosmology from string theory, i.e., “string cosmology.” While
there have been many developments in the field within the last 15–20 years, to my
knowledge, there is no comprehensive review or book dedicated to all the lines of
research in the field. This is important, since string cosmology is a developing field,
and it is not yet clear which line of research will eventually become standard. Since
there are people in both string theory and cosmology interested in the subject, as
well as graduate students that have a basic knowledge of both, the book introduces
both general cosmology and string theory, before describing string cosmology
proper.

The book is based on a graduate course I taught at my institute, the Institute for
Theoretical Physics of UNESP, and for which the students indeed had this back-
ground: a bit of cosmology, and a bit of string theory background, but not proficient
in either. I have added only 3 lectures at the end, denoted with an asterisk, which
correspond to more recent (but no less important) developments in string cosmology.
The book preserves otherwise the course format, with one lecture corresponding to
one chapter, and having a list of “important points to remember” at the end of each
chapter, as well as exercises. Researchers that want to learn about the subject are also
an intended audience for this book, as it presents most approaches that have some
success so far in describing cosmology, so they can use it as a reference.

There are no comparable books out there, to my knowledge. There is an
excellent book on string inflation by Baumann and McAllister, Inflation and String
Theory, but while it has a good presentation, it focuses only on inflationary aspects.
In terms of the introduction to cosmology, there is information exclusively about
inflation, assuming general cosmological knowledge, and the string theory intro-
duction is very quick. The other book I am aware of, Gasperini’s String Cosmology,
deals with only some specific topics, mostly about inflation, and has only a small
introduction to inflation, being meant for advanced researchers.

São Paulo, Brazil Horaţiu Nǎstase
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Introduction

This book describes the intersection of string theory with cosmology or string
cosmology. It is intended for people, either graduate students or researchers, with
only a superficial understanding of one, or both of the sides (cosmology or string
theory). The necessary background for the book is thus a thorough understanding of
general relativity and quantum field theory, and some background in cosmology
and string theory, but not too much.

In Part I of the book, I introduce regular cosmology, with the emphasis on the
issues that will be explored using string theory, but trying to introduce all relevant
concepts and most relevant calculations. Part II introduces the basic elements of
string theory, with added emphasis on issues that will be used for cosmology.
Besides supergravity and KK compactification, the basics of relativistic strings and
their quantization, I will introduce D-branes, extended soliton-like objects in string
theory, and T-duality, relevant in some cosmological models, as well as the general
picture of supersymmetric string theory, their strong coupling version called
M-theory, and their interconnection in the duality web. Finally, I will describe how
one obtains particle physics from string theory, and the connection of string theory
to strongly coupled field theories called the AdS/CFT correspondence, that can be
used in a certain comological model of “holographic cosmology.”

Part III of the book contains string cosmology per se. String theory has not
managed yet to obtain a fully consistent model of string inflation; there is always a
final step missing in those attempted constructions. I will thus describe the problems
of constructing a string inflationary model as well as the problems with the super-
gravity approximation to string inflation. I describe several (related) attempts within
the general category of string inflation, brane-antibrane inflation, the KKLT scenario
for de Sitter backgrounds, and the KKLMMT scenario for string inflation and its
generalizations, as well as the needed technical knowledge (for the previous con-
structions) of general braneworld cosmology and the Israel junction conditions.
Next, I describe the competing models of ekpyrotic, new ekpyrotic and cyclic
models, as well as the string gas and brane gas ones. Chameleon scalars, a type of

xix



scalars which are very light on the largest cosmological scales, are obtained from
string theory as well as fuzzy dark matter (a kind of axionic scalar model). Finally, I
treat the more modern and promising models of axion inflation and axion mon-
odromy from string theory and of holographic cosmology (which uses the AdS/CFT
correspondence).

xx Introduction



Part I
Standard Cosmology



Chapter 1
The Expanding Universe and the Big
Bang

In part I of the book, Iwill quickly describe the relevant parts of standard (non-stringy)
cosmology.

In this first chapter, we will begin with a study of the basics of cosmology in a
non-relativistic (non-general relativity) setting. Of course, theUniverse is expanding,
and the proper description of that is in general relativity, but we will see that with a
simple non-relativistic analysis, supplemented with a few nontrivial points, we can
go quite far in the description of cosmology. This can be thought of as just a useful
trick in order to get some simpler physical insight. In the next chapter, we will move
on to the relativistic theory.

After describing some observational facts, we will describe the cosmology in
non-relativistic setting, and we will see that the equation of state of “matter” in the
Universe dictates the time evolution of the scale factor of the Universe. After that,
we will finally describe the most (general) relativistic component of “matter” in the
Universe, the cosmological constant, which has a negative pressure, and leads to
acceleration, instead of attraction and slowdown, of the expansion.

1.1 Observations

We will start with a few basic observational facts about the Universe.

Fact 1. The most important is the observation of the Hubble expansion, or Hubble
law.

One defines the redshift as the relative change in frequency of light due to the
(special relativistic) Doppler effect, which relates the frequency at emission ν0 with
the observed (“redshifted”) frequency ν

ν0 = ν
(
1 + v

c

)
, (1.1)
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4 1 The Expanding Universe and the Big Bang

so that the redshift is
z ≡ ν0 − ν

ν
= v

c
. (1.2)

Since ν = c/λ, we can also write it in terms of the wavelength at emission λ0 and
the observed wavelength λ,

z = λ − λ0

λ0
. (1.3)

A measure of the distance r is the apparent visual magnitude (more precisely, the
dL defined later is). One measures the light coming from a source, and knowing its
brightness, we can see how far away from us it is. Then in the graph of the redshift
z with the apparent visual magnitude, standing in for r , we see a linear relation for
astrophysics objects, namely stars, galaxies, etc. This is known as the Hubble law,
and it is

(c)z = v = Hr. (1.4)

More precisely, this is correct in the non-relativistic approximation. In general,
the relation is not linear, and H = H(t). Note that here v = ṙ .

Finally,we should say that theHubble lawmeans that it is space itself that expands,
and stars and galaxies only go along with the expansion, since there can be no
mechanism that all stars and galaxies move away from us according to the Hubble
law, and yet space is static.

Fact 2. The other important observation is the one of isotropy of the Universe.
To infer it, we will preview the fact (to be explained in detail later in the book)
that there exists a background radiation permeating all of the Universe, the Cosmic
Microwave Background Radiation (CMBR), which is a remnant of the Big Bang,
and this radiation has travelled to us since then. The CMBR spectrum is isotropic to
an excellent precision, which means that the Universe (the initial Big Bang point, as
well as everything in the path of the light coming from the Big Bang, that is to say,
the whole of the observable Universe) is isotropic.

There is one detail about the CMBR that necessitates a relativistic treatment in
order to understand properly. The CMBR has a dipole, i.e., there is a preferred
direction in space. But this is easily understood as being due to the fact that the Earth
is moving at a constant velocity, in the direction of this dipole, with respect to the
CMBR. This is not clearwithin special relativity, where there shouldn’t be a preferred
frame for radiation. But within general relativity, in the expanding Universe metric
ds2 = −c2dt2 + a2(t)d �x2, there is a preferred frame, defined by this metric, where
t is the “cosmological time”. It is in this frame that the CMBR is defined, and the
Earth is moving with respect to it.

Fact 3. Finally, we can observe the homogeneity of the Universe. Of course, on
small scales, the Universe is not homogenous: we have stars and galaxies, either
of which is surrounded by voids until the next structure. But on even larger scales,
where galaxies and clusters of galaxies are considered as point-like, the Universe is
homogenous.We can explicitly see this, from the distribution of galaxies and clusters
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of galaxies, which is found by measuring the direction, distance and mass of these
structures. But moreover, while this method simply uses light to detect matter, there
are other forms of matter that do not appear in light, called dark matter, about which
we will speak later on in the book. To take that into consideration, one can measure
the peculiar velocity fields of stars and galaxies. As we said, on the average, stars
and galaxies move away from us according to the Hubble law (due to the expansion
of space), but still, relative to this expansion of space, the objects can have extra
random velocities, called peculiar velocities. In gravitational theory, the velocities
of these many objects are influenced by the gravitational fields present, generated by
the local mass distribution. Therefore, by measuring the peculiar velocities, in effect
we can extract information about the mass distribution, that includes any matter not
visible via light, i.e., dark matter. The final result is the same: on the very largest
scales (of galaxies and clusters of galaxies), the Universe is homogenous to a very
high degree.

1.2 Newtonian Approximation for the Expansion of Space

In order to find the equations that describe the expansion of space, we must use
gravitational equations and the conservation of energy. The simplest model, that
we will use in this chapter, is to use the Newtonian approximation for gravity.
I should stress here that, strictly speaking, Newtonian gravity is not applicable to
the expanding Universe, which is described by general relativity. However, the sim-
plest model, Newtonian gravity, can take us very far, and by including the relativistic
effect of pressure on the energy, can give us the correct equations for the expanding
Universe. The method presented here is a rather known trick, whose origins I don’t
know, but which I have first seen in lectures by Igor Novikov some 25 years ago.
The goal, besides ease of introduction, is to see that, despite appearances, we only
need minimal input from general relativity, otherwise we can derive most things
without it.

Assuming spherical symmetry (from isotropy) and uniformity, we can consider
a sphere of matter of constant energy density ρ, and of radius r . Because of the
expansion of space through the Hubble law, we have

ṙ = v = Hr. (1.5)

Then the gravitational Gauss’s law equates the total mass in the sphere (times
4πGN ) with the flux of the gravitational field through the surface of the sphere, i.e.,

ρ × 4π

3
r3 × (4πGN ) = g × 4πr2. (1.6)

Moreover, g equals (since mi = mg, the inertial and gravitational masses are the
same) the acceleration at the surface of the sphere, i.e.,
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r̈ = g = −4πGN

3
ρr. (1.7)

This is in fact the same as the general relativity result for pressureless matter! The
only effect of general relativity is to imply that pressure has energy density as well,
resulting in the shift

ρ → ρ + 3P

c2
, (1.8)

to finally obtain the general relativity relation (renaming r → R, the scale factor of
the Universe)

R̈ = −4πGN

3

(
ρ + 3P

c2

)
R. (1.9)

The Hubble law in general has

H = H(t) ≡ 1

R(t)

dR(t)

dt
, (1.10)

so theHubble “constant” is not really a constant, but varies in time (it is a constant only
in space). Moreover, as a function of the redshift z (the observational quantity), H
also varies, since wemeasure everything by the light that comes to us, and something
coming from redshift z corresponds (due to the constancy of the speed of light) with
something that comes from a certain distance d, and thus a certain time t away.

We can also obtain another law from theNewtonian approximation.We can obtain
it more rigorously, but first we will use a not quite correct shortcut. Neglect the
pressure, P � 0, and consider the conservation of energy in its rawest form, the sum
of the kinetic and potential energies be a constant for a test mass m. The kinetic
energy is mṘ2/2, and a very naive estimate for the potential energy, m times the
potential, is m times the mass of the sphere, ρ(4πR3/3), times 1/R, obtaining

m

2

(
dR

dt

)2

− m

(
4π

3
R3ρ

)
1

R
= const. (1.11)

But of course, this derivation is not quite correct, since to obtain the potential we
would need to actually integrate the gravitational acceleration,

∫
g(R)dR, and then

we would get a factor of 2 too much with respect to the correct result.
The correct way to derive the above result is to use the relation previously derived,

(1.9), together with local energy conservation. Note that from now onwewill put c =
1 as usual in theoretical physics. The latter amounts to writing the energy variation
dU as d(ρV ) = Vdρ + ρdV , and then equating with the work done by pressure,
−PdV , to obtain

ρ̇ = −(ρ + P)
V̇

V
= −3(ρ + P)

Ṙ

R
. (1.12)
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Eliminating P between this equation and (1.9), we obtain

R̈ = +8πGN

3
ρR + 4πGN

3
ρ̇
R2

Ṙ
. (1.13)

Multiplying the latter by Ṙ, we obtain

d

dt

(
Ṙ2

2

)
= d

dt

(
4πGN

3
ρR2

)
, (1.14)

which integrates to
Ṙ2

2
− 4πGN

3
ρR2 = k

2
= const. (1.15)

We see that this is the same equation as from the naive (and wrong) derivation,
but now it is correct. This equation is known as the Friedmann equation. Moreover,
we can define the constant through the value of the left hand side at current time,
denoted by a zero index, obtaining

(
dR

dt

)2

= 8πGN

3
ρR2 − 8πGN

3
R2
0

(
ρ0 − 3H 2

0

8πGN

)
, (1.16)

where the second term on the right hand side is the constant k.
We now define the critical energy density at current time

3H 2
0

8πGN
≡ ρc,0 , (1.17)

and the ratio of the energy density at current time with the critical one,

�0 ≡ ρ0

ρc,0
= 8πGN

3

ρ0

H 2
0

. (1.18)

We can define the same quantities at arbitrary times, the critical energy density

3H 2

8πGN
≡ ρc , (1.19)

and the ratio of the energy density to the critical one,

� ≡ ρ

ρc
= 8πGN

3

ρ

H 2
. (1.20)

Now the information that comes from general relativity and will be explained in
the next chapter, is that � > 1 implies that k is not an arbitrary constant, but rather
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it is k = +1, and the Universe is (spatially) closed, i.e., it something like a sphere,
with a finite total volume. If on the other hand � < 1, this means that k = −1, and
the Universe is (spatially) open, a hyperbolic space of infinite total volume. But in
fact, experimentally we are almost certainly in the case� = 1, which implies k = 0,
and the Universe is flat, a parabolic space of infinite total volume.

Finally, that means that we can rewrite the Friedmann equation as

k

H 2R2
= ρ

3H 2/(8πGN )
− 1 = � − 1. (1.21)

If H quantifies the velocity of the expansion, we need to define a parameter that
describes also its acceleration. Or rather, we define the deceleration parameter

q ≡ 1

H 2

(
− 1

R

d2R

dt2

)
(1.22)

Then from the equation for R̈ (1.13), we obtain

q = − R̈

RH 2
= −�

(
1 + 1

2

ρ̇/ρ

Ṙ/R

)
. (1.23)

Theparameter is defined as a decelerationparameter (as opposed to an acceleration
parameter), since historically it was thought that the Universe is decelerated, though
as we will see, now we know it currently is accelerated.

For pure pressureless matter (dust), P = 0, ρ̇/ρ = −3Ṙ/R, which gives

q = �

2
. (1.24)

Experimentally, the Hubble parameter today H0 is defined in terms of a dimen-
sionless one h0 as

H0 ≡ h0 × 100
Km/s

Mpc
. (1.25)

1.3 Time Evolution of the Scale Factor for a Linear
Equation of State

In cosmology, one usually assumes a linear equation of state,

P = wρ. (1.26)

This is of course true for dust (P = 0), and for radiation P = ρ/3, i.e., w = 1/3,
but is not necessarily true for any kind of matter. For instance, for a scalar field in
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a potential, we can have a varying w (nonlinear P(ρ)), and for QCD in the phase
transition, we also have a nonlinear P(ρ). Nevertheless, we will assume constant w
in the following.

Then the continuity equation is

ρ̇

ρ
= −3(1 + w)

Ṙ

R
, (1.27)

and we see that we don’t need to eliminate P anymore, so we can integrate it directly,

ρ(R) ∝ R−3(1+w). (1.28)

If � = 1, like it seems to be experimentally favoured, or if we are looking at
R → ∞, from (1.21) we obtain

Ṙ2

R2
= H 2 = 8πGN

3
ρ ∝ R−3(1+w) , (1.29)

which we can integrate to give
R ∝ t

2
3(1+w) . (1.30)

From this, we obtain (
Ṙ

R

)2

= 4

9(1 + w)2t2
, (1.31)

to be compared with 8πGNρ/3, so that we have

ρ = 1

6πGN t2(1 + w)2
. (1.32)

From R(t), written (by comparing with the relation today) as

R = R0(t/t0)
2

3(1+w) , (1.33)

we get

H0 = 2

3(1 + w)t0
⇒ t0 = 2

3(1 + w)
H−1

0 . (1.34)

Thus the age of the Universe, at least in this simple model where a single w

dominates the whole evolution of the Universe, is given roughly by H−1
0 .
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1.4 Universe with Several Matter Components

Consider several energy components with different equations of state Pi = wiρi .
Then each component has its own continuity equation (the energy is conserved for
each component, since for each we have dUi = d(ρi V ) = −PidV )

ρ̇i

ρi
= −3(1 + wi )

Ṙ

R
, (1.35)

which integrates to
ρi (R) ∝ R−3(1+wi ). (1.36)

Thus each component decays with R in a different way.
On the other hand, if� = 1 or R → ∞, we have the Friedmann equation in terms

of the total energy, i.e.,

(
Ṙ

R

)2

= H 2 = 8πGN

3

∑
i

ρi . (1.37)

If one of them, wdom , dominates the energy density, then ρ � ρdom , so we obtain

R ∝ t
2

3(1+wdom ) , (1.38)

which leads to the scaling of the total energy density as

ρ = 1

6πGN t2(1 + wdom)2
. (1.39)

But since ρi (R) scale with R in a different way, their relative proportion changes,
since

ρi (R) ∝ R−3(1+wi ) ⇒ ρi

ρ j
∝ R3(w j−wi ). (1.40)

That means that the component with the lowest wi dominates at late times, and
the one with the highest wi dominates at early times.

Several components in the Friedmann equation for R̈ gives

R̈

R
= −4πGN

3

∑
i

(ρi + 3Pi ) = −4πGN

3

∑
i

ρi (1 + 3wi ) , (1.41)

and defining the relative �’s,

�i = 8πGNρi

3H 2
, (1.42)



1.4 Universe with Several Matter Components 11

we can write the Friedmann equation as the equation for the deceleration parameter

q ≡ − R̈

RH 2
=

∑
i

�i

2
(1 + 3wi ). (1.43)

1.5 A Quick History of Experimental Observations
and Discoveries

At this point, we pause and give a quick timeline of the relevant discoveries for the
standard cosmology described so far.

–In 1914, Slipher measures nebular velocities v, and finds that they are much
larger than stellar velocities.

–In 1917, the same Slipher measures the average velocity as 〈v〉 = 500 km/s. He
is the first to observe the galactic redshift. Notice that Einstein’s general relativity
was discovered in 1915, in between the two discoveries.

–In 1917: de Sitter writes his solution with repulsive forces proportional to the
distance giving an expanding Universe. It is the first astrophysical implication of
Einstein’s general relativity. Einstein however doesn’t like it, and invents “Einstein’s
static Universe” to counter it.

–In 1922 and 1924, Friedmann writes his equations for the expanding Universe.
–In 1923, Hermann Weyl describes galaxies in de Sitter’s Universe.
–In 1927, Lemaître writes his theory.
–In 1928, Robertson writes his, and later Walker. Thus finally, we have the FLRW

Universe, to be described in the next chapter.
–On 15 March 1929, E. Hubble finds his law for the expanding Universe. He

measures 24 nebulae with known distances (we will see later how we can mea-
sure distance, which is nontrivial), and measuring also the redshift, finds H �
500Km/s/Mpc. But note that now we know that H < 100Km/s/Mpc, so in reality
his measurement was way off, and yet he managed to establish the correct expansion
law.

Note that by inverting the value of H0 of about 100Km/s/Mpc, we obtain the
order of magnitude of the age of the Universe,

t0 ∼ H−1
0 ∼ 1010yrs = 10 billion years. (1.44)

This is so, since, if the Universe always expanded with the same H0 (which we
know not to be the case, in fact H = H(t), but the variation is only polynomial), at
T0 = 1/H0 in the past all points were situated at the same place.

This is roughly correct, since the exact age of the Universe measured now is about
13.8 billion years.
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1.6 The Cosmological Constant

There is a relativistic “matter” component (see the next chapter) called the cosmo-
logical constant that has w = −1, which means that it has the equation of state

P = −ρ. (1.45)

It can only be understood in relativistic theory, since we have negative pressure. In
fact, there are so-called energy conditions that are believed to hold for any quantum
matter, one of them being P + ρ ≥ 0, so the cosmological constant saturates this
inequality. In fact, usually one considers w ∈ [−1, 1], but only the lower value is an
actual bound, the upper value is not: we could consider w � 1, as we will in part III
of the book.

Since w = −1 is the minimum value possible for w, in the end it will dominate
the evolution of the Universe. This is what happens in the current age, when � just
begins to dominate. It is also what happened during inflation, when there was an
effective cosmological constant.

For the pure�Universe (cosmological constant dominating), from the continuity
equation with ρ + P = 0 we obtain

ρ̇

ρ
= 0 ⇒ ρ = const. (1.46)

So indeed the cosmological constant is an energy density that is not only constant
in space, but also in time, making it a true constant.

Note that this is somewhat counterintuitive, since it means that despite the fact
that the Universe is expanding, the energy density remains constant. That implies that
as a sphere expands, energy is created (since the volume increases, but the energy
density remains constant). But that is easy to explain, due to the negative pressure that
exerts positive work. It is just counterintuitive, since in usual experience, pressure is
positive, so exerts negative work, and the energy density drops as a volume expands.

If ρ =constant, the Friedmann equation gives

H 2 = 8πGN

3
ρ = const. ⇒ R = R0e

Ht , (1.47)

i.e., exponential expansion.
Next, consider a more physical case, with both cosmological constant (which we

find experimentally that exists, at the very least as an approximation, in the real
Universe), and matter, which is obviously present. This describes well the current
age of the Universe. Then from (1.43), we obtain

q = �matter

2
− ��. (1.48)
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Notice the sign for ��, and since it dominates, we have acceleration of the
Universe.

In fact, as seen from (1.43), we only need w ≤ −1/3 to obtain acceleration.

Observing the Cosmological Constant

Observationally, the measurements that decides the existence of the cosmological
constant are related to type Ia supernovae. It is not important what they are (though
we will describe them later on in the book), but the important point for us is that
they are (statistically speaking) standard candles. That is, we know they all have
roughly the same brightness, so by measuring the flux that reaches us on Earth, we
can calculate the distance. More precisely, we calculate a dP(z) that will be defined
more precisely shortly.

As we said, the Hubble law is only approximate, and more precisely it is a local
(in time, thus space) relation. Instead of z = Ṙ = HR, we have

c dz = −H dr. (1.49)

Moreover, H = H(z) as we said, and r is the distance travelled by light, divided
by the normalized expanding scale, R/R0.

The measured distance is the integral of dr ,

dP =
∫

dr = c
∫

dz

H(z)
. (1.50)

But H depends on z implicitly, via the dependence on t , related to z via the
propagation of light, namely (using dz = −H dr/c = −Hdt/(R/R0))

dH

dz
= dt

dz

dH

dt
= − R/R0

H

d

dt

(
Ṙ

R

)
= − R/R0

H

(
R̈

R
− Ṙ2

R2

)
= +H

R

R0
(q + 1).

(1.51)
This implies the expansion

1

H(z)
� 1

H0
− 1

H 2
0

(
dH

dz

)∣∣∣∣
0

z. (1.52)

Finally, substituting in dP = c
∫
dz/H(z), we get

dP � c

H0

(
z − (1 + q)

z2

2

)
. (1.53)

By measuring the curvature of dP(z) (deviation from a straight line), we find q.
This gives a rough linear relation between �� and �m . Experimentally, we find q <

0, sowe have an acceleratedUniverse, with q < 0, sowtotal < −1/3.More precisely,
combining the linear relation above with another linear relation, coming from the
fact that CMBRmeasurements (to be described later) imply that� = �m + �� = 1
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(flat Universe) is favored, we obtain the current result at the intersection of the two
lines, with �m � 0.3 and �� � 0.7.1

Important Concepts to Remember

• TheUniverse expands according to theHubble law, v = Hr . In general, theHubble
law is Ṙ/R = H(t).

• The Universe is homogenous and isotropic.
• In the Newtonian approximation, the Universe obeys the Friedmann equation

Ṙ2/2 − 8πGρR2/3 = k/2 = constant and the continuity equation ρ̇ + 3(ρ +
P)Ṙ/R = 0.

• We can define the ratio � of the energy density to the critical energy density
ρcr = 3H 2/8πGN , so that the Friedmann equation is � − 1 = k/H 2R2.

• The deceleration parameter q = −R̈/RH 2 for the pressureless matter (P = 0)
case is q = �/2.

• Defining the equation of state P = wρ, we have ρ(R) ∼ R−3(1+w) and, if it dom-
inates the energy density, R ∝ t2/(3(1+w)), so that ρ ∝ 1/t2.

• For several components, ρi ∝ R−3(1+wi ) and q = ∑
i �(1 + 3wi )/2.

• The cosmological constant has P = −ρ, ρ = constant in time, and if it dominates
gives exponential expansion, R = R0eHt , with H 2 = 8πGNρ/3.

• The distance travelled by light is dP = ∫
dr = c

∫
dz/H(r).

Further reading: Most of the basic cosmology can be found in [1]. We can also see
the books [2, 3].

Exercises

(1) Calculate q(t) and q(t)/�(t) for arbitrary equation of state P = wρ and
arbitrary k.
(2) Calculate the exact ρ(t) in a system with two components, one with w1 and ρ0,1
at t0, and one with w2 and ρ0,2 at t0.
(3) Consider a Universe with a radiation component (w = +1/3), plus a cosmolog-
ical constant. Calculate q(�i ) and the exact ρ(t).
(4) Calculate the next term in the expansion for dP(z) beyond the quadratic one in
(1.53).

1We should mention here that, strictly speaking, flatness does not imply an Universe that is open,
as we will assume in the following. For instance, a torus is flat (has no curvature), yet has a finite
volume. But there is no convincing argument for nontrivial topology of the Universe: in any case,
the topology would have to be outside the observable Universe (outside the “horizon”), in order not
to contradict experiments, in which case one would need indirect measurements to test for topology.
Since there is no convincing way to test for this topology, I will not consider it in the following.



Chapter 2
Relativistic Theory

In this chapter, we re-derive, and extend, the analysis of the previous chapter within
general relativity. We will re-derive the Friedmann equation from the relativistic
treatment, of the FLRW metric, and then describe the various types of matter in
detail, and the corresponding evolution of the Universe.

2.1 The FLRWMetric and the Friedmann Equation

Homogeneity and isotropy (experimentally observed, as we mentioned in the previ-
ous chapter)meansfirst thatwe canwrite themetric in diagonal form,− f (dt)2 + dl2.
But homogeneity means that f must be independent of r , and then we can redefine
t to put it in the form

ds2 = −cdt2 + dl2. (2.1)

For the spatial part of the metric, dl2, by homogeneity and isotropy, we need to
have a factor dx̃2 + d ỹ2 + dz̃2, multiplied by a function of r2 = x̃2 + ỹ2 + z̃2, and
multiplied by a scale factor (a(t) is the radius of curvature andC = k/a2 is the curva-
ture; here k = 0,±1). This gives a 3 dimensional space of constant curvature (which
is what homogeneity and isotropy implies), whose metric in comoving coordinates,
i.e., coordinates that move together with the expansion of the space, quantified by
a(t), is uniquely given by

ds2 = a2(t)
dx̃2 + d ỹ2 + dz̃

[
1 + k

4 (x̃
2 + ỹ2 + z̃2)

]2 . (2.2)
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Defining spherical coordinates

x̃ = r̃ sin θ cosφ

ỹ = r̃ sin θ sin φ

z̃ = r̃ cos θ , (2.3)

we obtain

dl2 = a2(t)
dr̃2 + r̃2(dθ2 + sin2 θdφ2)

[
1 + k

4 r̃
2
]2 . (2.4)

Using the further transformations

k = +1 : r̃

1 + r̃2
4

= sin r

k = −1 : r̃

1 − r̃2
4

= sinh r

k = 0 : r̃ = r , (2.5)

we obtain

dl2|k=0 = a2(t)[dr2 + r2(dθ2 + sin2 θdφ2)]
dl2|k=+1 = a2(t)[dr2 + sin2 r(dθ2 + sin2 θdφ2)]
dl2|k=−1 = a2(t)[dr2 + sinh2 r(dθ2 + sin2 θdφ2)]. (2.6)

In a 2 dimensional analogy, if we had a metric dl2|k=0 = a2(t)[dr2 + r2dθ2], we
would say that the radius of the circle parametrized by θ would be

l = 2πra. (2.7)

In the k = +1 case with r → sin r in the metric,

l = 2π sin ra , (2.8)

and in the k = −1 case with r → sinh r in the metric,

l = 2π sinh ra. (2.9)

Similarly now, the area of the 2-sphere parametrized by θ,φ is (in terms of the
area 4π of the unit sphere)

S(k) = 4πa2r2 : k = 0

= 4πa2 sin2 r; k = +1

= 4πa2 sinh2 r; k = −1. (2.10)
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Finally, we can transform to Friedmann–Lemaître–Robertson–Walker (FLRW)
coordinates, by

r ′ = sin r; k = +1

= r; k = 0

= sinh r; k = −1 , (2.11)

giving the FLRW Universe, with metric

dl2 = a2(t)

[
dr ′2

1 − kr ′2 + r ′2(dθ2 + sin2 θdφ2)

]
. (2.12)

We can substitute this metric in the Einstein equations, and find that they reduce
to an equation for the acceleration of a,

d2a

dt2
= −4πGN

3
a(ρ + 3P) + �

3
a , (2.13)

and an equation for H , the Friedmann equation,

H 2 =
(
da

adt

)2

= 8πGN

3
ρ − k

a2
. (2.14)

These are the same equations as obtained before, in theNewtonian analysis, except
as we said there, the Friedmann equation comes from integrating the equation for the
acceleration (2.13) and as such k is an arbitrary integration constant. Here k = 0,±1
depending on whether the Universe is flat, closed or open. But as before, we can
also go in the opposite direction, namely using (2.14) and the continuity equation,
we obtain (2.13). Another difference is that now the continuity equation is obtained
from the Einstein equation as well, as we will shortly see.

The Einstein equation is written as

Rμν − 1

2
gμνR = 8πGNTμν − �gμν , (2.15)

where we have added a separate cosmological constant term in it, even though we
could write it as part of the energy-momentum tensor Tμν . Note that here, and in
the rest of the book, I will use the metric signature convention (− + ++) (“mostly
plus”).

For the energy-momentum tensor, most of the time in cosmology one uses the
perfect fluid ansatz (non-perfect fluid ismostly only used in the cases of perturbations,
without homogeneity and isotropy),

T μν = ρuμuν + P(gμν + uμuν) , (2.16)
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where

uμ = dxμ

dτ
(2.17)

is the comoving 4-velocity of the fluid, and the tensor structure gμν + uμuν is trans-
verse to the 4-velocity of the fluid,

uμ(g
μν + uμuν) = uμ − uμ = 0 , (2.18)

since uμuμ = −1 (obvious in the frame where uμ = (1, 0, 0, 0)). Then in the same
frame, with uμ = (1, 0, 0, 0), we find that T μ

ν is diagonal, and more precisely

T μ
ν = diag(−ρ, P, P, P) , (2.19)

both in flat Minkowski space and in the FLRW Universe.
Adding the cosmological constant corresponds to shifting the energy-momentum

tensor by

Tμν → Tμν − �

8πGN
gμν , (2.20)

which amounts to the shift

ρ → ρ + ρ�

P → P + P�; (2.21)

where

ρ� = �

8πGN
; p� = −ρ�. (2.22)

Energy conservation in general relativity corresponds to the conservation of the
current corresponding to translation symmetry, i.e., the energy-momentum tensor,

DμT
μ

ν = 0 , (2.23)

which is a tensor relation, thus can describe energy loss or gain. With T μ
ν =

diag(−ρ, P, P, P), it reduces to the usual relation, derived last time from dU =
d(ρV ) = −PdV ,

ρ̇ = −3(ρ + P)
ȧ

a
. (2.24)

As in the previous chapter, we can rewrite the Friedmann equation as

k

a2
= 8πGN

3
(ρ(t) − ρc(t)) + �

3
= 8πGN

3
(ρtot(t) − ρc(t)) , (2.25)

where the critical energy density is
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ρc ≡ 3H 2

8πGN
, (2.26)

in the second equality we have considered the cosmological constant as part of the
total energy density ρtot as well, and the left hand side, sometimes called

k

a2
≡ CG , (2.27)

the curvature energy density (and as such, can be included in the total energy density
as well). Note that in this form of the Friedmann equation, we see that the sign of
ρ(t) − ρc(t) is the same as the sign of k, which is fixed for all time. That is, the
relation of ρ < ρc (� < 1) or ρ > ρc (� > 1), or ρ = ρc (� = 1) is true for all time.
Moreover, it says that if ρtot(t) → ρc(t) at some time, then (if k �= 0, i.e., if ρ �= ρc)
we have a → ∞.

2.2 Types of Matter and Resulting Expansion
of the Universe

We first review the analysis of the case with linear equation of state, P = wρ, from
the previous chapter.

We found that

a(t) ∝ t
2

3(1+w)

H = ȧ

a
= 1

t
∝ a− 3(1+w)

2

ρ = 1

6πGN t2(1 + w)2
∝ a(t)−3(1+w). (2.28)

• P = 0 for dustmatter (pressureless). If it dominates the expansion of the Universe,
i.e., if we are in an era of matter domination (M.D.), we have, according to the
above formulae,

a(t) ∝ t2/3

H ∝ 1

a3/2

ρ = 1

6πGN t2
= 1

a3(t)
. (2.29)

The last relation is expected, since the matter in a comoving volume is conserved
during the expansion of the Universe, but the volume expands as a3, so the density
drops as 1/a3.
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• P = ρ/3 (w = 1/3) for radiation. If it dominates the expansion of the Universe,
i.e., if we are in an era of radiation domination (R.D.), we have, according to the
general formulae,

a(t) ∝ t1/2

H(t) ∝ 1

a2

ρ = 3

32πGN t2
∝ 1

a4(t)
. (2.30)

The last relation is again expected. The energy of a photon is hν = hc/λ, and
wavelengths λ are comoving, i.e., they expand together with the Universe, which
means that the energy within a comoving volume decays as 1/a, and the energy
density as 1/a4.

• P = ρ (w = +1), which is usually called “stiff matter” gives, according to the
general formulae,

a(t) ∝ t1/3

H ∝ 1

a3

ρ = 1

24πGN t2
∝ 1

a6(t)
. (2.31)

The stiff matter is not really the maximumw one can have, though one rarely con-
siders bigger ones. However, we will see towards the end of the book an example
of w � 1. The case w = +1 is obtained for a (homogenous and isotropic) back-
ground scalar field φ = φ(t), when the kinetic term dominates over the potential
term (so the opposite to the case of inflation, when the potential dominates over
the kinetic term), so that the action is approximately

S = −1

2

∫
d4x

√−g(∂μφ)2 , (2.32)

and the energy-momentum tensor is

Tμν = − 2√−g

δS

δgμν
= ∂μφ∂νφ − 1

2
gμν(∂ρφ)2 , (2.33)

meaning if φ = φ(t) only, we obtain

T00 = 1

2
φ̇2 = Tii ⇒ w = +1. (2.34)

• Finally, we review the case of cosmological constant, with P = −ρ (w = −1). In
this case, the general formulae are singular at w = −1, so we must consider them
separately. As we saw in the previous chapter, we have
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a(t) ∝ eHt

H = const.
ρ = const. (2.35)

The terms with highestw dominate at the beginning, and the one with lowestw at
the end. Since we have P + ρ ≥ 0 by the energy conditions (believed to be satisfied
by all quantum matter), the order is as follows: first, stiff matter dominates, then
radiation, then matter, then cosmological constant.

In order to find the expansion age of the Universe, t0, as a function of H0 (the
Hubble constant today) and �0 (the total � today), we first write the Friedmann
equation as

k

a2
= 8πGN

3
(ρtot(t) − ρc(t)) = H 2(t)

ρc(t)
(ρtot(t) − ρc(t)) ⇒

k

a2
= H 2(t)(�(t) − 1). (2.36)

Finally, we write
1

a(t)H(t)
=

√
�(t) − 1

k
(2.37)

We can then calculate t0 by writing dt as a function of H , as

t0 =
∫ t0

0
dt =

∫ a(t0)

0

da′

ȧ′ =
∫ a(t0)

0

da′

a′H ′ . (2.38)

2.3 Cosmological Evolution Formulas

Formulas as a Function of Redshift

We now define quantities as a function of the redshift. Since wavelengths in the
expanding Universe are comoving (expand with the Universe),

λ(t)

λ0
= a(t)

a0
, (2.39)

and then the redshift, which as found to be 1 + z = a0/a(t), we obtain (remembering
that a(t) and λ(t) correspond to the emission time for the wave)

1 + z = λdetected

λemitted
≡ λ0

λ(t)
= a0

a(t)
. (2.40)
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Since frequencies satisfy ν = c/λ ∝ 1/a, we have

νa = constant. (2.41)

The temperature in the Universe (which is in thermal equilibrium, at least as
far as radiation goes) is defined by the black body radiation of the CMBR (cosmic
microwave background radiation), which is a function of ν/T . The shape of the
(Planck) distribution is obviously preserved as the Universe expands, which means
that we also have

Ta = const. ⇒ T ∝ 1

a(t)
. (2.42)

We next express the age of the Universe as a function of z. Since a0/a(t) = 1 + z,
we replace in the formula for t (2.38)

x = a(t)

a0
= 1

1 + z
. (2.43)

We obtain

t =
∫ a0/(1+z)

0

da′

a′H ′ = 1

H0

∫ 1/(1+z)

0

dx

x(H/H0)
, (2.44)

and we have to replace H/H0 as a function of z, from H = ȧ/a,

a(t) = a0
1 + z

= a0(t/t0)
2

3(1+w) . (2.45)

Specifically, the Friedmann equation is rewritten as (putting the curvature k/a2,
giving �R on the same side as H 2)

H 2 = H 2
0

[
�0,m

ρ

ρ0
+ �0,R

a20
a2

+ �0,�

]
. (2.46)

Using

ρ

ρ0
= (a/a0)

−3(1+w) = (1 + z)3(1+w)

a20
a2

= (1 + z)2 , (2.47)

in H 2, and replacing H/H0 in the formula for the age t , we obtain finally for the age
of the Universe

t0 = 1

H0

∫ 1/(1+z)

0

dx
√

�0,�x2 + �0,R + �0,mx−(1+3w)
. (2.48)
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In particular, we saw in the previous chapter that for �tot = 1, we have

t0 = 1

H0

2

3(1 + w)
. (2.49)

Formulas as a Function of Conformal Time

We define the conformal time as the time when the metric is a time independent
factor times an overall time dependent factor. Specifically,

dη = cdt

a(t)
, (2.50)

which means that

ds2 = a2(t)

[
−dη2 + dl2

a2(t)

]
. (2.51)

For instance, in FLRW coordinates, we have

ds2 = a2(t)

[
−dη2 + dr ′2

1 − kr ′2 + r ′2(dθ2 + sin2 θdφ2)

]
. (2.52)

In terms of η, we obtain the table:

P k t (η) a(η) H(η) �(η)

1 c−1 A(η − sin η) A(1 − cos η) A−1c sin η(1 − cos η)−2 2(1 + cos η)−1

P = 0 (M.D.) 0 c−1 Aη3/6 Aη2/2 A−14cη−3 = 2
3t 1

−1 c−1 A(sinh η − η) A(cosh η − 1) A−1c sinh η(cosh η − 1)−2 2(1 + cosh η)−1

1 c−1 A′(η − cos η) A′ sin η A′−1c cos η(sin η)−2 (cos η)−1

P = ρ/3 (R.D.) 0 c−1 A′η2/2 A′η A′−14cη−2 = 1
2t 1

−1 c−1 A′(cosh η − 1) A′ sinh η A′−1c cosh η(sinh η)−2 (cos η)−1

We will verify the cases with � = 1 (k = 0), in which case as we saw

a(t) = a0 = a0(t/t0)
2

3(1+w) , (2.53)

so that

η(t) = c
∫

dt

a(t)
∝ t

1+3w
3(1+w) . (2.54)

Then for w = 0 (M.D.) we find

η(t) ∝ t1/3 ⇒ t ∝ η3 , (2.55)
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and for w = 1/3 (R.D.), we find

η(t) ∝ t1/2 ⇒ t ∝ η2. (2.56)

Moreover, since now
a(t) ∝ t

2
3(1+w) ∝ η

2
1+3w , (2.57)

and for � = 1 we have (2.49), which means also

H0 = 2

3(1 + w)t0
, (2.58)

for the w = 0 case (M.D.) we obtain

a(η) ∝ η2 ⇒ H0 = 2

3t0
, (2.59)

whereas for the w = 1/3 case (R.D.), we obtain

a(η) ∝ η ⇒ H0 = 1

2t0
. (2.60)

We leave it as an exercise to check the cases for k = +1 and k = −1.

Important Concepts to Remember

• The expanding Universe is described by the FLRW metric, ds2 = −c2dt2 + dl2,
with dl2 ∝ a2(t). In one expression, dl2 = a2(t)d�r2/[1 + kr2/4]2. Here k = 0
for flat Universe, k = +1 for closed Universe and k = −1 for open Universe,
compared to arbitrary k in the Newtonian approximation.

• A perfect fluid has T μ
ν = diag(−ρ, P, P, P), and a cosmological constant has

ρ� = �/(8πGN ), and P� = −ρ�.
• The Friedmann equation is the same as in the Newtonian case, just that with the k
as above, and the continuity equation is the same.

• Dust (pressureless) matter has w = 0, radiation has w = 1/3, stiff matter has
w = 1 (for instance a scalar with φ = φ(t) only), and cosmological constant has
w = −1.

• The expansion age of theUniverse is t0 = ∫
dt = ∫

da/aH = H−1
0 2/(3(1 + w)).

• The temperature scales inversely with the scale factor, T ∝ 1/a, as does the red-
shift, 1/(1 + z) = a(t)/a0.

• Conformal time is dη = cdt/a(t), so that a2(t) is an overall (conformal) factor in
the metric.

Further reading: Again most of the basic cosmology can be found in [1], see also
the books [2, 3].
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Exercises

(1) Calculate t (η), a(η) and H(t) for k = +1 and k = −1, in the cases w = 0 and
w = 1/3.
(2) Check that the Einstein equations on the FRLW metric reduce to the Friedmann
equations (2.14) and (2.13).
(3) Assuming � �= 1 now, and a Universe made up of only matter and radiation,
calculate �(t)−1 at t ∼ 10−10s. This is the “flatness problem”.
(4) Show that the energy-momentum conservation DμT μ

ν = 0 is implied by the
Einstein’s equations, and that it implies the continuity (energy conservation) equation
(2.24).



Chapter 3
The Propagation of Light
and Measurements of Distance,
Luminosity and Mass

In this chapter I will explain in some detail how measurements are made in
astrophysics and cosmology, so that we can gain some faith in the fact that we actu-
ally can determine things precisely. I will start describing the propagation of light in
a cosmological setting, follow on to say how we can use these formulas for distance
measurements, and then optical measurements of distance, based on brightness and
luminosity. These are based on the ideas of standard candles, so to understand that
we will discuss shortly stellar evolution, and the possible stellar objects we can have.
We will then classify the various measurements of distance, followed by possible
determinations of mass of stellar objects.

3.1 Propagation of Light

The physical distance travelled by light, at time t = t2 is (using the fact that light
travels on ds2 = −c2dt2 + a2(t)dr2 = 0)

�lt=t2 = a(t2)�r = a(t2)c
∫ t2

t1

dt

a(t)
= a(t2)�η. (3.1)

We see that the distance ismeasured now, i.e., in terms of a(t2), and is proportional
to the interval of conformal time.

In particular, we are interested in the case that t1 = 0, i.e., in light that has travelled
to us from the Big Bang. We apply to k = 0 (flat Universe), since this is the rele-
vant case, and P = 0 (M.D.), since for most of its history, the Universe was matter
dominated. Then we obtain

�lh = a(t2)ct2

∫ t2

0

dt/t2
a(t2)(t/t2)2/3

= 3ct2. (3.2)
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This is then the horizon distance, i.e., the maximal region of the Universe that is
knowable in principle (since nothing travels faster than the speed of light, and the
earliest it can start is during the Big Bang).

Note that we are talking here about the so-called particle horizon, which means
what we can see from particles that travelled to us since the Big Bang. But there
are other notions of horizon. One of them is the (future) event horizon, which is the
largest (comoving) distance from which a particle sent now will even (in the future)
reach us. Thus, in the case that the Universe goes on forever (and does not end, or
collapse), this is the complement of the particle horizon,

Rev.hor. = a(t)c
∫ ∞

t

dt ′

a(t ′)
(3.3)

If the Universe ends at te, we only integrate up to te. There is also the notion
of Hubble horizon, which is what we obtain in the linear Hubble law if we put the
maximum velocity possible, v = c, so

dH = c

H
. (3.4)

For a power law expansion, a(t) ∝ t p, all the horizons are of the same order, dif-
fering only by number factors, so we will not always be too careful of the distinctions
between the horizons from now on.

In the case k = 0, but P = ρ/3 (R.D.), which was valid for a short while before
the M.D. era, we have the (particle) horizon distance

�lh = ct2

∫ t2

0

dt/t2
(t/t2)1/2

= 2ct2. (3.5)

This distance defines then, for all practical purposes, the size of the Universe (the
Universe may be larger than that, but we wouldn’t know, since this is the knowable
Universe).

Note the strange fact that lh > ct2, so it seems like “the speed of light is greater
than the speed of light”. But this is of course due to the fact that lh is measured today,
and the Universe expands as light travels.

Another observation is that there is no global inertial reference frame, so we
cannot use special relativity. That is as it should be, since we are not in Minkowski
space, but in the FLRW Universe. In this space, we have a preferred time t that we
have been using, defined by the cosmological expansion, and it defines a preferred
reference frame (which is however not inertial).

Because our observations will have to do with light propagating from some dis-
tance place, at its constant speed, until now, we can use as a measurement of distance
the redshift z, since z corresponds to a time, when we have a scale a(t), from which
light has propagated to us. More precisely, we have 1 + z = a0/a(t). As we saw in
the previous chapters, z was defined in terms of the frequency shift as
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z = νem − νdet

νdet
, (3.6)

and ν ∝ 1/a, as well as the temperature, T ∝ 1/a, leading to

T ∝ 1 + z ∝ a ⇒ T

T0
= 1 + z = ν

ν0
≡ νem

νobs
. (3.7)

3.2 Measurements of Distance by Light

In Euclidean space, the angular size θ is related to the linear size l and the distance
to the object r by

θ = l

r
. (3.8)

In non-Euclidean space however, it is not so simple. But reversely, we can define
a distance called angular size distance, which is implicitly a function of the redshift
z at which the source is located, by

r̄ ≡ l

θ
= f (z). (3.9)

Using the coordinate system where we had the FLRW metric

ds2 = −c2dt2 + a2(t)[dr2 + gk(r)
2(dθ2 + sin2 θdφ2)] , (3.10)

where gk(r) = (r, sinh r, sin r) for k = 0,−1,+1, we have seen that a circle in the
sky, defined by θ, has the circumference

Sk = 2πgk(r)a(t). (3.11)

For �θ replacing 2π, Sk corresponds to the linear size l = �θr̄ , so we have

r̄ = a0gk(r). (3.12)

As for r , it can be determined as before, from the fact that light propagates radially
towards us, on ds2 = −c2dt2 + a2(t)dr2 = 0, so

r = c
∫

dt

a
= c

∫
da

aȧ
= c

H0

∫
da

a2H/H0(z)
, (3.13)

is implicitly a function of the redshift z. Finally, we define the function ψ(z) by

r̄ ≡ c

H0
ψ(z). (3.14)
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For pure dust matter (P = 0, M.D.), we obtain

ψ(z) = 2

�2
0(1 + z)2

{
�0z + (�0 − 2)[(1 + �0z)

1/2 − 1]} , (3.15)

which is left as an exercise to prove.
As a function of the variable

� ≡ z

1 + z
, (3.16)

which takes values from 0 to 1 (for z = ∞, at t = 0), and at fixed linear size l, the
angular size θ for� = 0,� > 1 (not the case with the current cosmology, of course)
has a minimum. That is, as � increases, θ goes to a minimum, and then increases
again close to 1, all the way to infinity!

Of course, we cannot see arbitrarily far in the past, i.e., arbitrarily close to the
Big Bang (for z → ∞). In particular, there is a maximum z, corresponding to the
“surface of last scattering”, when photons decoupled frommatter, and atoms formed.
Before that, the Universe is opaque (after that, it is transparent), and moreover there
are no structures to be seen, not even atoms. So because of that, there are no large
angle objects to be seen, but otherwise we would see large angles for things very
close to the Big Bang.

3.3 Optical Measurements

We move on to optical measurements and their use for distance measurements.
In flat space, if there is no absorption, nor scattering, the brightness of a source is

independent on the distance and on the existence of refraction.
In curved space, the analogous statement is different: the brightness of a source

depends on z (and so, on the distance), but not on the curvature, nor on the density ρ.
The brightness is defined as the power P (energy per unit time), per unit solid

angle and perpendicular area,

I = d2Pobs
d�dS⊥

. (3.17)

Note that here d� means d�em, which is the solid angle of the source viewed
from the observer, whereas dS⊥ means dSobs cos θ, i.e., the area of the observer,
perpendicular to the direction of propagation. But it doesn’t matter, since we have
the equality

B = d2Pobs
d�obsdSem cos θ

= I = d2Pobs
d�emdSobs cos θ

. (3.18)
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We can also define the spectral brightness, as the brightness per unit of frequency,

F(ω) = d3Pobs
d�dS⊥dω

, (3.19)

and then for blackbody radiation of radiation temperature T , the spectral brightness
F(ω, T ) is invariant. Moreover, as we already observed, the temperature decays with
the expansion of the Universe, so

Tobs = Tem
1 + z

. (3.20)

Then the brightness satisfies a law similar to Stefan–Boltzmann,

I = const. × T 4 = I0
(1 + z)4

. (3.21)

The luminosity L is defined as the total energy emitted by the source per unit
time, in the rest frame. Since θ = l/r̄ = l/(cψ(z)/H0), for light propagation, the
solid angle d� of the detector viewed from the source is, in terms of the area dS of
the detector,

d� = dS

(cψ(z)/H0)2
, (3.22)

which means that the total area at the distance of the detector is

S = 4πr̄2 = 4π(cψ(z)/H0)
2. (3.23)

Define the total measured (bolometric) flux, i.e., energy per unit time per unit
surface of the detector. Then from the above it is given in terms of the luminosity of
the source at emission Lem by

Fobs = Lem

4πr̄2(1 + z)4
= Lem

4π(cψ(z)/H0)2(1 + z)4
, (3.24)

where the factor (1 + z)4 is the same factor as in the brightness I , and comes from
the variation of the luminosity from emission to detection.

We can define the luminosity distance dL as the distance in Euclidean space
producing the same Fobs at the same Lem, i.e.,

Fobs = Lem

4πd2
L

⇒ dL = c

H0
ψ(z)(1 + z)2. (3.25)
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Note that in terms of the luminosity today, L = Lem/(1 + z)2, we have

Fobs = L

4πr̄2(1 + z)2
. (3.26)

We can also define something that is directly observed, basicallyFobs on a strange
scale, called the apparent magnitude of an object,

m = −2.5 log10 Fobs + const.

= 5 log10 dL + const.′ (3.27)

where in the second equality we have expressedFobs in terms of dL , so that now Lem

is absorbed in the constant.
Finally, define the absolute magnitude M , as the apparent magnitude m of an

object situated at 10 parsecs (about 3 × 1019 cm) away. Therefore, since dL is now
fixed, the absolute magnitude M is a measure of the luminosity Lem.

Substituting the form of ψ(z) for the M.D. case into the formula for dL (3.25), we
find

H0dL = 2

�2
0

{�0z + (�0 − 2)[(1 + �0z)
1/2 − 1]}. (3.28)

Then the apparent (bolometric) magnitude is given by

m = 5 log10(H0dL) + C1

C1 = Mbol,em. − 45.06 − 5 log10 H0. (3.29)

We intend to calculate this relation for nearby objects, for which we can expand
a(t) to second order, using H0 and q0 as the coefficients of the Taylor expansion, so

1

1 + z
= a(t)

a(t0)
= 1 + H0(t − t0) − 1

2
q0H

2
0 (t − t0)

2 + · · · (3.30)

From it, we derive

z 	 −H0(t − t0) +
(
1 + q0

2

)
H 2

0 (t − t0)
2 + · · · , (3.31)

which inverts as
t0 − t 	 H−1

0

[
z −

(
1 + q0

2

)
z2 + · · ·

]
. (3.32)

On the other hand, expanding the relation r = c
∫
dt/a(t) to second order in the

k = 0 (flat) case, we find

r̄ = a−1(t0)

[
(t0 − t1) + H0

2
(t0 − t1)

2 + · · ·
]

(3.33)
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and replacing in it the t − t0 as a function of z, we obtain

r̄ = a−1(t0)H
−1
0

[
z − 1

2
(1 + q0)z

2 + · · ·
]

. (3.34)

Finally replacing this in dL = r̄(1 + z)2, we find

H0dL = z

(
1 + 1

2
(1 − q0)z + · · ·

)
, (3.35)

and the bolometric apparent magnitude is

m 	 5 log10 z + 1.086(1 − q0)z + C1

C1 = Mbol + 45.06 − 5 log10 H0. (3.36)

3.4 Stellar Evolution

At this moment, we describe shortly stellar evolution, since it is important in order
to understand the measurements of distance and mass. About 100 years ago (about
1910), a diagramwas devised that encapsulates very well stellar evolution, called the
Hertzsprung–Russeldiagram, after its discoverers, seeFig. 3.1. Itmaps luminosity (or
absolute magnitude M , which is a measurement of it, as we saw), usually rescaled, so
Lem/LSun, versus the temperature T , or rather, the colour. Note that the temperature
is represented in reverse in the diagram (increasing from right to left), or colour from
Blue to Red. The diagram is found from nearby stars, for which we can measure M ,
and we measure T from the blackbody radiation, but we assume it is valid for all
stars.

We then observe a startling regularity: most stars (about 90%) fall onto a descend-
ing line in the Herzsprung–Russel diagram, called the main sequence. Above the
main sequence, we have some lines representing red giants, below some lines for
white dwarfs. It is found that the luminosity also increases with the mass, and we
can represent the mass of stars on the diagram. Then the main sequence has about
M = 0.1MSun at the lower end, and about M = 10MSun at the upper end, with some
stars going until about M = 60MSun.

Red giants and white dwarfs are just later stages of stellar evolution, as we will
see shortly. We have also variable stars, in particular Cepheid variables after the first
discovered, Delta Cephei. These are stars that have a period of oscillation of days
or months, for up to 30% of intensity. They are stars in later states of evolution as
well, in which they collapse or expand repeatedly. The most important example is
the North Star (Polaris), that oscillates up to 9% every 4 days. Cepheid variables
are localized in a region above the main sequence also. Finally, we also have novas,
which are stars that flare up every 30–50 years, by a factor of 106 times, over a
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Fig. 3.1 Herzsprung–Russel diagram (Image: NASA/Chandra)

short time. They are stars in binaries, together with a white dwarf, and the accretion
produces instabilities.

The evolution of stars can be described depending on their mass:

• IfM < 4MSun,when its fuel is consumed, the star becomes a redgiant and explodes
in a “Helium flare-up”, i.e., an explosion fueled by (nuclear) reacting Helium. The
explosion leaves a corona (planetary nebula), and a core, which becomes a white
dwarf, with a mass < 1.4MSun.

• If 4MSun < M < 8MSun, the star becomes a white dwarf, with a mass > 1.4MSun.
Then the electron degeneracy pressure (incompressibility of electrons) eventually
cannot keep the star from collapsing, and it has a “Carbon flare-up”, i.e., an explo-
sion fueled by (nuclear) reacting Carbon. The explosion is a supernova explosion,
specifically called a type I Supernova.

• If M > 8MSun, there is also a supernova explosion, but it has no Carbon flare-up.
Instead, it produces heavier elements, and then the star collapses under gravity
until the nuclei touch each other, and then explodes, creating even more heavy
elements. After that, the core becomes a neutron star.

• A heavy enough neutron star will collapse gravitationally to a black hole (which
afterwards can accrete anything nearby).

3.5 Measurements of Distance

We now turn to the various measurements of distance that we can use. The reason
we can measure distances all the way to cosmological distances (sizes of the order
of the Universe’s) is that we have various methods that are valid on different, yet
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overlapping, distance intervals. Byverifyingor calibrating themethodon theoverlap,
we can then use it at larger distances, etc.

(a) Trigonometric Parallax

At the smallest scales, we use a direct measure of distance, based on the fact that
the Earth moves along the year around the Sun (on the ecliptic), and in doing so, the
angle to a nearby star changes slightly by a δα. This manifest itself in a change δα
of the position on the stars on the sky (relative to very distant objects, “at infinity”)
as one moves on diametrically opposite positions on the ecliptic, see Fig. 3.2.

This method gives the definition of a parsec, as the distance at which the parallax
is of one arc second. It equals about 3.26 light years. The method is used until about
100 light years.

(b)Moving Cluster Method

Consider a cluster of stars. Then individual stars in the cluster move at velocity v at
an angle α from the direction to the star. We can then measure the radial component
of the velocity, vr = v cosα, through the Doppler shift. We can measure the average
angle α of the stars in the cluster as follows: we can measure an angular distance on
the sky of the various stars, and the angular velocities, extrapolated, (statistically)
converge on a point in the sky situated at an angular distance α from the cluster, see
Fig. 3.3. Then we calculate the tangent velocity vT = vr tanα. Measuring also the
angular velocity on the sky μ (“proper motion”), measured over a long period, we
can find the distance as

d = vT

μ
. (3.37)

This method is used up to about 500 light years. In particular, it is used for the
Hyades cluster, situated at 120 light years, and the Scorpio–Centaurus association,
situated at about 500 light years.

Fig. 3.2 Trigonometric
parallax: the motion of the
Earth around the Sun
generates a corresponding
motion of nearby stars on the
sky

δα

δα

Sun

Star

EarthEarth
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Fig. 3.3 Moving cluster
method: the tangential (on
the sky) velocities of the
moving cluster (statistically)
converge on a point in the
sky, corresponding to the
angle α of the velocity vector
with the radial direction

α

α

stars in
cluster

sky

Observer

(c) Spectroscopic Parallax

It is used for stars on the main sequence, for which there is collisional broadening of
the spectral lines. Then one measures the apparent magnitudem, and the temperature
T from its spectrum. Then, derive the absolute magnitude M from the Hertzsprung–
Russel diagram. This allows us to calculate the distance from the relation between
m and M ,

d(parsecs) = 10
m−M+5

5 . (3.38)

This method is of course not very accurate, since it relies on the fact that stars lie
on theMain sequence, which is not very precise (themain sequence is experimentally
a quite widened line). But the advantage is that the accuracy remains constant, of
about 15%, independent of the distance. This allows it to be used for distances larger
than 100 light years.

(d)Main Sequence Fitting

It is a variant of the above. One applies the method above to clusters of stars, and
then calibrates first by another method for nearby clusters.

(e) Globular Clusters

It is used for extragalactic distances (distances outside theMilkyWay).One considers
clusters of stars (of population II stars, on a line parallel to the Main Sequence line).
We calibrate it for nearby population II stars, then use it for globular clusters in the
Milky Way, then extend it to other galaxies. It is used up to about 30 million light
years.

(f) RR Lyrae Stars, or the Statistical Parallax Method

The method is used for RR Lyrae variable stars, which are found to be standard
candles. One measures the proper motion of the star and the peculiar motion (extra,
excluding the average motion of the stars). As before, the radial component is mea-
sured by Doppler shift, and averaging over the velocities of several stars, one finds
〈vr 〉 = 〈vθ〉 = 〈vφ〉. Then proceed as in the moving cluster method, and find that the
absolute magnitude M of RR Lyrae is always close to 0.6, i.e., the RR Lyrae are
standard candles, and can be used in galaxies where they are visible.
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(g) Cepheid Variables

The Cepheid variables are brighter than the RR Lyrae. In a similar manner, one finds
that the visual absolute magnitude M is linear with the period P of the variability.
That in effect acts as another type of standard candles, determiningM from the easily
measurable period. The method is used up to about 10 million light years.

(h) Bright Blue Stars

It is assumed that the brightest blue stars are blue supergiants, and have the same
luminosity in all galaxies (there is a cut-off in luminosity there), L ∼ 106LSun.

(i) Size of H II Regions

The sphere of ionized matter around bright blue stars is found to have a radius of
about 150 light years. These are the H II regions, correlated to the bright blue star at
the center, and have a standard width, allowing us to calculate the distance to them.

(j) Supernovae

It is found that the peak luminosity of a supernova explosion is about the same as the
one of a bright galaxy, in all galaxies. That allows us to treat them at standard candles.
The supernovae close by are spectacular: the most famous, in 1054, occurred in our
own Milky Way galaxy, and was recorded in China, as being bright even during
daytime. It left behind the Crab Nebula, of (still moving at relativistic speeds) ejecta
from the explosion.

(k) Galaxies

It is found that the brightest member of a cluster of galaxies has the same luminosity
L , i.e., there is a cut-off, so it can be used as a standard candle. It is a method used
up to about 2 billion light years.

(l) Redshift

Finally, at the largest distances, we can only used the redshift for a measure of
distance, assuming a cosmological model for the expansion.

3.6 Mass Determination for Distant Bodies

We finally describe methods of measurement of mass.
(a) There is an empirical law for M versus Lem, from models.
(b) There is also a theoretical M versus Lem relation, from models.
(c) Stellar spectra.

We can measure the surface gravity of a star from the widths of spectral lines (which
normally are associated with the decay of the state). The gravity at the surface of the
star, where the light is emitted, influences the widths. Then the surface gravity is
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g = MGN

R2
, (3.39)

and the luminosity is given by the Stefan–Boltzmann law,

L = 4πR2σT 4 , (3.40)

resulting in the relation
M

L
= g

4πGNσT 4
. (3.41)

Measuring T and L (and knowing g), we can find M .

(d) Pulsating Stars

For the pulsating star, the period P is related to the average density ρ̄ by the relation

P = 0.06

√
ρ̄Sun

ρ̄
(3.42)

from which we determine ρ̄. Determining L (for the Cepheids from the P − L rela-
tion, for the others from distance), and L = (4πR2)σT 4, leading to a measurement
of R, after which we have simply

M = 4π

3
ρ̄R3. (3.43)

(e) Gravitational Redshift

The redshift due to the gravity at the surface of a dense object is

zGRS 	 2MGN

Rc2
. (3.44)

In white dwarfs, zGRS can be up to 10−5 − 10−4, and if we measure the redshift
and R, we can measure M .

Important Concepts to Remember

• Thephysical distance travelledby light at t2 is�l = a(t2)�η = a(t2)c
∫
dt/a(t) >

ct2.
• The angular size distance is r̄ = l/θ = f (z), where l is linear size and θ is angular
size.

• For light propagation, we have r̄ ≡ cψ(z)/H0.
• The luminosity distance dL is the distance in Euclidean space producing the same
observed fluxFobs for a given luminosity Lem at emission, soFobs = Lem/(4πd2

L),
so dL = (c/H0)ψ(z)(1 + z)2.

• The apparent magnitude is m = −2.5 log10 Fobs + const. = 5 log10 dL + const..
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• The absolutemagnitudeM is the apparent magnitude of an object 10 parsecs away,
and thus measures Lem.

• To linear order H0dL = z
(
1 + 1

2 (1 − q0)z + · · · ).
• Most stars are on themain sequence, for luminosity (or absolutemagnitude) versus
temperature (or colour).

• ForM < 4MSun, the star becomes a red giant, and explodes in aHe flare-up leaving
a white dwarf. For 4MSun < M < 8MSun, the resulting white dwarf has a Carbon
flare-up giving a supernova explosion. If M > 8MSun, there is no Carbon flare-up,
but the supernova produces heavier elements, and it creates a neutron star. A large
enough neutron star collapses to a black hole.

• Measurements of distance are progressive, from small distances (where we mea-
sure them almost directly, like in the parallax method), to large distances, using
overlapping domains of validity.

• There are a variety of mass measurements as well.

Further reading: Some of the things I said can be found in [1, 4], others in astro-
physics textbooks.

Exercises

(1) Prove that in the M.D. case, the angular size distance is

c

H0
ψ(z) = c

H0

2

�2
0(1 + z)2

{�0z + (�0 − 2)[(1 + �0z)
1/2 − 1]}. (3.45)

(2) Write a formula for the future event horizon Rh , the maximal physical distance
a fixed observer may come to observe. Calculate it approximately for the current, �
dominated period.
(3) Calculate the particle horizon for an Universe with � = 1, currently containing
30%matter and 70% cosmological constant, as a function of h0, the Hubble constant
today.
(4) Estimate the dimensionless gravitational potential at the surface of the Earth.



Chapter 4
Evidence for Dark Matter
and the �CDM Model

In this chapter we will present the evidence for Dark Matter, and the resulting
“Standard Model of Cosmology,” the �CDM model (cosmological constant plus
cold dark matter). Dark Matter is what the name suggests, matter that is dark, i.e.,
non-luminous. That is, matter that we cannot detect from emitted light. I will present
the evidences, then review the possible candidates for darkmatter, and finish describ-
ing the �CDM model.

4.1 Evidences for Dark Matter

I will present the various evidences as a list, startingwith the first ones to be observed.

(1) The Coma Cluster of Galaxies (situated at about 20Mpc distance)

The first evidence for dark matter dates back almost a century, to 1933, when Zwicky,
studying the Coma Cluster, noticed an unusual thing. The Coma Cluster is made up
of many galaxies, interacting gravitationally, that can be for all intents and purposes
considered as point-like. This system then is no different than a gas in kinetic theory,
with interactions generated by some potential.

In that case, the virial theorem states that for a gravitationally bound system that
has virialized, i.e., “thermalized” (in the language of kinetic theory), on the statistical
(ensemble) average, defined locally, we should have

2〈T 〉 = −〈U 〉 ⇒ 〈v2〉 ∼ GNM

r
. (4.1)

Here v = vp = vtot − Hr is the peculiar velocity of the galaxies, i.e., the total
velocity minus the Hubble expansion. But taking for M the visible mass, Zwicky
found that

v2 � GNMvisible

r
. (4.2)
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Fig. 4.1 Rotational curves
of galaxies. Without the dark
matter, outside the radius of
the galaxy, the velocity drops
as v ∼ 1/

√
r (dotted), but

with dark matter (observed)
it is approximately flat (full
line)

v(r)

r

observed

predicted (no DM)

That suggests that there should be extra matter that is dark (not visible), called
dark matter, and that

Mdark � Mvisible. (4.3)

But this hypothesiswas discarded untill the 1970s, assuming that itwas a statistical
fluke, since it was an isolated phenomenon,

(2) The Rotational Curves of Galaxies

In the 1970s, Ford and Rubin discovered that rotational curves of galaxies are flat.
This is similar to the previous case, just that instead of clusters of galaxies, one
considers a single galaxy, specifically a spiral galaxy like our own Milky Way, and
stars orbiting around its center of mass. Besides the bulk of the stars, forming the
characteristic spiral shape, there are outliers, that live outside the visible matter.

For such a star, orbiting the center of the galaxy and on bound trajectories (like
the planets around the Sun, say), we have a relation that is now true independently of
statistics (for each individual star, unlike the case of the cluster of galaxies), equaling
the centrifugal and centripetal force,

Fcentrifugal = mv2

R
= mGNM(r)

r2
= Fgrav , (4.4)

from which we derive that

v =
√
GNM(r)

r
. (4.5)

We look for stars situated at a distance greater than the location of most visible
mass (outliers). In that case, we expect that M(r) � M =const., so v ∝ 1√

r
, but

instead one observes v � const(r), as in Fig. 4.1. That implies

M(r) ∝ r ! (4.6)

Note that this is not what we would expect from a constant density of matter,
which would give M(r) ∝ r3, but rather we have some diffuse matter, that is not
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completely bound to the galaxy, forming a halo, yet is still centered on the center of
the galaxy. This would be dark matter.

The best fit for the data is then (cold) dark matter, a type of matter that doesn’t
interact with normal matter, except gravitationally (since gravity interacts with all
matter equally). It could have some self-interaction, though that is not clear. Due to
the gravitational interaction, it has the same center of mass as the galaxy, in the case
of rotation curves. The fact that is cold (very low temperature) will be explained
better later.

As an example, consider the galaxy NGC 6503, where the matter from the disk
gives a sharp peak in the centrifugal velocity vc at about 3Kpc (kiloparsecs) at close
to 10km/s, then decays sharply, until about 20Kpc. The Dark Matter halo reaches a
maximum of vc at about 10Kpc, after which if flattens out, so that the total vc rises
quickly until about 120km/s at about 3Kpc, after which it stays really flat.

The limitation in distance away from the center of the galaxy is how far away can
we see the light from the star, or neutral H , giving out 21cm waves, which is about
tens of Kpc.

As we said, the velocity field vc is really flat, but that is not reproduced really
perfectly from Cold Dark Matter simulations. In fact, interestingly, an alternative
theory called MOND (described in an exercise) gives a better fit, though that theory
cannot explain well other evidences for Dark Matter (like the Bullet Cluster below).

(3) Hot Gas in Clusters (for instance, in the Coma Cluster)

The principle is similar to the case of theComaCluster of galaxies, exceptwe track the
mass through the hot gas moving around. Its velocity (squared) v2 is measured from
the temperature of the hot virialized gas, and as before we compare withGMvisible/r .

(4) The Bullet Cluster

These are two colliding clusters of galaxies, where one goes through the other, so it is
perhaps a misnomer, but it is associated with the fact that there is a lot of hot plasma
(gas) remnant of the passing of one cluster through the other, like a bullet passing
through some material and leaving a hot trail behind it. The interesting thing is that
most visible mass is situated in the plasma, which is in between the galaxies, since
it was slowed down in the collision. The center of mass of the visible mass is then
in between the galaxies, but the center of mass obtained from gravitational lensing
that, as we will shortly see, maps out all matter, is different. Dark matter actually
traces the galaxies, so it is centered on the two galaxies. In fact, one obtains

Mgas

MDM
∼ 1

6 − 7
, (4.7)

as obtained in the �CDM model.
This is one of the most difficult tests to reproduce outside of the Dark Matter idea

(for alternatives to Dark Matter), because of its qualitatively different nature. It is
usually stated that MOND has a problem in reproducing it (though in its relativistic
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version, TeVeS, it is sometimes claimed that the mismatch is reduced to a factor of
2). Similarly for modified gravity models.

(5) Surveys of Visible Matter

By taking large scale surveys of the visible matter, we can map out the distribution
in the Universe. The first one was done by J. Oort in 1956, but the results have not
changed much since then. One computes the ratio of mass to luminosity M/L for
different galaxies, and finds that on the average

〈
M

L

〉
∼ 21

MSun

LSun
. (4.8)

Then one maps out the luminosities of galaxies, and from the above ratio we find
the masses. Adding them up we find

�visible ∼ 0.03. (4.9)

(6) Gravitational Lensing

In general relativity, massive objects like stars and galaxies deflect light. Famously
this is one of the first decisive tests of general relativity, when deflection of the light
from the stars behind the Sun was measured during an eclipse, and found to agree
with general relativity rather than special relativity (the difference between them is
a factor of 2).

The angle of deflection of light (between the original and the final asymptotic
lines) is

δφ = 4GNM/c2

r
, (4.10)

where r is the minimum distance at which light passes from the object as it is
deflected.

The deflection means that various rays of light deflected by the object in front of
them can get focused on the same observer, like in the case of a lens, hence the name
gravitational lensing. Of course, unlike the case of a lens, the gravitational deflection
is gradual (gravity being a long range force), it is not completely localized. From
the point of view of the observer, he would see the light from the object behind the
deflector as an arc or arcs centered on the deflector. The deflection angle observed on
the sky (angular distance between the arc and the true position), i.e., the deflection
angle from the point of view of the observer, is

α =
√
4GNM

d
, (4.11)

where d is the impact parameter (the minimal distance it would have passed from
the deflector, were it not deflected), for small angles approximately equal to d ′, the
smallest distance passed from the deflector, see Fig. 4.2.
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Fig. 4.2 Gravitational
lensing: Light from a distant
star is deflected by a
deflecting mass (perhaps a
local star), creating an arc on
the sky, instead of a point.
The angle α depends on the
impact parameter d, or the
smallest distance to the
deflector d ′

d
arc

α

distant
star

mass

Earth

By applying this method to a cluster of galaxies (situated at tens of Mpcs), and
looking at other clusters behind it (also tens of Mpcs), in the form of arcs in the field
of vision, we can map out the mass distribution.

(6)MACHOs (MAssive Compact Halo Objects)

A kind of subcategory of gravitational lensing is MACHOs, since they are an alter-
native explanation for why there would be Dark Matter, and they are also related to
gravitational lensing. These would be large, non-luminous objects that, as they pass
in front of various sources that we see, give a very specific signal, namely achro-
matic (independent of frequency, since it is a gravitational effect) brightening. The
brightening is due to the same phenomenon as the gravitational lensing, and is not
possible for a non-gravitational source.

But these were not seen to the degree expected if they were supposed to in order
to be an alternative to dark matter, hence they are excluded as an explanation. More
on them later.

(7) Peculiar Velocities of Galaxies in Clusters

Considering a cluster of galaxies, one canmeasure the individual (peculiar) velocities

vp = vobs − Hr (4.12)

of galaxies, and onemakes amap of the velocity flow, reconstructing the gravitational
potential. A formula that is found to work relates the divergence of the peculiar
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velocity field to the overdensity of galaxies δρ/ρ by

�∇ · �v = −�0.6 δρ

ρ
. (4.13)

(8) Big Bang Nucleosynthesis

As we have already suggested, when we go back in time, the last moment that we
can experimentally measure cosmology precisely is the Big Bang Nucleosynthesis,
the period when nuclei get formed. After that, there is the moment of recombination,
when atoms get formed, and the Universe becomes transparent to light, and the
CMBR is formed.

During Big Bang Nucleosynthesis (BBN), the light elements are formed (the
heavier ones are formed in nova and supernova explosions), mostly H , so it is used
as reference. The abundances of He/H , (D + 3He)/H , Li/H created during BBN
are matched against observed abundances in the Universe (which come mostly from
BBN, and to a smaller degree from nuclear reactions within stars), so we have a
precise test of the conditions at BBN.One of the factors that influence the abundances
is �baryons, and one finds a

�baryons ∼ 0.05. (4.14)

A more precise description of Big Bang Nucleosynthesis (BBN) will be given in
Chap.6.

(9) CMBR

Finally, of course, we have the CMBR. As we already said, it fixed �total to be 1,
which together with themeasurement of acceleration from type Ia Supernovaemeans
that �matter ∼ 0.3, implying there is dark matter through the above arguments.

But the CMBR depends also on �baryons, and one finds

�baryons ∼ 0.05. (4.15)

Actually, it is �baryonsh2 that is the parameter that influences it (H = h ·
100 km/s/Mpc), but given other measurements of H , this is what we obtain.

In conclusion, we obtain

�total = 1; �� = 0.73; �DM = 0.23; �baryons = 0.04. (4.16)

4.2 Candidates for Dark Matter

Having established the existence of DarkMatter, we now consider various candidates
for what they can be.
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Cold Dark Matter

Dark matter can be cold, i.e., at very small temperatures. This is what will happen
if the mass is very large, so that the objects are almost non-relativistic. It can also
happen if they are almost completely non-interacting.

1. MACHOs

These could be: brown dwarfs (dense like a white dwarf, except without light, i.e., no
nuclear reactions happening inside them), Jupiters (would-be stars that have never
ignited, like Jupiter itself, which are gaseous on the outside and not very dense),
neutron stars (not emitting light), or massive black holes, etc. Of course, there are
supermassive black holes at the center of every galaxy, but they represent only a small
proportion of the galaxy’s mass, and these are the most massive black holes there
are, so they are excluded (general relativity simulations don’t create overly many of
them).

As we said, all of the MACHOs are excluded as a candidate for Dark Matter, both
theoretically (it is hard to get enough of them to be created) and experimentally (we
do not observe these MACHOs through lensing)

2. WIMPs (Weakly Interacting Massive Particles)

These are fundamental particles with mass that interact extremely weakly with other
ones. They are the preferred explanation for Dark Matter.

3. Axions: more on them later

Hot Dark Matter

Dark matter can also be hot, i.e., thermalized at a temperature comparable to the
CMBR’s one. There is basically only one possibility, since having been in the past
in thermal equilibrium with the CMBR is a condition, which pretty much restricts it
to be a neutrino (other species would decouple much sooner). More on them shortly.

Modifications of Gravity

Modifications of gravity (like MOND, though that is a modification of the Newton
force law, not the gravity law, or f (R), or massive gravity, etc.) generally don’t
satisfy all of the constraints from the experimental evidences. It is very difficult to
satisfy them all, since they appear at different scales (rotational curves for galaxy
scale, then various at galaxy cluster scale, then CMBR scale), and a modification of
gravity has generically a given distance scale at which it sets in.

Neutrino Hot Dark Matter

Neutrinos being the dark matter leads to the astrophysics constraint (see [5])

∑
i

mνi � 0.3 eV; (Planck); (0.17 eV combined). (4.17)

Direct particle physics searches for them lead to the constraints (from the Particle
Data Group 2017, http://pdg.lbl.gov/2017/listings/rpp2017-list-neutrino-prop.pdf)

http://pdg.lbl.gov/2017/listings/rpp2017-list-neutrino-prop.pdf
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mνe < 2 eV

mνμ
< 190KeV

mντ
< 18MeV. (4.18)

On the other hand, the tightest constraints come from neutrino oscillations. The
observed neutrino oscillation depends only on the 
m2 of the two neutrino species.
For the species 1, 2, 3 ordered in terms of increasing mass, we find (from the
Particle Data Group 2018, http://pdg.lbl.gov/2018/reviews/rpp2018-rev-neutrino-
mixing.pdf)


m2
12 = 7.4 × 10−5 eV2; 
m2

31 = 2.5 × 10−3 eV2. (4.19)

This in turn leads to a bound on the highest neutrino mass eigenstate of

mνhighest < 0.05 eV , (4.20)

which is the tightest constraint we have.
But theHotDarkMatter scenario is excludedby theCMBRat lowangularmomen-

tum l. Indeed, in Hot Dark Matter the fluctuation spectrum δρ/ρ or δT/T at low l
would drop to zero, for a linear increase with l. But even with the experimental error
bars, it is clear that in reality the CMBR goes to a constant, so the main contribution
to Dark Matter is Cold, though there could also be a small Hot component.

4.3 WIMP Dark Matter Candidates

Since Cold Dark Matter of theWIMP variety is the choice preferred by experiments,
it is worth saying what are the main candidates.

Within supersymmetry, still one of the preferredmodels of high energy completion
in the StandardModel, the clearDarkMatter candidate is theLightest Supersymmetry
Particle, or LSP. We don’t need to know the details of the supersymmetric model,
just that there is a particle of smallest mass that therefore cannot decay (is stable), is
relatively light, so it can act as Dark Matter, and has almost no interactions with the
other particles.

In supersymmetry, we have the MSSM (Minimally Supersymmetric Standard
Model) or its extensions, forming the visible sector. We also have a hidden sector,
which is a strongly coupled sector that breaks supersymmetry through some non-
perturbative mechanism (since we know that perturbative mechanisms are excluded
by experiment in the Standard Model, and there is no right nonperturbative coupling
in the MSSM; in the hidden sector there can be). Finally, we have messenger fields,
or mediators, that carry the supersymmetry breaking from the hidden sector to the
visible one (MSSM). This mediation of supersymmetry breaking is usually made by
gauge fields (gauge mediation) or gravity (gravity mediation).

http://pdg.lbl.gov/2018/reviews/rpp2018-rev-neutrino-mixing.pdf
http://pdg.lbl.gov/2018/reviews/rpp2018-rev-neutrino-mixing.pdf
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So the only exception to the LSP being Dark Matter comes from gravity
mediated scenarios, when the gravitino (superpartner of the graviton) is the LSP.
This is generically inconsistent with cosmology. In this case, amplitudes for annihi-
lation go like GN instead of

√
GN , so the annihilation rates go like

� ∝ A2 ∝ G2
N , (4.21)

which is too small for the annihilation rate to be useful for giving gravitino decay.
But in this case, the number of gravitinos is about one percent of the number of
photons (which is similar to the case of the neutrinos), from which (if the gravitino
is the Dark Matter) we can derive a bound on the mass of the gravitinos,

mgravitino � 100 eV. (4.22)

But this is too small to make sense in the gravity mediation scenarios, so in this
case the cosmology contradicts the simplest gravity mediation scenarios.

If however the gravitino is not the LSP and can decay, giving

� ∝ A2 ∝ GN , (4.23)

then one finds (like for any decaying particle) from the Big Bang Nucleosynthesis
constraints that they need to decay before it, which translates into

mgravitino > 10 TeV. (4.24)

This in turn means a supersymmetry breaking scale

Ms > 1011 GeV , (4.25)

since
mg � √

GNM
2
s . (4.26)

This is a very high scale, and it means that the gravitino is not Dark Matter in this
scenario.

Axions

Another possibility is for Dark Matter to be coming from axions.
In the Standard Model, there is a term possible to be added to the Lagrangian of

QCD, the theta term ∫
d4xθ Tr[Fμν F̃

μν] , (4.27)

where F̃μν = 1
2ε

μνρσ Fρσ is the Maxwell dual to the YM field.
But experimentally, it is found to be extremely small (θ  1), which can be

enforced by the existence of a symmetry, called Peccei–Quinn symmetry, that would
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put θ = 0. But if we spontaneously break the symmetry, the Goldstone boson for the
broken Peccei–Quinn symmetry is called an axion and is identified with a varying
θ(x). An axion could have a mass

maxion ∼ 10−3 − 10−6 eV (4.28)

and would give a good candidate for Dark Matter. These axions appear easily within
string theory, so they can be relevant for cosmology.

4.4 The �CDM Model

In conclusion, we see that the Standard Model of Cosmology, that best fits data, is a
�CDM (cosmological constant plus dark matter) model, with proportions:

4% baryons, 23% cold dark matter and 73% cosmological constant.
We say cosmological constant, but really, what is sure is we have an accelerated

Universe (which aswe saw requires an equation of state withw < −1/3), but cosmo-
logical constant (w = −1) fits best the data. In principle it need not be a cosmological
constant, but rather a dark energy component, which could have a time-varying w.
However, there is no truly generic constraint on the time dependence of w, one has
to make some assumption, and the Planck data constrains various scenarios.

Important Concepts to Remember

• The first method to observe dark matter was the Coma Cluster of galaxies, mea-
suring statistically the virialized velocities of individual galaxies, and seeing that
v2 � GNMvisible/r .

• The most classic test however is the rotational curves of galaxies, i.e., test stars
rotating around the galaxy. Since v = √

GNM(r)/r and we observe v � constant,
it means that there is dark matter with M(r) ∝ r outside the visible one.

• A crucial test eliminating most alternatives to dark matter is the Bullet Cluster of
galaxies, composed mostly of gas. Two clusters have collided, and the stars are
ahead, but most of the gas is in between. However, the dark matter is still around
the stars, so the visible and dark matter are in different regions.

• Gravitational lensing means focusing of light from a distant source by a mass
distribution in front of it (with respect to us). It allows us to see dark matter
distributions in front of some distant sources.

• Big Bang Nucleosynthesis is sensitive to �baryons.
• The CMBR is sensitive to �total, but also to �baryons, allowing us to measure the
amount of dark matter.

• Hot Dark Matter (usually neutrinos) is excluded, since the fluctuation spectrum at
small l would drop to zero fast.

• MACHO cold dark matter, i.e., brown dwarfs, etc., cannot explain dark matter. We
need WIMPs or axions for Cold Dark Matter to do so.
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• The Lightest Supersymmetric Particle (LSP) is a good WIMP, however gravitinos
are not.

• Axions are also a possibility for WIMPs.
• The standard �CDM model has 73% dark energy, 23% cold dark matter and 4%
baryons.

Further reading: See the reviews [6, 7]. Also [8] for the Bullet Cluster.

Exercises

(1) (MOND theory) An alternative explanation for the rotational curves of galaxies
is in terms of a modification of the Newton’s force law at low acceleration, from
a = F/m to a = √

a0F/m. Show that the latter leads to the observed v = const.(r).
Choose an interpolating function between the 2 regimes and find the exact V (r)
profile.
(2) Is it possible for the gravitational lensing effects to cancel against one another
(to have false negatives: that we see nothing in the sky, yet there is lensing)? Why?
(3) Calculate the time evolution of the total energy density ρ(t) in the�CDMmodel
with the exact proportions �i in the text.
(4) Consider noninteracting dark matter particles of mass m  kBTDM, thus rela-
tivistic, and thermalized at temperature TDM of the order of, but not equal to, the
CMBR temperature of 3.75K. If dark matter is entirely composed of them, calculate
their number density.



Chapter 5
The Early Universe and Its Thermal
History

In this chapter, I will describe the thermal history of the Early Universe, i.e., the
evolution of the particle species in it. After describing the Hot Big Bang scenario,
and why it is required, we will calculate the thermodynamics of various particle
species in the Universe. The evolution of the particle species during the radiation
dominated era will be then described, and finally we will look in detail at neutrino
decoupling.

5.1 Defining the Hot Big Bang

The Universe starts off in a hot, equilibrium state. It is an equilibrium state, since
at t = 1 s from the Big Bang, the characteristic reaction time for e+e− annihilation,
e+e− ↔ 2γ, is τ = 10−17 s, so there is more than enough time to reach equilibrium
in the annihilation reaction.

In order to characterize the Universe, we will use the quantities: entropy (per
baryon)

S1 � Nγ

Nbaryon
, (5.1)

(we will see later in the chapter that the relation is correct up to a numerical factor
of order one) and normalized (electron) lepton number

Le = (Ne− − Ne+) + (Nν − Nν̄)

Nbaryon
. (5.2)

The next assumption to check is whether the Universe starts off in a hot state. We
will do that historically, following the various proposals that were considered before
the Hot Universe:

© Springer Nature Switzerland AG 2019
H. Năstase, Cosmology and String Theory, Fundamental Theories
of Physics 197, https://doi.org/10.1007/978-3-030-15077-8_5
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(1) Only Neutrons Initially

Looking at the Universe, it seems like it is a cold place, and mostly made up of
protons and neutrons, plus electrons. It is also electrically neutral, so the simplest
assumption is that it starts in a state with only neutrons n. Since n interacts with p
(protons), it is hoped that we can create the necessary protons.

The initial quantumnumbers of theUniverse are, therefore, S1 = 0 (coldUniverse)
and Le = 0.

The neutrons (outside a nucleus) can decay, with a half time τ ∼ 1000 s, and they
start a reacting chain

n → p + e− + ν̄
p + n → D + γ

D + D → T + p
→ 3He + n

3He + n → T + p
T + D → 4He + n. (5.3)

Specifically, the neutrons decay into protons, which then react with the protons
to make deuterium. Two deuterium make tritium and more protons, and the tritium
and deuterium make helium 4. Thus the chain starts with neutrons, and ends up with
helium 4, but no protons (all the protons react with n and decay). That means we
don’t produce protons, i.e., hydrogen nuclei. This is bad, since the Universe is mostly
made up of hydrogen.

(2) Only Protons and Electrons in Equal Numbers

The next possibility is to start with protons p’s, but then in order for the Universe to
be electrically neutral, we must have an equal number of electrons e−s, Np = Ne− .
In that case S1 = 0 (cold Universe), Nγ = 0, but Le = 1.

However, in this case, we start off with the reactions

p + e− → n + ν
p + n → D + γ , (5.4)

and from then on, the reaction chain follows in the same way, ending up at 4He. So in
this case as well, we consume all protons, and end up with only Helium 4. Again, this
is bad, since in the end we have no hydrogen (even though we started with ionized
hydrogen atoms, i.e., protons and electrons in equal amounts). But the point is that
protons and neutrons interact until there is nothing left.

(3) Protons, Electrons and Neutrinos in Equal Numbers

Next in complexity is to assume that we have also neutrinos in equal numbers with
the protons and electrons, which doesn’t change the neutrality of the Universe. In
this case S1 = 0 and Le = 2.
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Now the starting point of the reaction chain,

p + e− → n + ν (5.5)

is forbidden because of Pauli’s exclusion principle. The neutrinos are fermions, and
there are already neutrinos in the state, occupying the same states.

Since the reaction chain cannot start, the protons and electrons can bind to form
hydrogen atoms. So H is produced, but nothing else, so that is not good either.

All of these solutions involved a cold Universe (S = 0).

(4) The Hot Universe

But in the 1940s, George Gamow finally came up with the hypothesis of the Hot
Universe, with S1 � 1 and Le ∼ 1, that is, we have many photons for each baryon,
and equally electrons and neutrinos, comparable with the baryons.

Now, due to the many photons present, the reaction

p + n → D + γ (5.6)

is not possible, since it occurs equally in the opposite direction, with the photons
destroying the Deuterium atoms. That means that the reaction chain (cycle) cannot
continue beyond the formation of protons (Hydrogen nuclei).

But that is fine! Since that means that there is mostly hydrogen in the Universe,
and there is only 20, 30% Helium. With the drop in temperature, we can create some
Deuterium, during Big Bang Nucleosynthesis, as will be showed in the next chapter.
In terms of abundances of isotopes, the ones with more neutrons predominate, since
we have free neutrons for a long time, and we have high temperature.

5.2 Equilibrium Thermodynamics

We have seen that the Universe is hot and in equilibrium, so we now describe equi-
librium thermodynamics, within relativistic theory.

We denote the Fermi–Dirac or Bose–Einstein distributions by

f ( �p) = 1

e
E−μ
kB T ± 1

. (5.7)

For a relativistic particle with degeneracy g, the number density is

n = g

(2π)3

∫
f ( �p)d3 p. (5.8)
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The energy density is found by introducing an energy E( �p) inside the integral,
i.e.,

ρ = g

(2π)3

∫
E( �p) f ( �p)d3 p. (5.9)

The pressure is found from relativistic kinetic theory,

P = g

(2π)3

∫ | �p|2
3E

f ( �p)d3 p. (5.10)

In the kinetic theory of gases, the pressure is found as momentum transfer in the x
direction, perpendicular to the surface, times the velocity, i.e., 〈p2x 〉/m = 〈p2〉/(3m).
In the relativistic case, m → E , and | �p| = √

E2 − m2.
Writing d3 p = 4π p2dp, and using p2 = E2 − m2, we have d3 p = 4πEdE√
E2 − m2. Replacing in the integrals, we obtain

n = g

2π2

∫ ∞

m

(E2 − m2)1/2

e
E−μ
kB T ± 1

EdE

ρ = g

2π2

∫ ∞

m

(E2 − m2)1/2E2

e
E−μ
kB T ± 1

dE

P = g

6π2

∫ ∞

m

(E2 − m2)3/2

e
E−μ
kB T ± 1

dE . (5.11)

We are however not so interested in the intermediate region of energies described
by the general formulas above, but rather in the extreme regions: ultrarelativistic and
non-relativistic.

Relativistic Species

Consider now (ultra)relativistic species, i.e., T � m,μ. In that case, we obtain

n = ζ(3)

π2
gT 3; Bose

= 3

4

ζ(3)

π2
gT 3; Fermi. (5.12)

Note that in the relativistic case, the integrals can be taken from 0 instead of
m � T , and then by rescaling the energies by T , we obtain the scaling of n with
gT 3, with a numerical prefactor given by the adimensional integral. Similarly, for
the energy density we obtain

ρ = π2

30
gT 4; Bose

= π2

30

7

8
gT 4; Fermi. (5.13)
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In the case of the pressure, in both cases we obtain

P = ρ

3
, (5.14)

as we should. Note that the Bose case is exemplified by photons (γ), and the Fermi
case is exemplified by neutrinos (ν).

We can also calculate the average energy per particle for the relativistic species

〈E1〉 ≡ ρ

n
= π4

30ζ(3)
T � 2.7T ; Bose

= 7

6

π4

30ζ(3)
� 3.15T ; Fermi. (5.15)

However, in the relativistic reactions, usually one has at least two species, particles
and their antiparticles, and they are in equilibrium,withμ+ = −μ− ≡ μ. Substituting
in the general formulas, we obtain

n+ − n− = gT 3

6π2

[
π2 μ

T
+

( μ

T

)3
]

; T � m

= 2g

(
mkBT

2π

)3/2

sinh
μ

kBT
e− m

kB T ; T � m. (5.16)

In the second line, we have also considered the nonrelativistic case, in which case
E � m and the FD and BE distributions become Maxwell, which moreover (since
E � m) gets outside the integral, giving the overall e− m

T factor.

Nonrelativistic Species

In the nonrelativistic case T � m,μ, we obtain (in the same way as for n+ − n−
above)

n = g

(
mkBT

2π�2

)3/2

e− m−μ
kB T . (5.17)

For the energy density, we have an extra E � m inside the integral, so we have

ρ = mn. (5.18)

Insider the integral for the pressure, we have an extra (E2 − m2)/(3E), which
finally gives the usual ideal gas law

P = nkBT � ρ. (5.19)
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5.3 Thermodynamics of the Universe

In order to consider what happens in the expanding Universe, we need to consider
the case of several species of relativistic particles, each in equilibrium at different
temperature Ti . This is possible, since we can have decoupled systems that only
expand with the Universe, but keep their thermal distribution. In this case, we define

ρR = π2

30
g∗T 4

PR = ρR

3
= π2

90
g∗T 4 , (5.20)

where T is the temperature of photons. This is really a definition of g∗. By summing
over the various components, we have

g∗ =
∑

i=bosons

gi

(
Ti
T

)4

+
∑

i=fermions

gi

(
Ti
T

)4

, (5.21)

and this is the number of effectively massless degrees of freedom (or, ultrarelativistic).
The expansion of the Universe is adiabatic, which means that the entropy per

comoving volume is conserved. We write

TdS = d(ρV ) + PdV = d[(ρ + P)V ] − VdP. (5.22)

But from the general relativistic formulas (5.20), we obtain

dP

dT
= 4

3

ρ

T
= ρ + P

T
, (5.23)

which allows us to rewrite

TdS = d[(ρ + P)V ] − VdT

T
(ρ + P) ⇒

dS = d

[
(ρ + P)V

T
+ const.

]
(5.24)

That means that the entropy per comoving volume is

s = S

V
= ρ + P

T
= 4

3

ρ

T
= 2π2

45
g∗sT 3 , (5.25)

where in the last equality we have written a formula for several species. Just that we
need to do that after dividing by T for each individual species, so that the g∗ that
appears is not the one in ρR , which was defined with factors of T 4, but rather is one
with factors of T 3, namely
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g∗s =
∑

i=bosons

gi

(
Ti
T

)3

+
∑

i=fermions

7

8
gi

(
Ti
T

)3

. (5.26)

On the other hand, specializing for photons γ, the number density is

nγ = ζ(3)

π2
gγT

3 , (5.27)

where gγ = 2, for the two photon polarizations. Combining with (5.25) and substi-
tuting the numerical values for the constants, we obtain

s = 1.80g∗snγ , (5.28)

or

S1 = S

Nbaryons
= s

nbaryons
= 1.80g∗s

Nγ

Nbaryons
, (5.29)

justifying the formula from the beginning of the chapter.
Moreover, putting numbers, we get the formula

nγ(photons per cm3) � 20T 3(0 K ). (5.30)

Physical Values

We can measure that
ρrad,CMBR � 30ρrad,all sources , (5.31)

so the main part of the radiation in the Universe is in the CMBR. We measure the
temperature of the CMBR as

TCMBR � 2.7K. (5.32)

According to the formula above, the density of photons in the Universe is

nγ,0 � 20 × (2.7)3 � 410 cm−3. (5.33)

In turn, either by using the Stefan-Boltzmann law, or by the relation between ργ

and nγ from the relativistic thermodynamics, we find

ργ,0 = σT 4 � 4.64 × 10−34 g/cm3. (5.34)

Since
ρrad,0

ργ,0
= 1 + 7

8
3

(
Tν

Tγ

)3

, (5.35)
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where the factor of 3 comes from the 3 species of neutrinos, and the temperature of
neutrinos will be estimated at the end of the chapter, we find

ρrad,0 � 7.8 × 10−34 g/cm3. (5.36)

The number density of baryons can be estimated (how? to do in exercise) and is
approximately equal to the number of protons,

nbaryons � np � 10−6 cm−3 , (5.37)

from which we find (multiplying with the mass of the proton) the mass density of
baryons,

ρm,0 � 10−30 g/cm3. (5.38)

Then we have the ratio ρm,0

ργ,0
� 2000. (5.39)

We also find (putting in the most precise value for the result)

Nγ

Nbaryons
= nγ

nbaryons
� 1.66 × 109. (5.40)

But we know that the matter and radiation scale respectively as ρm ∝ R−3, ργ ∝
R−4, therefore we have equality between the matter and radiation energy densities,
ρm � ργ at

R0

R
� 2000 , (5.41)

which means at the temperature (the temperature scales inversely with the radius)

T � 2000T0 � 6000K , (5.42)

which incidentally, is about the temperature of the Sun. Also, since the scale factor
R scales as 1/(1 + z) (z is the redshift of the light coming from this time in the past),
we have matter radiation equality at

1 + zeq = R0

R
⇒ zeq � 2000. (5.43)

or, since R � t1/2 during the matter dominated (M.D.) era, we have

teq � 1500 years � 5 × 1010 s. (5.44)
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5.4 Particle Species in the Radiation Dominated (R.D). Era

Around the time of matter-radiation equality happens also recombination, the time
when atoms form and the CMBR last scatters. After that, there are no more thermal
events in the Universe, the only interesting events being the formation of galaxies
and later stars.

So all of the thermal history of the Universe happens in the radiation dominated
(R.D.) era. We have given the relation of ρ(t) in the R.D. era before; writing it in
numbers, we get

ργ(g/cm3) � 106

t (s)2
. (5.45)

Another useful formula is the transformation between temperature (expressed in
Kelvin or MeV) and time,

T (0 K ) = 1010

t (s)1/2
⇒ T (MeV ) � 1MeV

t (s)1/2
. (5.46)

As we said at the beginning of the chapter, at times t < 1s, i.e., at tempera-
tures T > 1010 K = 1MeV, the Universe is in equilibrium, since the reactions like
e+e− ↔ 2γ or e+e− ↔ νeν̄e occur very quickly, in a time much less than the age of
the Universe t .

Before this time, there are many other particles in equilibrium, not just e±, γ. The
number of photons divided by the number of baryons was found in (5.40) to be about
109.

The entropy per baryon S1 is conserved in the expansion of the Universe (since
S1 = s/nbaryon andboth the entropyper comovingvolume s, as a result of adiabaticity,
as we said, and the number density of baryons per comoving volume nbaryon, are
constant). But we can rewrite (5.29) as

Nbaryon

Nγ
= nbaryon

nγ
� 1.80g∗s

nbaryon
s

, (5.47)

and since nbaryon/s = 1/S1 is conserved, it follows that Nbaryon/Nγ changes only
when g∗s changes.

But g∗s changes due to particle-antiparticle annihilations ending when the tem-
perature T drops below the rest mass of the particle E0 (as a result, annihilations
only happen with exponentially small probability, de facto stopping). In that case,
the particle-antiparticle pairs disappear, they dump their entropy into the photons,
increasing nγ . The excess of particles over antiparticles becomes then nonrelativistic.

Using the relation between the energy in MeV, for the rest energy of the particle,
and the temperature in Kelvin,

E(MeV ) = kBT � 10−10T (0K ) , (5.48)
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(so that 1010 K = 1MeV), we find the temperatures of various particles (when the
annihilation stops and the remaining particles become nonrelativistic)

Te � 5 × 109 K for me � 0.5MeV
Tμ � 1012 K for mμ � 100MeV
Tp � 1013 K for mp � 1GeV. (5.49)

Thus, for T < Te, electrons decouple from radiation, for T < Tμ, muons do, and
for T < Tp, protons do as well.

That also tells us how it came about that we have such high Nγ/Nbaryons: the var-
ious baryons annihilate, and their numbers and entropies are changed into photons.
Going back in time, all the Nγ would eventually correspond to Nbaryon = Nanti−baryon.
Indeed, at equilibrium for these baryons, we have Nbaryons � N̄anti−baryons � Nγ . The
(small) amount of baryons we see in the Universe today is only the excess of initial
baryons over antibaryons, which therefore cannot annihilate (without it, the previ-
ous approximate equality would be exact, �Nbaryons = N̄anti−baryons. Then the initial
baryon to antibaryon ratio is

Nbaryon,in.

N̄antibaryon,in.
�

(
nγ + nbaryon

nγ

)
0

� 109 + 1

109
, (5.50)

i.e., the initial baryon asymmetry was 1 : 109 only.
Recombination

Recombination is the last scattering of photons, thus the time atoms form, with-
out being dissociated by the scattering of photons. After it, the Universe becomes
transparent to photons.

It occurs roughly when the mean free path of photons,

l f � 1

nσ
� 102[t (s)]3/2 m , (5.51)

equals the horizon size lhor � ct (during the M.D. era, it is a factor of 2 larger, during
the R.D. era a factor of 3, but in any case a factor of order one away from ct). Here n is
the number density of photons, which during the M.D. era decays as n = 1023t−3/2,
and σ is their cross section (now, σ0 � 10−24 cm−2). In the last equality we have
substituted these values for n and σ.

The time when the mean free path equals the horizon size (thus recombination
happens, since the photons cannot interact anymore, not even as they travel the
horizon distance) is

t1/2 = c

102
⇒ t = 1013 s � 3 × 105years, (5.52)

This corresponds to a temperature T � 4000K. A more precise calculation will
be carried out in the next chapter.
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Partial Summary

Sowe have Tγ � 4 × 103 K for recombination, after which we have Te � 5 × 109 K,
Tμ � 1012 K and Tp � 1013 K. Using the formula T (K ) = 1010/[t(s)]1/2, we find
also

te � 4 s, tμ � 10−4 s; tp � 10−6 s. (5.53)

5.5 Neutrino Decoupling

The last part of the thermal history of the Universe to be analyzed in this chapter
is the decoupling of neutrinos. It is found from their equilibrium reactions with the
corresponding leptons.

νe Decoupling

The relevant reaction is
e+e− ↔ νeν̄e. (5.54)

The cross section for this reaction is (as it occurs through the electroweak inter-
action that reduces to the 4-Fermi one)

σ(e+e− ↔ νeν̄e) = g2F E
2

�c4
� 10−63T 2 , (5.55)

where in the last equality we have considered ultrarelativistic particles. Then, since
n ∝ T 3, the characteristic time (relaxation time) of the reaction is

τ = 1

σnc
� 1051

T (0K )5
s ∝ t5/2. (5.56)

As in the case of recombination, the reaction stops when the characteristic time
of the reaction becomes larger than the age of the Universe

t � 1020

T 2(K )
s (5.57)

(note that the relaxation time increases faster than the horizon, so eventually the
annihilation reaction creating neutrinos stops). The temperature when it stops is

T � 1031/3 K � 2 × 1010 K , (5.58)

corresponding to a time of

tνe � 1020

1062/3
s � 0.25 s. (5.59)
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Note that this is slightly before the e+e− annihilation (which happens at 4s).

νμ Decoupling

The idea is similar, except now, since tμ � 10−4 s, at times after that, the remaining
muons are nonrelativistic. It will indeed turn out that νμ decoupling happens after
that, so in the reactions

μ+ + μ− ↔ νμ + ν̄μ

μ+ ↔ e+ + ν̄μ + νe
μ− ↔ e− + νμ + ν̄e , (5.60)

the muons are nonrelativistic. That means that the reaction times are exponentially
amplified (the reactions happen with exponentially smaller probabilities), and one
finds a relaxation time of

τ = 2 × 10−6e
mμc2

kB T = 2 × 10−6 × e
106

T (MeV ) , (5.61)

sincemμ = 106MeV.When the relaxation time is larger than the age of theUniverse,

τ > t = 1020

T 2(K )
, (5.62)

the reaction stops. This is a transcendental equation, which is solved by

T = 12MeV � 1011 K , (5.63)

corresponding to
tνμ

� 0.01 s. (5.64)

ντ Decoupling

The same idea applies for the decoupling of ντ . Because of the exponential ampli-
fication of the relaxation time, one finds approximately the same temperature (and
time) for the decoupling, despite now having mτ � 1778MeV, so

τ = 2 × 10−6e
1778

T (MeV ) > t = 1020

T 2(K )
, (5.65)

results in about the same time,
tντ

� 0.01 s. (5.66)

Neutrino Temperature

At t � 0.01 s, the muons are nonrelativistic and decoupled, but γ, e± and all the
neutrinos are not. Therefore we find the ratios



5.5 Neutrino Decoupling 65

ργ : ρe± : ρνe,ν̄e : ρνμ,ν̄μ
: ρντ ,ν̄τ

: ρμ± =

ρ1 : 7
4
ρ1 : 7

8
ρ1 : 7

8
ρ1 : 7

8
ρ1 : 10−4ρ1. (5.67)

The ratio of photons to neutrinos is due to the fact that there are two photons for
each e+ and e− (e+e− ↔ 2γ), whereas one a fermion like the electron has 7/8 of a
boson’s energy density. Both of these (photons and electrons) have two polarizations.
The ratio of electrons to the various neutrinos is given by the fact that the electrons
have two polarizations, whereas the neutrinos have only one, and otherwise the
reactions give a one to one ratio in number density. Finally, the relation to ρμ± is
given by the factor e− 106

12 = 10−4 for the exponential drop in energy density in the
nonrelativistic case.

After neutrino decoupling, we still continue to have Tν = Tγ , simply since both
temperatures decay in the same way with the expansion of the Universe, until e+e−
annihilation, happening at t = 4 s, when the energy of the electron-positron pairs is
added to the energy of the photons. After that, the two temperatures, now different,
scale with the Hubble expansion in the same way until now. Since as we saw

Sγ : Se± = 1 : 7
4

, (5.68)

and the photon total entropy today (the entropy is conserved in the expansion, so this
is the same as after e+e− annihilation) is given by the sum of the two entropies,

S0(γ) = S1(γ) + S1(e
±) = 11

4
S1(γ). (5.69)

Since as we saw, the entropy of relativistic species goes like T 4, T 4 increases in
the same proportion, and we find that the temperature of the photons today (which
scaled after e+e− annihilation in the same way as the temperature of the neutrinos)
is

T0,γ =
(
11

4

)1/3

T1,γ , (5.70)

whereas S0(ν) = S1(ν), so T0,ν = T1,ν = T1,γ (at the e+e− annihilation the electrons
and neutrinos still had the same temperature),

T0,ν = T0,γ

(
4

11

)1/3

� 2K. (5.71)

Important Concepts to Remember

• The Universe starts off in a hot Universe in thermal equilibrium, with the entropy
per particle (number of photons per baryon, up to a numerical constant) S1 � 1
and the lepton number Le ∼ 1.
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• For ultrarelativistic species, n ∝ T 3 and nFermi = 3/4nBose, and ρ ∝ T 4 and
ρFermi = 7/8ρBose, and P = ρ/3.

• For nonrelativistic species, ρ = mn and P = nkBT � ρ, and n ∝ T 3/2e− m−μ
kB T .

• For relativistic species in the expanding Universe, ρR = (π2/30)g∗T 4, with g∗ the
number of effectivelymassless degrees of freedom, and s = S/V = (2π2/45)g∗,sT 3,
and s = 1.80g∗,snγ , or S1 = 1.80g∗,s Nγ/Nbaryons.

• The temperature of the CMBR now is T � 2.75K , and Nγ/Nbaryons ∼ 1.6 × 109

now.
• We have ρm/ργ now of about 2000, so we are in the M.D. era, and equality with
radiation was at zeq � 2000.

• Since now Nγ/Nbaryons ∼ 109, and photons were baryon-antibaryon pairs origi-
nally, the baryon asymmetrywas originally of about 10−9, i.e. Nbaryon/Nantibaryon ∼
(109 + 1)/109.

• Neutrinos decouple, but continue on a thermal distribution that scales as usual with
a(t).

• The temperature of the neutrinos now is Tν,0 � Tγ,0(4/11)1/3 � 2K.

Further reading: See Chap.3 in [1] for more details.

Exercises

(1) Calculate g∗ and g∗,s now, from the known particles available.
(2) Estimate the total number of particles and the total number of baryons in the
Universe.
(3) Calculate the total specific heat CV in the Universe today.
(4) Given the thermal history of the Universe today, and the current matter compo-
sition, calculate the particle horizon as a function of H0, the Hubble constant today.
(5) Calculate the number densities of νe, νμ, ντ in the Universe today, using the
information in the text.



Chapter 6
Big Bang Nucleosynthesis
and Recombination

In this chapter we will describe Big Bang Nucleosynthesis (BBN), the combination
of fundamental protons and neutrons into nuclei, as well as calculate more precisely
the temperature of recombination. We will start with that, since we will generalize
it to the BBN case next. Then we will describe how BBN can be used to test ideas
about the early Universe, since the primordial abundances, defined at BBN, depend
on various cosmological parameter, and we can obtain experimental values for them.

6.1 Recombination Temperature

We consider the (chemical) reaction

p + e− ↔ H + γ , (6.1)

i.e., the recombination versus ionization of hydrogen. The reaction is in equilibrium
(can occur both ways), and it has the ionization energy I = 13.6 eV, the negative of
the energy of the fundamental electron level in hydrogen. We will write the equation
for the equilibrium, known as the Saha equation. It is based on the equation for the
number density of a nonrelativistic species, found in the previous chapter,

ni = gi

(
2πmikBT

h2

)3/2

e
μi−mi
kB T = gi

(
mikBT

2π�2

)3/2

e
μi−mi
kB T . (6.2)

Here gi is the degeneracy factor of species i , and mi its mass. Consider that in
the reaction, the chemical potentials are the same on both sides of the equation,
μp + μe = μH , so by calculating the ratio npne/nH , using that mp � mH (mp �
1800me), we find

nen p

nH
= gegp

gH

(
mekBT

2π�2

)3/2

e− I
kB T . (6.3)
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Since ge = gp = 2 (they are both spin 1/2 fermions) and gH = 4 (there are 4
states) and putting � = 1, we have

nen p

nH
=

(
mekBT

2π

)3/2

e− I
kB T . (6.4)

Then we define the ratio

Xe = np

n
= np

n p + nH
(6.5)

and the inverse of the photon to baryon ratio,

n

nγ
≡ η , (6.6)

which means that (since np = ne because of the neutrality of the Universe)

X2
e

1 − Xe
= npne

(np + nH )nH
= npne

nH
η−1 1

nγ
. (6.7)

Using the formula for relativistic bosons from the previous chapter, nγ = (ζ(3)/
π2)gT 3 = (2ζ/π2)T 3, since gγ = 2, we find

Xe

1 − Xe
=

√
π

4
√
2ζ(3)

η−1

(
T

me

)−3/2

e− I
kB T . (6.8)

Using n0 = 10−6 cm−3, T0 = 2.75K, we can find

η = 2.7 × 10−8(�Bh
2) , (6.9)

and replacing it in the above equation, we find

X2
e

1 − Xe
= 4 × 1021(�0h

2
0)

−1T (K )−3/2e− 1.58×105

T (K ) . (6.10)

We can plot the resulting Xe = Xe(T ) and find that it drops to zero (we have total
recombination of p’s into H ’s) when the temperature drops through

T � 4000K. (6.11)

That corresponds to T � 0.3 eV, a redshift of

zrec � 1300 (6.12)
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and a time of
trec � 1013 s. (6.13)

6.2 Big Bang Nucleosynthesis

It means the period of formation of nuclei, that gives origin at the various nuclear
species observed today. To do that, we write a generalization of the Saha equation
for the nuclear statistical equilibrium of nonrelativistic species. Starting with the
same relation as before, now for a nuclear species A(Z) (of atomic number A and
charge Z )

nA = gA

(
2πmAkNT

h2

)3/2

e
μA−mA
kB T . (6.14)

The chemical reaction of nucleosynthesis is the formation of the nucleus from Z
protons and A − Z neutrons,

Z p′s + (A − Z) n′s ↔ A(Z). (6.15)

Assumingmoreover, as for recombination, that the chemical potentials on the two
sides match,

μA = Zμp + (A − Z)μn , (6.16)

we find the equivalent of the Saha equation,

nA

(np)Z (nn)A−Z
= gA A

3/22−A

(
h2

2πmNkBT

) 3(A−1)
2

e
IA
kB T . (6.17)

Here mN is the nucleon mass, mp � mn = mN , and mA � AmN , and IA is the
activation energy (equivalent to ionization). The total number of nucleons is

nN = nn + np +
∑
i

(AnA)i , (6.18)

and define the ratios

XA ≡ AnA

nN
(6.19)

and Xn , X p, such that
∑

i Xi = 1, we find for the fraction of species A(Z)

XA = gA

[
ζ(3)A−1π

1−A
2 2

3A−5
2

]
A5/2

(
T

mN

) 3(A−1)
2

ηA−1(X p)
Z (Xn)

A−Ze
IA
kB T . (6.20)
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We can use this equation to find the fractions of various species produced during
BBN, but for thatwemust find the initial conditions (the original numbers of fractions
X p and Xn when BBN starts).

Initial Conditions for BBN

Before BBN, the balance between protons and neutrons was maintained by weak
interactions, through the reactions

n ↔ p + e− + ν̄e

ν + n ↔ p + e−

e+ + n ↔ p + ν̄e. (6.21)

The first reaction is the decay of the neutron outside a nucleus, that at equilibrium
can occur in both directions, the second is the reaction of a neutron with a neutrino
to change into a proton and electron, and is characterized by the difference in energy

Q = mnc
2 − mpc

2 = 1.293MeV. (6.22)

The reaction rate at high temperatures, T � Q,me, for the latter reaction is

�pe→νn → G2
FT

5 , (6.23)

leading to the reaction characteristic time mentioned the previous chapter,

τ (s) = 1

�
� 1051

T (K )5
. (6.24)

The reaction freezes out when τ becomes larger than the age of the Universe,
t (s) ∼ 1020/T 2(K ). The resulting freeze-out time is almost the same, but a bit before,
as ν decoupling,

T∗ � 0.8MeV. (6.25)

At this time, both n and p are very nonrelativistic (T � mp,mn), and then the
formula (6.2) applies, which leads to a ratio of n to p given by Q,

(
nn
n p

)
∗

= e− Q
kB T � e−1.5 � 1

5
. ⇒ Xn,∗ �

(
nn

nn + np

)
∗

� 1

6
(6.26)

More precisely, Xn,∗ � 0.1609. After freeze-out, the only thing that still happens
is that the neutron naturally decays to p + e− + ν̄e. Outside the nucleus, the decay
occurs with a lifetime that is known surprisingly badly,

τn = 10.5 ± 0.2min. (6.27)
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The decay of the neutron happens until a time of about t = 1 − 3min, or
about T � 0.3 − 0.1MeV, when the temperature falls below the binding energy of
Deuterium D = 2H , which is the first nucleus to form. Then we can use (6.20) with
given nn and np to find all other XA’s. The boundary conditions, nn and np, are, at
this time (D decoupling)

Xn,D � 1

7
, (6.28)

more precisely, Xn,D � 0.135.
AroundBBN, the number of effectivelymassless degrees of freedom, g∗, changes.

Before BBN and until freeze-out T = 0.8MeV,

g∗ ≡
∑
bosons

gi

(
Ti
T

)4

+ 7

8

∑
fermions

gi

(
Ti
T

)4

, (6.29)

and all the massless particles have the same temperature. In the Standard Model, we
have e±, γ and ν that are effectively massless with the same temperature Ti = T ,
and the degeneracies are gγ = ge± = gν = 2 (but for the latter, considering ν and ν̄),
which leads to

g∗ = 2

(
1 + 7

8
(3 + 2)

)
= 10.75. (6.30)

Here the 3 is from the νe (and ν̄e), νμ (and ν̄μ), ντ (and ν̄τ ), and the 2 is for e+
and e−.

But just before the nuclei start to form, more precisely around T = 0.5MeV,
when we have e+e− annihilation (after which e− become norelativistic), as we saw
in the previous chapter, the entropy of the e± is transferred to the photons γ, which
increases Tγ , and leads to a relation of the ν temperature with respect to T ≡ Tγ of
Tν/T = (4/11)1/3, so that (there are no more e+ and e−, and the neutrinos have Tν)

g∗ = 2 + 2
7

8
3 ×

(
4

11

)4/3

= 3.36. (6.31)

At t = 1–3min, deuterium D starts to form, and after that, all the other nuclei
form.

Once the deuterium starts to form, it starts a reaction chain

p + n → D + γ

D + D → 3H + p

D + D → 3He + n
3H + D → 4He + n
3He + n → 3H + p. (6.32)
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This chain, as explained in the first chapter already, ends with all the neutrons
trapped inside 4He, the endpoint of the chain. That means that the mass abundance
of 4He is given by twice the abundance of neutrons, i.e.,

Y = 2

(
nn

nn + np

)
∗

� 0.27. (6.33)

For each neutron trapped inside 4He, there is a proton as well (4He contains two
neutrons and two protons), so the proton content drops as well.

Then at the end of the chain, there is some deuterium D and some 3He left unburnt
by the chain, specifically

D

H
,
3He

H
∼ 10−5 − 10−4. (6.34)

Moreover, using (6.20), we can see that also some 7Li gets synthesized, namely

7Li

H
∼ 10−10 − 10−9. (6.35)

So we can plot the relative abundances of protons and neutrons and 4He. The
proton and neutron abundances start (at very small time) at 0.5 each, after which the
n abundance drops, as the proton abundance raises correspondingly (X p = 1 − Xn),
since the mass of the neutron is slightly larger (so it decays more). As freeze-out
(T = 0.8MeV), Xn : X p = 1 : 5. Then until BBN, Xn drops very slowly, until Xn :
X p = 1 : 6. Then BBN starts, and all the Xn drops to zero, whereas X4He rises (all
neutrons are trapped in 4He). In the same time, X p drops by the same amount as Xn .

6.3 Dependence of BBN Primordial Abundances on
Parameters

The primordial abundances turn out to depend on several parameters:

• the lifetime of the neutron τ1/2(n). As we said, surprisingly, the neutron lifetime is
known only with a large error. But since the reaction time for the n + ν ↔ p + e−
reaction, τ � 1

�
∝ τ1/2(n). Since moreover the freeze-out occurs when τ ∝ 1/T 5

becomes larger than the age of the Universe, t ∝ 1/T 2, it follows that the freeze-
out temperature depends on the lifetime of the neutron as

T∗ ∝ [τ1/2(n)]1/3. (6.36)

Since the 4He abundance Y depends drastically on T∗, it also depends on τ1/2(n).
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• the number of effectivelymassless degrees of freedom g∗. Since the energy density
ρ ∝ g∗T 4 (from the definition of g∗), and from the Friedmann equation ρ ∝ H 2, it
means that H ∝ g

1/2
∗ T 2. But on the other hand, the age of the Universe is, up to a

numerical constant of order one, t ∼ H−1, which means t ∼ g
−1/2
∗ . But as above,

T∗ ∝ (τ ∼ t)−1/3, so
T∗ ∝ (g∗)1/6. (6.37)

We will shortly see that this gives a bound on the number of neutrino species Nν .
• the ratio of the number of baryons to number of photons η. Indeed, we saw in
(6.20) that XA ∝ ηA−1. Also, the amount of deuterium D and 3He left unburnt
after the neutrons are trapped into 4He depends on η as ∝ η−n , with n ∼ 1 − 2.

• also, the abundances depend on �Bh2, but from CMBR (that also depends on
�Bh2) the latter is fixed rather well.

The various equations for the nuclear reactions, including the dependences above,
is included into a numerical BBN code.

6.4 Observations and Comparison with BBN

We now turn to comparison with observations. We observe a deuterium abundance
is

D

H
∼ 2.78 ± 0.4 × 10−5 , (6.38)

which from the BBN code implies that

η = 5.9 ± 0.5 × 10−10. (6.39)

Then, the observed 3He abundance is

3He

H

∣∣∣∣
obs.

∼ 1.1 ± 0.2 × 10−5 , (6.40)

but it is not clear that this is a primordial abundance, since helium is also produced
in stars, which burn hydrogen and create helium (like an H bomb). For the observed
value of �Bh2 = 0.0214 (from the CMBR), the BBN code gives 3He/H � 1.04 ±
0.06 × 10−5, which agrees well with the observations, so perhaps all the observed
amount above is of primordial origins.

7Li Problem

From observations also, we see a Lithium 7 abundance of

7Li

H

∣∣∣∣
obs

� (2.07 + 0.15/ − 0.04) × 10−10. (6.41)
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But this is considerably less than the value obtained from the BBN code for
�Bh2 = 0.0214, of about 3 × 10−10. This is the Lithium 7 problem. There are ways
to fix this, but at the expense of some other observable. For instance, the graph of
the abundance of Lithium 7 against η has a minimum of 2 × 10−10, but at an η ∼
3 × 10−10, which conflicts with the value extracted from the deuterium D abundance.

Number of Neutrino Species

From the BBN code, we can also constrain the g∗ dependence, and the result is

Nν ≥ 4 , (6.42)

so at most four light neutrino species, whereas we know there are at least 3 light
neutrino species (νe, νμ, ντ ), Nν ≥ 3.

Constraint on the Number of Massless Energy Modes

BBNconstrains also, similarly to the g∗ dependence, energymodes present before the
creation of the Standard Model matter, usually graviton and inflaton modes, though
others are also constrained. The constraint is

fBBN = ρgraviton + ρinflaton + · · ·
ρmatter

≤ 0.07. (6.43)

But this constraint is easily satisfied in (most) inflationary models, as we will see
later on in the book.

6.5 Summary of the Thermal History

Wenow summarize the thermal history of the Universe that we learned in this chapter
and the previous one, adding a few events. The most common model of cosmology
is based on inflation, which is usually at some high energy scale, a bit below the
string scale Es , itself usually a bit below the Planck scale EPl. The inflationary scale
needs to be smaller than the string scale, since inflation is defined as an effective field
theory involving a four dimensional scalar, and in the spirit of effective field theory,
it needs to be valid below the cut-off, in this case string theory. There is also the a
priori possibility that an ensemble of string modes gets excited at some large scale,
like in the case of the only truly stringy cosmological model, the string gas model of
Bradenberger and Vafa, which we will study in part III of the book. But otherwise,
the string states are not excited, and we are in effective field theory.

• At E ∼ 1015 GeV, corresponding to T ∼ 1027 K, we can have a Grand Unified
Theory (GUT) phase transition. From experimental evidence, there is a very strong
probability that there is such a GUT scale, though it is not always so.

• There could be scales associated with other transitions, like a susy breaking scale
MSSB , etc.
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• At E = 300GeV, corresponding to T ∼ 3 × 1015 K, we have the electroweak
phase transition.

• At E = mp � 900MeV, the protons become nonrelativistic (protons and antipro-
tons annihilate).

• At E � 200MeV or a bit below, we have the QCD phase transition.
• At E = mμ � 100MeV, themuons become nonrelativistic (muons and antimuons
annihilate).

• At E � 10MeV (T � 1011 K), both νμ and ντ decouple.
• At E � 1MeV (T � 1010 K), νe decouple.
• At E = 0.8MeV, we have the freeze-out of the neutron/proton reaction.
• At E = me = 0.5MeV, the electrons become nonrelativistic, i.e., e+e− annihila-
tion.

• Then, the BBN occurs, with the formation of light elements.
• The end of the R.D. era happens at T � 105 K, corresponding to a redshift of
z ∼ 2 × 104, or a time of t ∼ 1.5 × 103 years = 6 × 1010 s.

• After it, we have M.D., with T ∝ t−2/3 (ρ ∝ 1/t2 ∝ 1/R3 ∝ T 3).
• Recombination and the appearance of the CMBR (last scattering) happens at a
temperature T ∼ 4000K, corresponding to an energy E ∼ 0.5 eV, or a time t ∼
5 × 1012 s ∼ 3 × 105 years, or a redshift of z � 1300.

Important Concepts to Remember

• The recombination temperature (for atoms) is found from the Saha equation,
when Xe(T ) = np/n drops to zero. One finds T � 4000K, zrec � 1400 and
trec ∼ 1013 s.

• One writes down Saha equations for nucleons to form nuclear species A(Z), for
Big Bang Nucleosynthesis.

• Before BBN, the initial condition is as follows. The protons an neutrons are in
equilibrium, with (nn/np) � e−Q/kBT that freezes out at about 1/5. Then neutrons
decay into protons a bit more, until the ratio is about 1/6.

• Just before BBN, g∗ drops from 10.75 to 3.36.
• The 4He to H ratio created in BBN is about 0.27, with D and 3He of about
10−5 − 10−4, and 7Li of about 10−10 − 10−9.

• Primordial abundances depend on: the neutron lifetime τ1/2(n), the number of
effectively massless degrees of freedom g∗, the number of photons per baryon
1/η, �Bh2.

• We have a 7Li problem: can’t fit it together with the rest (only by itself).
• We constrain the number of neutrino species from BBN.
• We constrain the number of massless energy modes, like gravitons and inflaton
modes, to ρmodes/ρmatter < 0.07.

Further reading: See Chap.4 in [1] for more details.

Exercises

(1) Calculate the number of photons (Nγ) and entropy in our Universe at recombi-
nation and at BBN.
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(2) Calculate ργ/ρm at BBN and at the electroweak phase transition.
(3) Calculate the ratio aGUT

a0
, at the GUT phase transition to today, assuming that

standard cosmology follows throughout.
(4) Calculate the number g∗ of effectively massless degrees of freedom just below
the GUT scale, assuming that only the Standard Model particles are present (and a
right-handed neutrino).
(5) Calculate the number density of baryons at recombination.



Chapter 7
The Cosmic Microwave Background
Radiation (CMBR) Anisotropy

In this chapter we will describe the Cosmic Microwave Background Radiation and
its anisotropy. After describing the CMBR kinematics, we will see how primordial
perturbations, in particular curvature perturbations, that were already observed, are
described and propagate, and how they influence the CMBR.

7.1 The CMBR and Its Anisotropy

TheCosmicMicrowave BackgroundRadiation (CMBR) is a perfect blackbody spec-
trum, i.e., is distributed according to the Planck distribution,

n(ν)dν = 8πν2dν

e
hν
kB T − 1

, (7.1)

present throughout the Universe. As we already mentioned, in the expanding Uni-
verse, the Planck distribution remains valid, but the temperature is redshifted like all
scales, T = T (t) or rather T = T (a).

The CMBR was discovered in 1965, accidentally, by Arno Penzias and Robert
Woodrow Wilson, but it already had a rather long history. It was first postulated by
George Gamow in the 1940s, who, as we remember from Chap.1, had proposed the
Hot Universe model, that there should be a thermal blackbody radiation throughout
the Universe. He didn’t give a definite temperature, but later in the 1940s gave several
estimates around 50K. Then in the late 1940s and early 1950s, Ralph Alpher and
Robert Herman, gave an estimate of T = 5K. Robert Dicke estimated it also in the
1950s. The first published paper describing it as a detectable phenomenon was by
A.G. Doroshkevich and Igor Novikov in 1964, but in a Soviet journal, so it was
not common knowledge. Jim Peebles, in 1965, had a calculation and a preprint,
and based on it, Robert Dicke, Jim Peebles, Roll and David Wilkinson (the one for
whom the Wilkinson Microwave Anisotropy Probe, or WMAP, was named) set out
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Fig. 7.1 The CMBR spectrum of fluctuations, plotting l(l + 1)Cl/(2π), quantifying correlations
of δT/T across an angular scale defined by the angular momentum l, against this l (Image: ESA)

to search for the CMBR, but before they could find it, it was accidentally discovered
by Penzias and Wilson, who simply discovered this background radiation that came
from extragalactic sources, but had no knowledge of what it means, being unaware
of all the history described here. They later learned about the Peebles preprint and
the importance of their discovery.

It is found that the CMBR is a blackbody spectrumwith amazing accuracy, and the
temperature T ( ��) seems to be approximately constant as a function of the direction
�� in the sky. However, later on it was found that it is not actually constant, but
there is a small anisotropy (variation with angle) δT ( ��)/T of the order of 10−5. The
anisotropy is found by the COBE satellite in the 1990s, which is why the absolute
value of δT/T is still known as the COBE normalization. Later, especially with
the WMAP and Planck satellites, the CMBR anisotropy was mapped with great
precision, and it was found that it exhibits a very rich structure, full of information
about the Big Bang.

One plots a quantity l(l + 1)Cl/(2π), as in Fig. 7.1, roughly describing correlation
functions over angular momentum l, against this angular momentum l. There is only
one Universe, so the “ensemble” average described here corresponds to the fact that
we have divide the sky in many angular distances θ ∼ 1/ l, and we can correlate
them. Indeed, as we will see later, at large l, we can understand l as ∼2π/θ, where
θ is the angle. As a result, from simple statistics, the error of the “measurement”
∼1/

√
N ∼ 1/

√
l, so it is very large at small l. The CMBR plot starts with a plateau,

the Sachs-Wolfe plateau (which at small l has huge errors), and has a small l value
depending on the Integrated Sachs-Wolfe (ISW) effect. Thenwe have acoustic peaks,
which are damped, sowe have a damping tail. This is literally the same as the acoustic
damped sinusoidal wave of sound propagation, as we will see later in the chapter.
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7.2 Kinematics of the CMBR

The temperature anisotropy is a function of the conformal time η, the spatial position
�x (in our case, the Earth’s position in the Universe; if we would have a fast spaceship
capable of taking us to a different galaxy, maybe we could vary it, but as it is, we
can’t), and the angular direction �n = �e, the direction of themomentum of the photons
incoming to us (to the detector), i.e., the angular direction in the sky. We call it

�(η, �x, �e) = δT (η, �x, �e)
T

. (7.2)

But we actually measure intensities of the waves, and because of the Stefan–
Boltzmann law, we have I ∝ T 4, so we actually measure

δ I

I
= 4�. (7.3)

We expand � in multipoles (angular momentum) at each point in spacetime,

�(η, �x, �e) =
∑
lm

�lm(η, �x)Ylm(�e). (7.4)

Monopole Anisotropy (l = 0)

The monopole, i.e., l = 0, �00, is a local fluctuation (at the position �x of the Earth),
but independent on the direction in the sky. As such, it can’t be measured, since all
the detectors are at the same position �x (on the Earth); only if we had a spaceship
that could take us to a distant galaxy, we could. This monopole is due to a density
perturbation at the current position. Since ργ ∝ T 4, � = δT/T = 1/4δργ/ργ , so

�00(η, �x) = 1

4

δργ

ργ
(η, �x). (7.5)

Dipole Anisotropy (l = 1)

In the CMBR, there is a dipole anisotropy, i.e., for l = 1, that is associated with
the motion of the observer, i.e. the motion of the Earth, relative to the photon fluid,
for CMBR. Note that we are in general relativity, with FRLW expanding metric
ds2 = −dt2 + a2(t)d �x2, instead of theMinkowskimetric of special relativity, which
means that all frames of reference related by boosts are not equal. There is the special
frame of the CMBR, or the cosmic frame defined by the time t of the FRLW metric.
Indeed, boosting the FRLW metric, we change it, unlike the case of the Minkowski
metric.
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The terms involving l = 1 in the expansion of � define the dipole,

∑
m

�1mY1m(�e) � −�v · �e + · · · = −v cos θ + · · · , (7.6)

where θ is the angle of the velocity with respect to the angle of observation. Since
the energy of the photon gets boosted according to the law

E = γ(1 + β cos θ)E ′ , (7.7)

it means that the temperature gets changed by

T ′ = T

γ(1 + β cos θ)
. (7.8)

That gives an expansion in terms of Legendre polynomials,

δT

T
� −βP1(cos θ) + 2β2

3
P2(cos θ) − β2

6
+ · · · (7.9)

By measuring the dipole, we find the velocity of the motion of the Earth relative
to the CMBR,

v � 371 km/s = 1.2 × 10−3c. (7.10)

But as we saw from the above expansion, besides the dipole (defined by P1(cos θ),
we have also contributions at higher l ≥ 2, with Pl(cos θ) induced by the same effect.
Just that these contributions are O(10−6), much smaller than the observed 10−5 in
all l’s. That means that the CMBR anisotropy is not just from the dipole, there is
really an intrinsic anisotropy of the CMBR.

CMBR Spectrum

We will define the shorthand

�lm(η0, �x0) ≡ alm . (7.11)

We can consider the “ensemble” average 〈〉, found by averaging over the sky. We
find that

〈alm〉 = 0 , (7.12)

within experimental accuracy, from which we deduce that the Universe is isotropic.
Reversely, from rotational invariance (isotropy), we find we must have 〈alm〉 = 0.
Then, under the same assumption of rotational invariance (isotropy), we find that the
two-point function depends only on functions Cl ,

〈almal ′m ′ 〉 = δll ′δmm ′Cl . (7.13)
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Substituting in �(�e), we find

〈�(�e1)�(�e2)〉 =
∑
l

2l + 1

4π
Cl Pl(cos θ). (7.14)

We can define the variation of Cl ,

(�Cl)
2 ≡ 〈(|alm |2 − Cl)

2〉 = 〈|alm |4〉 − C2
l . (7.15)

For a Gaussian distribution, one obtains

(�Cl)
2 = 2C2

l

(2l + 1)�l
, (7.16)

since in the numerator the factor of 2 comes from the real and imaginary parts of
alm , and in the denominator 2l + 1 is the number of m’s for alm at given l, and �l is
the binning of l (it is natural to take �l = 1, but we can have other choices).

Meaning of Expansion in l and m

The multipole expansion at large l is like a Fourier transform, i.e., is of the type

�(�θ) = 1

2π

∫
d2�l a(�l)ei�θ·�l , (7.17)

so the multipole (angular momentum) number l explores an angle on the sky of

θ ∼ 1

l
. (7.18)

The CMBR fluctuations we will be interested in come from given tensor modes.
To find the contributions of the various tensor modes, we do a Fourier expansion in
the angle of rotation around the direction of the photon momentum �k (or direction
of observation �e). Indeed, the behaviour of a given tensor corresponds to a certain
maximum m in the expansion of quantities

G(φ) =
∑

m≤mmax

Gme
2πimφ. (7.19)

Then mmax corresponds to the tensor rank: mmax = 0 is a scalar, mmax = 1 is a
vector, mmax = 2 is a tensor, etc.

Scalar Mode

But we actually only expect scalar, vector and tensor modes anyway for the pertur-
bations. Moreover, we will focus on the scalar mode in this chapter, since we have a
lot of experimental data on it, though there could be also vector and tensor modes,
but there is no data yet on this.
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Then for the scalar mode, we will only have the m = 0 modes, i.e., the Yl0(�e)
spherical harmonics. The expansion of � for scalar mode contributions only is then,
when considering a Fourier expansion over �x (position), to �k (momentum)

�(η, �k, �e) =
∑
l

(−i)l
√
4π(2l + 1)Yl0(�e)�l(η, �k)

=
∑
l

(−i)l(2l + 1)Pl [cos(k̂ · �e)]. (7.20)

The reverse of this expansion is

�lm(η, �x0 = 0) ≡ alm = 4π

(2π)3
i l

∫
d3�k�(η0, �k)Y ∗

lm(�k) , (7.21)

and for the scalar mode we have only �l = �l0 = al0. The correlation function in
this case is

〈al0al ′0〉 = δll ′Cl . (7.22)

Gaussian Perturbations

Before we proceed, we must describe how to parametrize Gaussian perturbations in
some quantity g(�x). Note that of course, non-Gaussian perturbations are important
as well (there could be non-Gaussianities in the CMBR), but they have not been
discovered yet, so we will ignore them in this chapter.

The variance of g is defined by the correlation function (ensemble average) of g2,

σ2
g(�x) ≡ 〈g2(�x)〉 , (7.23)

and it means that the probability to find the value g for g(�x) is

P(g) = 1√
2πσ

e
− g2

2σ2g . (7.24)

But the variance is expanded in momenta, to find the spectrum of g,

σ2
g(�x) = 1

(2π)3

∫ ∞

0
Pg(k)d

3k =
∫ ∞

0
Pg(k)

dk

k
, (7.25)

where in the last equality we have considered that if Pg is only a function of the
modulus k, we can write a distribution over k,

Pg = k3

2π2
Pg. (7.26)

Note that then we have, for the two-point correlation function inmomentum space
(by Fourier transform of the x space result)
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〈g�kg�k ′ 〉 = (2π)3δ3�k+�k ′ Pg(�k). (7.27)

Coming back to the case of �l , consider the Gaussian perturbation in g = �l =
al0, for which we have σ2

g = 〈(al0)2〉 = Cl . We obtain therefore for the spectrum

Cl = 4π
∫ ∞

0
P�l (η0, k)

dk

k
. (7.28)

Moreover, we will be interested in the effect of some primordial perturbation, to
be defined shortly, called ζk , that is transferred into a perturbation in the CMBR, �l ,
by the transfer function Tl(k),

�l(k) = Tl(k)ζk . (7.29)

Replacing in the two-point function,

〈�2
l 〉 =

∫ ∞

0
P�l (k)

dk

k

= (Tl(k))
2〈ζ2k 〉 = (Tl(k))

2
∫ ∞

0
Pζ(k)

dk

k
, (7.30)

we obtain P�l = (Tl(k))2Pζ , so that

Cl = 4π
∫ ∞

0
(Tl(k))

2Pζ(k)
dk

k
. (7.31)

7.3 Perturbation Theory for CMBR

Wenowmove on to calculating the perturbations in the CMBR. There are in principle
several types of perturbations. The one we are interested in, the most important one
for its effect on theCMBR, is the curvature perturbation ζ, which determines the total
density perturbation. There are in principle also isocurvature and tensor perturbations
(though they have not been observed yet).

We must consider a gauge for general coordinate transformations, in order to
define the perturbations. One considers (fixed) time slices that have uniform density
ρ, and threads (fixed xi worldlines) that are comoving. In that case,we canparametrize
the spatial metric, perturbed by the curvature perturbation, as

gi j = a2(t)e2ζ(�x,t)γi j (�x) , (7.32)

where det γi j = 1.
Since these curvature perturbations are determined by the density perturbations,

we consider also the density perturbations of the various components,
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(
δρ

ρ

)
γ,ν,B,c

, (7.33)

where γ is for photons, ν for neutrinos, B for baryons and c for Cold Dark Matter.
From the adiabatic condition, the various components depend only on the total

density, i.e., the densities are proportional to each other, ρa = ρa(ρ), and the same is
true for the number densities, na = na(ρ). In particular, that leads to

δ(nB/nγ)

nB/nγ
= δρB

ρB
− 3

4

δργ

ργ
= 0. (7.34)

More generally, we find also

1

3

δρB

ρB
= 1

3

δρc

ρc
= 1

4

δργ

ργ
= 1

4

δρν

ρν
. (7.35)

For some generic gauge, transformed from the gauge above (with uniform density
slices) to one with t̃ = t + δt (�x, t), we parametrize the spatial metric as

gi j = a2(t)e2ψ(�x,t)γi j (�x) , (7.36)

leading to

ψ = ζ − Hδt = ζ − H
δρ

ρ̇
= ψ + 1

3

δρ

ρ + P
, (7.37)

where in the last equality we have used the conservation of energy equation.
We next consider perturbations in the fluid velocity.

• Newtonian case. The velocity field is the sum of a Hubble contribution and a
peculiar velocity contribution,

�u(�x, t) = H(t)�r + �v(�x, t). (7.38)

We are mostly interested in a scalar perturbation, which means that the peculiar
velocity in momentum space satisfies

�vscalar
�k = −i

�k
|�k|V�k . (7.39)

Note that the−i is conventional, so that the perturbation makes sense in x space. If
we would consider a vector perturbation, that would be defined by �k · �vvector

�k = 0.

• General relativistic case. The background metric is ds2 = a2(η)[−dη2 +
δi j dxidx j ], and dr i = a dxi is the spatial coordinate. Defining the comoving
velocity as usual, by

uμ = dxμ

dτ
, (7.40)
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the normal spatial velocity is

vi = dr i

dt
= a ui . (7.41)

Then define the general metric perturbation, independently of (before fixing) any
gauge for general coordinate transformations,

ds2 = a2(η)
{−(1 + 2A)dη2 − 2Bidηdxi + [(1 + 2D)δi j + 2Ei j ]dxidx j

}
.

(7.42)
Here Ei j is spatially traceless, since (1 + 2D)δi j is a trace, so this is indeed the
most general parametrization.

For a scalar mode, as we are interested in, we would have

�B = −i
�k

|�k| B

Ei j =
(

−ki k j

k2
+ 1

3
δi j

)
E . (7.43)

However, it is most common to consider the conformal Newton gauge, so called
since one still has the conformal factor, but except for that, we consider the usual
parametrization of small fluctuations in terms of the Newtonian potential, i.e.,

ds2 = a2(η)[−(1 + 2�)dη2 + (1 − 2�)δi j dx
idx j ]. (7.44)

Note that dropping the conformal factor and replacing � = � = UN corresponds
to the form of the metric depending only on the Newtonian potential UN , always
possible in the small field approximation. Also note that E = B in this gauge.
In this gauge, compared with the uniform density gauge defining ζ, we have from
(7.36) expanded to first order thatψ = −�, which leads from (7.37) (for P = wρ)
to

δρ

ρ
= 3(1 + w)(ζ + �). (7.45)

For a variety of reasons, we know that various scales k must exit the horizon, and
spend some time outside the horizon. In inflation, the reason is that the scales are
exponentially blownup.During this period, before re-entering the horizon (horizon
entry), the perturbations at this scale will be frozen in at some value constant in
time. Then, nowadays, during matter domination, the scales come back inside the
horizon and then they will start again to evolve in time.
We can find during this period (before horizon entry) that δρ/ρ = −2� (if �̇ =
�̇ = 0), which means that
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− ζ = � + 2�

3(1 + w)
. (7.46)

Time Evolution of Perturbations

In order to find the time evolution of perturbations, we consider as usual the conser-
vation of the energy-momentum tensor DμT μ

ν = 0, which contains the equations of
motion of the fluid.

The 0 component, DμT μ
0 = 0, gives as usual the continuity equation, whereas

the i component, DμT μ
i = 0, gives the Euler equation.

Consider a perfect fluid (with no dissipation and no anisotropy), with energy-
momentum tensor

T μν = Pgμν + (P + ρ)uμuν . (7.47)

Then, the continuity equation for the case of an equation of state P = wρ for the
background gives

˙(
δρ

ρ

)
= −(1 + w)(kV − 3�̇) + 3aH

(
w

δρ

ρ
− δP

P

)
. (7.48)

If we also have δP = wδρ, which is nontrivial, since it means that fluctuations
follow the same equation of state, i.e., that subsystems don’t exchange energy or
momentum with the exterior (even when there is a local fluctuation), then the last
term in the above equation vanishes, and we get

˙(
δρ

ρ

)
= −(1 + w)(kV − 3�̇). (7.49)

If moreover, also for any component, a subsystem doesn’t exchange energy with
other subsystem on a given time scale, we have the above relation valid for any
component as well, i.e.,

˙(
δρc

ρc

)
= −kVc + 3�̇ : CDM

˙(
δργ

ργ

)
= −4

3
kVγ + 4�̇ : photon (7.50)

˙(
δρB

ρB

)
= −kVB + 3�̇ : baryon

The Euler equation for the case of the perfect fluid becomes now

V̇ = −aH(1 − 3w)V − ẇ

1 + w
V + k

δP

ρ + P
+ k�. (7.51)
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It is also true for subsystems (components), in the case that a subsystem doesn’t
exchange momentum and energy with the exterior (the other subsystems).

Consider the baryon-photon fluid, which is a tightly coupled system until recom-
bination, meaning that the interactions between them are so strong, that they follow
the same laws, depending only on the total density. We have then that VB = Vγ , and
we saw that the perturbation in the baryon energy density is 3/4 of the perturbation
in the photon energy density.

Then from the Eq. (7.51) for the baryon and photon components, we can write an
equation for the combined fluid, taking into account that Pγ = ργ/3, PB = 0,

V̇γ = −aH(1 − 3w̃)Vγ −
˙̃w

1 + w̃
Vγ + k

3

ργ

ρB + 4
3ργ

δργ

ργ
+ k� , (7.52)

where the equation of state w̃ of the combined baryon-photon fluid is defined as

w̃ = Ptot
ρtot

= ργ/3

ργ + ρB
. (7.53)

Eliminating Vγ between (7.51) and (7.52) gives

1

4

¨(
δρ

ρ

)
γ,k

+ 1

4

Ṙ

1 + R

˙(
δρ

ρ

)
γ,k

+ k2

4
c2s

(
δρ

ρ

)
γ,k

= F�k(η) , (7.54)

where

R(η) ≡ 3

4

ρB

ργ

F�k(η) ≡ −k2

3
�k(η) + Ṙ(η)

1 + R(η)
�̇k(η) + �̈k(η)

c2s (η) ≡ ∂P

∂ρ
= Ṗγ

ρ̇γ + ρ̇B
= 1

3(1 + R(η))
. (7.55)

Here we see that R = δρB/δργ and cs is the speed of sound of the combined fluid,
= dr/dη.

Then the sound horizon is

rs(η) =
∫ η

0
cs(η)dη , (7.56)

that is, the distance travelled by the sound (in the fluid) from the Big Bang until η.
Note that at early times, when there are no baryons yet, R � 0, and there is only the
radiation, meaning cs = 1/

√
3, the speed of sound in the photon fluid.

The Eq. (7.54) has the form of damped, forced harmonic oscillator. But in fact,
the damping term (with the first derivative of the photon energy density fluctuation)
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turns out to be much smaller than the Silk damping term to be defined shortly, so we
can neglect it.

Then the solution is the solution for the forced harmonic oscillator,

1

4

(
δρ

ρ

)
γ,�k

= A�k(η) + B�k(η) cos(krs(η)) + C�k(η) sin(krs(η)). (7.57)

Here A�k is the constant (non-oscillatory) solution of (7.54),

A�k(η) = −[1 + R(η)]�k , (7.58)

as we can explicitly check. These are baryon acoustic oscillations.
In order to find the constant solution however, we need to use a formula that

relates the Newtonian potentials � and � to the curvature perturbation ζk . In the
tight coupling approximation for the baryon-photon fluid, we find that� = �, which
means (from (7.46)) that before horizon entry we find

� = � = −3 + 3w

5 + 3w
ζ. (7.59)

If horizon entry happens close to now, i.e., during matter domination (which is
what will happen for most modes observed in the CMBR), when w = 0, we find just
before horizon entry, i.e., for modes that are on very large scales, that

�k = �k = −3

5
ζk . (7.60)

But for modes that have already entered for some time inside the horizon, i.e.,
for modes that are at smaller scales, or larger l, we have a small modification,
parametrized by a matter transfer function T (k),

�k = −3

5
T (k)ζk . (7.61)

Of course, for very large scales T (k) � 1.

Silk Damping

The dominant damping effect in the equation for the time evolution of the density
perturbation is not the damping term already present, but the so-called Silk damping,
which is due to the Thomson scattering of electrons off photons, γe− → γe−, which
happens at a scale kD , so gives a factor e−k2/k2D damping, for a solution

1

4

(
δρ

ρ

)
γ,�k

= A�k(η) + e
− k2

k2D [B�k(η) cos(krs(η)) + C�k(η) sin(krs(η))]. (7.62)
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One can then solve more precisely the driven, damped harmonic oscillator equa-
tion (7.54) and find the coefficients as well, namely

1

4

(
δρ

ρ

)
γ,�k

= −(1 + R)�k + e
− k2

k2D
ζ�k
3
cos(krs(η)) ⇒

1

4

˙(
δρ

ρ

)
γ,�k

= −kcse
− k2

k2D
ζ�k
3
sin(krs(η)) , (7.63)

where �k = −3T (k)ζk/5.

7.4 Effect of Density Perturbations on the CMBR

We now go back to the CMBR, to find the effect of the density perturbation above
on the CMBR. Consider the sudden decoupling approximation for the CMBR. This
means that at recombination, decoupling happens on a given time ηls (ls stands for
last scattering, of photons off electrons) for all the photons at the same time. Then
at last scattering, the only anisotropy we have is due to the monopole (local density
perturbation at the position we consider) plus dipole, i.e.,

�ls(�e) =
(
1

4

δργ

ργ
+ �e · �vγ

)
ls

. (7.64)

Sachs-Wolfe Effect

The dependence on direction happens due to the photons travelling since last scat-
tering until now, through the so-called Sachs-Wolfe effect, so

�(�e) = �ls(�e) + �SW (�e). (7.65)

Consider a 4-momentum (p0, pi ) in a locally orthogonal (Minkowski) frame,
described as (q, qui ). On the other hand, in the conformal Newton gauge, the
4-momentum is

p0 = (1 + �)q; pi = (1 − �)qui . (7.66)

Then

0 = −(p0)2 + pi pi � −(1 + 2�)q2 + (1 − 2�)q2uiui = qμqνgμν . (7.67)

The Sachs-Wolfe contribution comes from the redshift of nearby photons. The
momentum field q = q(�x, t) is written, by taking out the expanding factor, as

q(�x, t) = a(t)p(�x, t). (7.68)
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The redshift in the comoving frame p has therefore two contributions,

dp

p
= −da

a
+ dq

q
, (7.69)

where the first term is the Hubble term (coming from the expansion of the Universe),
and the second is the effect we are looking for, coming from the change in the metric
of spacetime due to the perturbations,

�SW =
∫ η0

ηls

dq

q
=

∫ η0

ηls

dη
1

q

dq

dη
. (7.70)

To find this expression, we consider the geodesic equation in curved space for the
motion of the photon,

dqμ

dx0
= gμν

(
1

2
∂νgαβ − ∂βgνα

)
qαqβ

q0
. (7.71)

Considering the 0 component for perturbations, and dividing by q ≡ q0, and
writing it in terms of η, we obtain

1

q

dq

dη
= ∂�

∂η
− ui

d�

dxi
., (7.72)

where ui = dxi/dη. Since

d�

dη
= ∂�

∂η
+ dxi

dη

∂�

∂xi
, (7.73)

we obtain
1

q

dq

dη
= ∂(� + �)

∂η
− d�

dη
. (7.74)

Then the Sachs-Wolfe contribution is

�SW (�e) = �ls − �0 +
∫ η0

ηls

dη
∂

∂η
(� + �). (7.75)

In this formula, the−�0 term is usually neglected, since nowadays the fluctuation
on very large scales in the Universe is negligible with respect to �ls . Then �ls is
a contribution from the surface of last scattering, like the non-SW contribution of
1/4δργ/ργ , and the last contribution is an integrated Sachs-Wolfe (ISW) contribution.

Sachs-Wolfe Plateau

At small l, i.e., for the largest scales, for which the mode has barely left the horizon,
during the matter dominated epoch, the mode has spent most of the time since
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decoupling to present outside the horizon, where it is constant, i.e., η-independent,
i.e., no ISW contribution. Since moreover during this time�ls = �ls = �SW (�e), we
find

�(�e) = 1

4

(
δργ

ργ

)
ls

+ �ls . (7.76)

In this case, one finds that l(l + 1)Cl , the quantity plotted in the CMBR spectrum,
is approximately independent of l (flat), leading to the SWplateau, until about l ∼ 30.
Since we find δργ/ργ = −8�/3, we find

�(�e) = 1

3
�ls = 1

5
ζls . (7.77)

Integrated SW Effect

The integral of the ISWhas contributions coming from radiation still present at decou-
pling, as well as, during late times, from the cosmological constant (dark energy).

Acoustic Peaks and Silk Damping

For l greater than about 30, we have a snapshot of acoustic oscillations at decoupling.
Substituting inside the definition

�l(�k) = −i l[4π(2l + 1)]−1/2
∫

Y ∗
l0(�e)�(η, �k, �e)d2�e (7.78)

the formula for �, we find

�l(�k) =
[
1

4

(
δργ

ργ

)
�k
+ ��k

]
ls

jl(kη0) ≡ Tl(k)ζk , (7.79)

where jl are the Bessel functions. Substituting (7.63), we find

Tl(k) =
[
3

5
RT (k) − 1

3
e
− k2

k2D cos krs

]
jl(kη0). (7.80)

But in the formula

Cl = 4π
∫ ∞

0
T 2
l (k)Pζ(k)

dk

k
, (7.81)

one finds (observationally) that the spectrum Pζ(k) is approximately flat (constant),
so that

Cl = 4πPζ

∫ ∞

0

[
3

5
RT (k) − 1

3
e
− k2

k2D cos krs

]2

j2l (kη0)
dk

k
. (7.82)
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This shows the presence of acoustic oscillations and Silk damping. Here, from
observations plus theory, we find that

rs � 150Mpc; η0 � 14000Mpc; k−1
D � 8Mpc. (7.83)

Note that in this chapter we haven’t described polarization modes, isocurvature
or tensor modes, which could nevertheless become important, if they are observed.

Important Concepts to Remember

• The CMBR, the radiation coming from the Big Bang from every point in the
Universe, is approximately homogenous and isotropic, but it has anisotropic fluc-
tuations of δT/T ∼ 10−5.

• The CMBR has a monopole anisotropy at our current position in the Universe, but
that can’t be measured.

• The CMBR has also a dipole anisotropy due to the Earth’s motion with respect to
the cosmological frame (frame of the CMBR).

• TheCMBR spectrum is found as an expansion over angles, leading to an expansion
in multipoles l. At large l, l ∼ 1/θ.

• Gaussian perturbations have 2-point correlator 〈g�kg�k ′ 〉 = (2π)3Pg(�k)δ(�k + �k ′) and
Pg(k) = k3/(2π2)Pg(�k).

• There can be scalar, vector and tensor perturbations, but we focus on the scalar
ones.

• Primordial perturbations ζk are transferred to the CMBR as�l(k) = Tl(k)ζk . Here
ζk is the curvature perturbation, related to the density perturbations.

• In the conformal Newton gauge, the perturbations are defined by the Newtonian
potential, � = � = UN .

• We are interested in perturbations that have exited outside the horizon early on, so
that they can come back inside during current times, as CMBR perturbations.

• We find that the density perturbation created by ζ is 1/4(δρ/ρ)ζ,k = Ak(η) +
e−k2/k2D [Bk(η) cos(krs(η)) + Ck(η) sin(krs(η))], giving oscillations and Silk
damping.

• In the sudden decoupling approximation, the above perturbation is translated by the
propagation of light into the CMBR perturbation, and one finds that an approx-
imately flat Pζ(k) (spectrum of curvature perturbations) generates the damped
oscillations of the CMBR.

Further reading: See Chaps. 5, 6, 7, 8 and 10 in [9].

Exercises

(1) Prove that for P = wρ (for the background), the continuity equation gives

˙(
δρ

ρ

)
= −(1 + w)(kV − 3�̇) + 3aHw

(
δρ

ρ
− δP

P

)
. (7.84)
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(2) Prove that the Euler equation gives

V̇ = −aH(1 − 3w)V − ẇ

1 + w
V + k

δP

ρ + P
+ κ�. (7.85)

(3) Eliminate Vγ between

˙(
δργ

ργ

)
= −4

3
kVγ + 4�̇ (7.86)

and

V̇γ = −aH(1 − 3w̃)Vγ −
˙̃w

1 + w̃
Vγ + k

3

ργ

ρB + 4
3ργ

δργ

ργ
+ k� , (7.87)

to find
1

4

¨(
δρ

ρ

)
γ,k

+ 1

4

Ṙ

1 + R

˙(
δρ

ρ

)
γ,k

+ k2

4
c2s

(
δρ

ρ

)
γ,k

= F�k(η). (7.88)

(4) Calculate the time evolution of the speed of sound cs from recombination until
today, and then of the sound horizon rs(η).



Chapter 8
Problems to Be Solved by Inflation
and How They Are Solved
in Inflationary Models

In this chapter we will present problems with the standard cosmology, before the
advent of the inflationary paradigm, and then we will see how they are solved by
inflation.

8.1 Problems with Standard Cosmology Before Inflation

1. Smoothness and horizon problem

Why is the Universe uniform and isotropic?
This problem appeared because the light that we observe in the CMBR, coming

from the surface of last scattering (recombination), when considered as coming from
opposite directions on the sky, comes from regions of the Universe that are causally
disconnected, since the horizon distance is smaller than the distance travelled by
light.

That sounds strange, since causality is defined also by light propagation, but it is
connected with the fact that the Universe expands while light propagates, and the fact
that causal contact refers to the moment of last scattering (so light propagation before
it), whereas light propagation for the CMBR refers to the time after last scattering.

The fact that the light comes from seemingly causally disconnected regions would
imply that there would be no reason for the correlation implied by the uniform and
isotropic temperature and Planck distribution. Since T is constant to a high degree
of precision, and moreover, there are correlations in the sky even in the fluctuations,
it seems to say that the surface of last scattering in opposite directions with respect
to us was causally connected. We will see that this is what happens in inflation.
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We now turn to a quantitative evaluation of what we need to fix. The horizon
distance at the time of last scattering tls is defined by �x for light propagation from
t = 0 (Big Bang) and tls ,

dH (tls) = a(tls)�x = a(tls)
∫ tls

0

dt

a(t)
. (8.1)

This distance, translated into today’s distances, by replacing a(tls) with a(t0), is

dH (t0) = a(t0)
∫ tls

0

dt

a(t)
. (8.2)

On the other hand, the distance travelled by light from the surface of last scattering
until today, in today’s scales, is

rH (t0) = a(t0)
∫ t0

tls

dt

a(t)
. (8.3)

Light propagates during this time in a matter dominated Universe, when a ∝ t2/3,
or more precisely a(t) = a(t0)(t/t0)2/3, so that

rH (t0) = 3(t1/30 − t1/3ls )t2/30 . (8.4)

Even though on a log scale, matter domination takes a very small piece of the
Universe before last scattering, in absolute terms it dominates (as we saw in Chap.6,
tls � 200teq ), so we can also use M.D. to compute dH (tls), giving

dH (t0) = 3t1/3ls t2/30 , (8.5)

so finally the ratio wewant, of the distance between the opposite last scattering points
vs. the horizon distance, is

N = 2rH (t0)

dH (t0)
� 2

t1/30 − t1/3ls

t1/3ls

� 2

(
t0
tls

)1/3

=
(
a0
als

)1/2

= (1 + zls)
1/2. (8.6)

Herewe have used the fact that t0 � tls , that a(t) ∝ t2/3 duringmatter domination,
and that a ∝ 1 + z, where z is the redshift. Putting in numbers, specifically that
zls � 1300, as we calculated in Chap. 6, we find

N = 2 × √
1300 � 72. (8.7)

So we need to find a way to increase the horizon distance at the surface of last
scattering by a factor of 72 with respect to the naive result.
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2. Flatness problem

Why do we have � � 1 in the past?
We have seen that the Friedmann equation can be written in as

�(t) − 1 = K

a2(t)H 2(t)
= K

a2(t)

3�

8πGρ(t)
, (8.8)

where in the last equality we have used H 2 = 8πGρcr/3 and � = ρ/ρcr. Then we
obtain

�(t) − 1

�(t)
= 3K

8πGρ(t)a2(t)
. (8.9)

Since ρ(t) ∝ 1/t2 and a(t) ∝ t p, where p = 2/3 for M.D. and p = 1/2 for R.D.,
we find that

�(t) − 1

�(t)
∝ t2(1−p). (8.10)

In turn that means that even if � �= 1, so K �= 0 (K is ±1), considering an �

which is of order 1, but not 1, nowadays, it will be much closer to 1 in the past,
to an absurd precision. For instance, � ∼ 1 now implies � − 1 ∼ 10−16 at e+e−
annihilation, and even smaller at earlier times.

But that begs a question: why is it so unbelievably small then? Since what it is
now, is a result of what it was in the past, we need to explain this unnaturally small
number (saying it is what it is, via the most vanilla type of anthropic principle, the
fact that the Universe is as it is, since otherwise there would be no people to see it,
simply avoids any attempt at an explanation).

Of course, it could be that we have exactly � ≡ 1, in which case K = 0, but we
have no experimental evidence for that. Saying that � = 1 would be a theoretical
bias; experimentally we only know that � � 1 to about one percent, so we must
assume the equality is not perfect.

But then we need to explain the absurdly small number for � − 1 at very early
times.

3. Why is the entropy so large?

Wehave already seen that the entropy per baryon is about S1 ∼ 109.Multiplyingwith
the number of baryons within the current horizon, or alternatively calculating the
entropy density s and multiplying by the horizon distance volume, S = s · 4π

3 (ct)3,
we find the entropy S ∼ 1088 today.

But actually we need ot consider the entropy at some earlier time, when it is
actually smaller, since s ∝ T 4, but (ct)3 ∝ (1/T 2)3 during the R.D. era and (ct)3 ∝
(1/T 3/2)3 during the M.D. era. For instance, at BBN, one finds SH (tBBN ) ∼ 1063,
which is still huge.

We need to explain the great production of entropy, since naturally we would
expect again numbers of order one for the entropy within the horizon, or the entropy
per baryon ratio.
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4. Why do we have a (very small) baryon asymmetry?

As we have seen, we have an asymmetry

NB − NB̄

NB
∼ 1

109
, (8.11)

which needs to be explained (why it is nonzero, and why it is so small).

5. How do we generate perturbations?

This is sort of the opposite of the question at number one, in the sense that we see an
Universe which is not just approximately uniform and isotropic, but also full of small
fluctuations. On the largest scales, we have the fluctuations in the CMBR; on smaller
scales, the fluctuations that have since then evolved to give rise to structure, namely
stars and galaxies. Note that these seem to be classical fluctuations, and moreover
on scales that were super-horizon in the past, i.e., they should not have been in
causal contact. Indeed, scales grow as a(t), but the horizon grows like ct , which
during R.D. is a(t)2, and during M.D. is a(t)3/2, growing faster than the scales. Thus
scales keep falling inside the horizon as time evolves: scales that were super-horizon
drop to sub-horizon, where we can observe them. This is most puzzling in standard
cosmology, and seems to have no explanation.

6. Monopole problem

Why so small relic densities in the Universe?
Historically, the problem referred tomonopoles, which are creating during a phase

transition, like a GUT phase transition, so we expect to find them in large numbers.
Nowadays, we say that any kind of relics, like gravitinos, string moduli, or other
topological defects (e.g., cosmic strings, domain walls, etc.), would be produced in
large numbers at early times. But since we don’t observe them in large numbers,
there must be a mechanism to dilute them.

By the Kibble mechanism, we expect to create one monopole per horizon during
a phase transition, as the Higgs VEV obtains a random but uniform value in a region
of the order of the horizon, as the Universe cools through the phase transition, and
a random set of scalar VEVs on horizons would generically create a monopole
configuration for these scalars. But during the same GUT phase transition, we also
expect to create one nucleon per horizon by similar arguments. Since neither decays
much until now, we would expect to see about one monopole per nucleon, or one
per 109 photons. However, direct monopole searches in materials on Earth show that
there are less than 10−30 monopoles per nucleon, which means we should reduce
the monopole density by about 10−30 in volume. For general relics (like for instance
cosmic strings), one can calculate that in order for their mass density not to over-close
the Universe, we need a reduction by a factor of about 10−11, which is less stringent
than the monopoles’ 10−30, but still important.
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8.2 The Paradigm of Inflation

The paradigm that comes to solve all of the above problems is called inflation. It
is more of a paradigm than a theory, since it is a set of very general assumptions.
It was started in the West by Alan Guth in 1981, with the model now known as
“old inflation”, which however had some problems, to be described later. It was then
refined towhat is nowknown as “new inflation” in the independentworks byAlbrecht
and Paul Steinhardt in 1982, and by Andrei Linde in 1982 and 1983. However, it
is worth pointing out that the model that fits the current data best is the model that
came before Guth, of “Starobinsky inflation”, a modification of general relativity
now known to be equivalent with a scalar model with a certain exponential potential.
Starobinsky wrote his model in 1979 in Soviet Russia (in JETP Letters), but it didn’t
have an impact in the West, and was only later re-discovered.

The paradigm can be stated most generally as the need to have a (long) period of
accelerated inflation, ä > 0. Since the acceleration equation is

ä

a
= −4πGN

3
(ρ + P) , (8.12)

we need ρ + P < 0 or, since P = wρ, that w < −1/3. The most common way is
to have also an exponential expansion, through an approximately constant energy
density, but we don’t actually need that in order to solve the problems. It is also
common to assume that the approximately constant energy density is parametrized
by a scalar field, but this is only the simplest case, not a necessity. In principle, we
could have any sort of tensor field, e.g. vector, graviton, higher spin, that parametrizes
the change in the energy density.

Then the standard incarnation of inflation involves an energy density that is
approximately constant, so a dark energy component that is approximated by a cos-
mological constant �. We will review the energetics of �, that we already touched
on before. The gravitational acceleration felt at a radius R is, from the acceleration
equation,

R̈ ≡ gGR = −4πG

3
R

(
ρ + 3P

c2

)
, (8.13)

whereas in theNewtonian casewe have the same formula, butwith no P contribution,

R̈ ≡ gNewton = −4πG

3
Rρ. (8.14)

For a cosmological constant, PV /c2 = −ρV , which leads to the positive gravita-
tional acceleration

gV = +8πG

3
RρV , (8.15)
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which means a repulsive gravity. The reason that is possible is because the negative
pressure creates positive work. Indeed, we have (for c = 1) dE = −PdV , but E =
ρV , which means that if P = −ρ, then dρ = 0, so the energy density is constant

ρV = �

8πG
= const. (8.16)

as the volume expands. That means that energy is being created, by the work of
the negative pressure (normally, as the volume expands, energy is lost, or at most
constant, through the work of the positive pressure).

From the acceleration equation,

ä = 8πGρV

3
a , (8.17)

whereas the Friedmann equation gives

H 2 = 8πG

3
ρtot , (8.18)

leading to an exponential expansion,

a(t) = a0e
H0t , (8.19)

where the constant Hubble scale H0 is

H0 =
√
8πGρV

3
=

√
�

3
. (8.20)

Tofinalize the description,we need to state that the exponential expansion happens
near the Planck scale. The Planck scale is defined as the combination of c, � and G
that has the right dimensions, so the Planck time and length are

tP =
√

�G

c3
∼ 10−43 s, lP = ctP ∼ 10−35 m , (8.21)

whereas the Planck mass is

mP =
√
c�

G
= 1019 GeV = 10−8 Kg. (8.22)

Note however that the Planck mass mP above is the quantity defined in particle
physics, but in gravity and cosmology one uses instead a different definition, the
reduced Planck mass MPl, defined as (for c = � = 1)
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MPl = 1√
8πG

= mP√
8π

. (8.23)

The definition is taken such that the coefficient of the Einstein–Hilbert action∫
d4x

√−gR is M2
Pl
2 , meaning that the graviton modes have the standard canonical

scalar kinetic action.
As we said, only accelerated expansion is enough for the inflation paradigm,

which means that we could also have the so-called power-law inflation, with

a(t) ∝ t p, (8.24)

where p > 1. Indeed, in that case, we obtain ä > 0.

8.3 Inflationary Solutions to Cosmological Problems

We now turn to how to solve the problems mentioned with standard cosmology
within inflation.

Flatness Problem

We saw that

�(t) − 1 = K

(aH)2
∼

(
t

a

)2

∝ t2(1−p). (8.25)

In the case of standard cosmology, with p < 1 (matter domination has p = 2/3,
radiation domination has p = 1/2), �(t) − 1 grows with time. But by having a long
period of accelerated expansion, i.e., inflation, with p > 1, we could fix it.

For instance, if we consider the case of cosmological constant (considered by
Guth), with H = HI constant and a(t) ∝ eHt ,

�(t) − 1 = K

a2H 2
∝ K

a2
∝ e−2HI t , (8.26)

which drops exponentially fast. That means that by starting with an � − 1 ∼ O(1),
it drops to a very small value after some e-folds, so it can then grow again during the
radiation domination and matter domination eras. Though typically, in this way we
still obtain today a very small � − 1, effectively zero. This is so since it would be
very strange that after coming to an exponentially small value, it would grow back
to a value of order one just now.

So the theoretical bias that we talked about is based on inflation, when it is natural
to obtain an exponentially small �(t0) − 1 (nowadays). That is why we believe that
� is one to an excellent accuracy now, even though experiments only show it to a
small accuracy.
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We now turn to a quantitative analysis, within exponential inflation, that will aim
to constrain the amount of inflation needed. To do so, we we define the number of
e-foldings Ne during inflation,

a(tI )

a(tbi )
= e2HI t ≡ eNe → Ne = ln

a(tI )

a(tbi )
, (8.27)

where tbi is the the of begining of inflation, and tI is the time of end of inflation.
Then now (at time t0), we have

�0 − 1 = K

a20H
2
0

= K

aI H 2
I

= K

a2bi H
2
bi

e−2Ne

(
aI HI

a0H0

)2

, (8.28)

and if we assume K/(abi Hbi )
2 = �(tbi ) − 1 ∼ O(1), then in order to solve the

flatness problem, we need
eNe >

aI HI

a0H0
. (8.29)

But we consider that the time of begining of radiation domination, denoted by
index 1, is just after the end of inflation, so that aI HI � a1H1. In reality it could be
a couple of e-folds later, but it doesn’t matter much for the calculation.

Since during radiation domination H ∝ 1/t ∝ 1/a2, and the endof radiation dom-
ination corresponds to the matter-radiation equality, when H 2 ∝ ρ = ρm + ρrad =
2ρrad ∝ 2H ′2

rad , we obtain

H1 = H ′
(
aeq
a1

)2

= Heq√
2

(
aeq
a1

)2

. (8.30)

On the other hand, during radiation domination, H ∝ 1/t ∝ 1/a3/2, and the end of
matter domination corresponds to nowadays, when H 2 ∝ ρ0,cr = ρm,0/�m,0, where
�m,0 = ρm,0/ρ0,cr, we similarly obtain

Heq = √
2�m,0H0

(
a0
aeq

)3/2

. (8.31)

Then the condition on the number of e-folds is

eNe >
aI HI

a0H0
= a1H1

a0H0
= a1

√
H1

a0
√
H0

√
H1

H0
, (8.32)

and since a1
√
H1 = 2−1/4aeq

√
Heq , and aeq

√
Heq = a0

√
H0

√
2�m,0

√
a0/aeq , we

obtain

eNe >

(
�m,0

aeq
a0

)1/4
√

H1

H0
= �

1/4
rad,0

√
H1

H0
=

(
�rad,0

ρ1

ρ0,cr

)1/4

, (8.33)
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where we used H 2 = (8πG/3)ρ if K/(a2H 2) → 0 (like in the case of ρ1, the density
at the begining of the RD era), or H 2 = (8πG/3)ρ0,cr. We have also used the fact
that �m/�rad = ρm/ρrad ∝ a, so �m,0/�rad,0 = �m,eq/�rad,eqa0/aeq = a0/aeq .

We then substitute numbers, giving

ρcr,0 = [3 × 10−3 eV]4h2; and �rad,0 � �m,0

20000
∼ 0.3

20000
, (8.34)

so that the bound is (h ∼ 0.7)

eNe >
[ρ1]1/4

0.037 heV
∼ e56

[ρ1]1/4
5 × 1013 GeV

. (8.35)

On the other hand, the scale [ρ1]1/4, approximately the scale of inflation, is
bounded from below by the Big Bang Nucleosynthesis scale (since we know
everything that happens from BBN onwards, and inflation has no place in it), so
[ρ1]1/4 > ρ

1/4
BBN ∼ 1MeV. For this minimal value, the bound would be

eNe > e56 × 2 × 10−17 � e17. (8.36)

The scale is also bounded from above by the Planck scale, [ρ1]1/4 < [ρPl]1/4 ∼
1019 GeV. For this maximal value, the bound would be

eNe > e56 × 2 × 107 � e68. (8.37)

In fact, the value preferred by experimental constraints on generic models is
[ρ1]1/4 ∼ 2 × 1016 GeV, so that the bound in this case is

eNe > e56 × 103 � e62. (8.38)

Later on in the book, we will see a more precise formula, which is

Ne > 56 − 2

3
ln

1016 GeV

ρ
1/4
∗

− 1

3
ln

1019GeV

TR
, (8.39)

where TR is the reheat temperature, and ρ∗ is the density at the end of inflation. Then
for the case TR = ρ

1/4
∗ , we obtain

Ne > 56 − ln
1013.6GeV

ρ
1/4
∗

= 56 + ln
ρ
1/4
∗

5 × 1013GeV
, (8.40)

which is the previous constraint for ρ∗ → ρ1.
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Smoothness and Horizon Problem

We have seen that during the radiation dominated era, with horizon distance H−1 ∼
t ∝ a2, and during the matter dominated era, with horizon distance H−1 ∼ t ∝ a3/2,
scales enter within the horizon, since scales go like a.

The solution to the smoothness and horizon problem is that during the period
of exponential expansion with H−1 = constant (or even just accelerated expansion
a(t) ∼ t p, p > 1, with H−1 ∝ t ∝ a1/p), scales ∼ a get outside the horizon.

So the picture is that a small patch of space is blown up exponentially by the
expansion, while the horizon distance remains constant, and in so doing, the scale
gets “frozen-in”, losing causal contact. Then during either the R.D. or M.D. eras, the
scales falls back within the horizon, and regains causal contact, starting to react and
evolve again. Then the fact that there was an apparent lack of causal contact on the
largest scales is simply because the scales were frozen-in, but they actually used to
be in causal contact before getting outside the horizon.

To describe the horizon problem in quantitative terms, we define first, as before,
the horizon distance at time tls ,

dH (tls) = a(tls)
∫ tls

tbi

dt

a(t)
, (8.41)

which is dominated by the period of inflation begining at tbi . That sounds coun-
terintuitive, since we just argued that simply a factor of 200 in time during matter
domination means that the latter period dominates the integral, but we will see that
the magic of exponential expansion means that the early times actually dominate the
integral. During inflation, for t < tI ,

a(t) = aI e
−HI (tI−t) , (8.42)

and the number of e-folds during inflation is

Ne = HI (tI − tbi ) , (8.43)

leading to

dH (tls) � a(tls)

aI

∫ tI

tbi

dteHI (tI−t) = a(tls)

aI HI
(eNe − 1) � a(tls)

aI HI
eNe . (8.44)

This needs to be compared to the distance travelled by light from tls to now (t0),
measured at tls , i.e. (H0 = 2/(3t0) during matter domination)

rH (tls) = a(tls)
∫ t0

tls

dt

a(t)
= a(tls)

a0
3t0 = 2a(tls)

a0H0
. (8.45)
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So the condition
dH (tls)

2rH (tls)
> 1 (8.46)

amounts to the same condition as obtained for the flatness problem,

eNe >
aI HI

a0H0
. (8.47)

Monopole Problem

As we said, the problem is that unlike other species, monopoles don’t annihilate,
and would remain until now. In a phase transition like the GUT phase transition, we
expect to create about one monopole per nucleon. But from direct searches in the
Universe, we know that there are less than 10−30 monopoles per nucleon. So there
are too many monopoles (or in general, relics), and we need to dilute them somehow.
It is very important that this dilution happens after the phase transition, so inflation
needs to happen after the transition, or at most simultaneously with it.

The way the dilution happens is by the exponential expansion of a small causal
patch. Since we have created one monopole per nucleon, we need expand the size
of the Universe, defined by a(t), by at least 1010, so that the volume of the Universe
grows by 1030. Monopoles get diluted this way, and of course also do nucleons. But
nucleons are created inmuch bigger numbers at the end of inflation, during reheating.
So by diluting the monopoles (and other relics as well), we solve the problem. We
need at last

Ne > ln1010 = 23 (8.48)

e-folds, which is a weaker bound than we found before. Of course, it actually says
that the phase transition creating the relics needs to happen at least 23 e-folds before
the end of inflation.

Why is the Entropy Large?

The reason the entropy per baryon is large is related to the presence of quantum
fluctuations, and with reheating, that will populate the Universe with photons. This
will be studied later on in the book. Since we have an exponential expansion, the size
of the Universe will increase, leading to a large total number of photons.

Why Do We Have Perturbations?

We will explain this later, but it is basically because of quantum fluctuations, that
will be exponentially blown up until they become classical and freeze out outside
the horizon.

Why Do We Have a (Very Small) Baryon Asymmetry?

The baryon asymmetry itself is due to CP violation, but the conditions given by
Sakharov (baryon number violation, CP violation, and interactions out of equilib-
rium) for the creation of baryons (baryogenesis) include the existence of interactions
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out of equilibrium, satisfied by a fastly expanding Universe like the case of inflation.
Moreover, the issue is also why there is such a very small baryon asymmetry. The
answer is that we have a large entropy per baryon (∼ 109), that gets converted into
baryon-antibaryon pairs, and leads to (NB − NB̄)/NB ∼ 10−9.

8.4 Inflation with a Scalar Field

Finally, we describe the most popular incarnation of the inflationary paradigm, using
an approximately constant energy density for a scalar field moving down a potential.
The scalar field is called an inflaton, and its equations ofmotion in theFRLWUniverse
become the Friedmann equation

(
ȧ

a

)2

+ K

a2
= 1

3M2
Pl

[
φ̇2

2
+ V (φ)

]
, (8.49)

and the Klein–Gordon equation,

φ̈ + 3
ȧ

a
φ̇ = −V ′(φ). (8.50)

Note that the Hubble expansion term (the one with ȧ/a) is a friction term, that moves
against the acceleration of the scalar.

There is no a priori need to have a description in terms of a scalar field, it is just
the simplest possibility, but logically, it can be also in terms of a vector, or tensor
field, etc.

Old Inflation

The first model, by Alan Guth, called “old inflation”, was based around the idea of
a phase transition, with the idea in mind to solve the monopole problem, by having
inflation in the same time, and continuing slightly after, as the phase transition.

A Higgs (“Mexican hat”) potential, with a minimum at some φ0 �= 0, and a
nonzero value at φ = 0 gets corrected by temperature effects in quantum field theory,
so that for T > Tc, the true vacuum is at φ = 0, for V (0) > 0, and φ0 is lifted above
it, as in Fig. 8.1. At T = Tc, the two vacua at 0 and φ0 coincide. And at T < Tc, but
not too small, there is a false vacuum at φ = 0, separated from the true vacuum at
φ0 by a potential barrier.

Then the Universe starts in a hot state, at the (then) minimum of φ = 0. As it cools
off below Tc, it still remains there, now because of the potential barrier. Since we
are at a constant V (0) > 0, the Universe undergoes a period of exponential inflation.
But then it tunnels quantummechanically (or jumps over due to thermal fluctuations)
through the barrier, creating a small bubble.
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(a) (b) (c)

(d) (e)

φ φ φ

φφ

V (φ) V (φ) V (φ)

V (φ) V (φ)

T = 0 Higgs 0 < T < Tc Higgs T = Tc Higgs

T > Tc Higgs

Old Inflation

tunnelling

Fig. 8.1 a Higgs potential at T = 0. bHiggs potential at 0 < T < Tc. c Higgs potential at T = Tc.
d Higgs potential at T > Tc. e Old inflation potential is like case b, but has the true minimum at
V = 0 (so is a combination of a and b)

The bubble,with awall having a surface tension defined byV (0), starts expanding,
like a bubble of water in undercooled water vapor (or of vapor in overheated water),
because it destabilizes the neighbouring regions into collapsing. This mechanism
has been described by Coleman and DiLuccia. So it would seem that this bubble
nucleation would give an end to inflation, since various bubbles would nucleate,
and then eventually collide. This is what happens in water. But unlike water, in the
inflationary Universe, the Universe in between the bubbles is still in the false vacuum
at φ = 0, so it still inflates, i.e., expands exponentially. That means that despite the
fact that the walls of bubbles move at the speed of light, neighbouring bubbles never
meet, since the space in between them expands exponentially. This is known as the
“graceful exit problem” of old inflation.

Because of it, the “old inflation” model was dropped, and the “new inflation” of
Albrecht, Steinhardt and Linde, supplanted it. In it, the scalar potential is almost flat,
a plateau, but with a small slope, followed by a drop. Since Hubble expansion acts
as a friction term, the movement on the plateau will be slow. This is the “slow-roll”
paradigm, that will be described in the next chapter.
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Important Concepts to Remember

• The smoothness and horizon problem is why is the Universe smooth and isotropic?
Since the ratio of the distance travelled by light from last scattering until today,
in today’s scales, divided by the horizon at last scattering, in today’s scales, is
N = 2rH (t0)/dH (t0) ∼ 72.

• The flatness problem is why has the Universe � � 1 to an absurd precision in the
past (assuming � ∼ 1 today leads to � − 1 ∼ 10−16 at electron-positron annihi-
lation, for instance).

• Why is the total entropy in the Universe today of about 1088 (very large), why do
we have a very small baryon asymmetry, how do we generate the perturbations
that grow into structure (stars and galaxies); are also issues.

• Themonopole (or relic) problem:what dilutes relics appearing in phase transitions,
say (such that naively, we have as many baryons as relics).

• The inflationary paradigm requires most generally a period of accelerated expan-
sion ä > 0. The most common way is through a constant energy density, which
leads to exponential expansion,a ∝ eHt (thoughpower law inflationa ∝ t p, p > 1
is also fine), and usually it is assumed that it is parametrized by a scalar field, though
it is likely not necessary, only simpler.

• Inflation happens near the Planck scale, but below it, so we can have an effective
field theory description.

• The flatness problem is solved since � − 1 ∝ t2(1−p) or ∝ e−2Ht drops very fast
during inflation.

• Assuming that both now, and at the beginning of inflation, we have� ∼ 1, we find
that we need at least Ne > 56 + ln [ρ1]1/4

5×1013GeV e-folds of inflation.
• The smoothness and horizon problem is solved since during inflation, scales get
blown up exponentially, while the horizon stays fixed, so scales get outside the
horizon fast, and come back inside the horizon during standard cosmology. We
obtain the same constraint as above on Ne.

• The monopole problem is solved if the phase transition occurs before or during
inflation, so the generated relics of order one per baryon (in GUTs) are diluted
away to less than 10−30 today, so need to be diluted by a factor of e3Ne > 1030, or
Ne > 23 e-folds.

• Old inflation was inflation in a false vacuum φ = 0, created as the temperature
drops,whereas the true vacuumshifts toφ0 �= 0. Then tunneling through the barrier
ends inflation, but we have no “graceful exit”, since bubbles of true vacuum never
meet.

• New inflation is rolling down a plateau in order to inflate, after which there is a
drop to a minimum.

Further reading: See [1, 10, 11].
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Exercises

(1) If inflation occurs at temperature scale Ti and has 60 e-folds, calculate when the
scale that got outside the horizon at the begining of inflation will cross inside it.
(2) Calculate the monopole/nucleon ratio that would require the same constraint on
the number of e-folds as the one from reheating.
(3) Show that the equations of motion of the Einstein+scalar action reduce to

(
ȧ

a

)2

+ K

a2
= 1

3M2
Pl

(
φ̇2

2
+ V (φ)

)

φ̈ + 3
ȧ

a
φ̇ = −V ′(φ). (8.51)

(4) What are the equations ofmotion for the gravity field coupled to an antisymmetric
tensor field Aμν with uniform (space independent) field strength Hi jk (instead of a
scalar) in the FLRW Universe?
(5) If inflation occurs at the GUT scale, and now 1 − � � 10−3, how many e-folds
of inflation do we need in order to obtain the current � from a generic one at the
beginning of inflation?



Chapter 9
Slow-Roll Inflation

In this chapter we will explore the simplest incarnation of inflation, namely the
inflation with a scalar field that gives an approximate cosmological constant. We will
see that we can quantify the condition into what is known as “slow-roll inflation”.
We will not address other types of inflation in this book, though we will explain what
they can be.

As we said at the end of last chapter, after Guth’s “old inflation” model, where
the scalar sits at the false vacuum φ = 0, with V (0) > 0 and then tunnels out of
the barrier to the true vacuum at φ = φ0, came the “new inflation” model. In “new
inflation”, there is a plateau in the potential, so V (φ) is large, but flat, after which
there is a drop, as in Fig. 9.1. But this paradigm was much generalized afterwards,
to the point that even the simplest thing we can think of, a polynomial potential
V = λφp, fits into it, but we need the scalar to slowly roll down the potential. In the
case of the polynomial potential, and other similar ones, we can have a condition on
initial conditions (specifically, for the polynomial, that we start at large field φ). In
fact, even slow-roll is not necessary for inflation, it is only necessary for (almost)
exponential inflation. But in this chapter we will focus on this slow-roll inflation.

Variations of the new inflation with a plateau are “hilltop inflation”, where we just
start near the maximum of a potential (fine-tuned initial conditions); and “natural
inflation”, where we have a periodic, “axion-like” potential. Indeed, the axion of
QCD is the one example we know of, of a periodic potential. In string theory, we
have more “axions” with periodic potentials.

As we saw in the previous chapter, the equations of motion of the gravity+scalar
system are: the Friedmann equation

H 2 + K

a2
≡

(
ȧ

a

)2

+ K

a2
= 1

3M2
Pl

[
φ̇2

2
+ V

]
; (9.1)
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Fig. 9.1 The “new inflation”
potential

V (φ)

φ

reheating
oscillations

note that here φ̇2

2 + V (φ) = ρφ is the density of the scalar field, whereas the pressure

is Pφ = φ̇2

2 − V (φ). We will shortly neglect k/a2, since this goes quickly to zero
(in a couple of e-folds), due to the exponential inflation. The second equation is
the KG equation, but it can also be obtained from the continuity equation, i.e., the
conservation of energy, ρ̇ = −3H(ρ + P), by substituting ρ = ρφ and P = Pφ. In
both cases, the result is

φ̈ + 3H φ̇ + V ′(φ) = 0. (9.2)

9.1 Slow-Roll Analysis

We start the analysis with the assumption that slow roll means that the Hubble
parameter H(t) has a relative variation in the time = horizon time tH = H−1 that is
much less than one,

|Ḣ |
H 2

= − Ḣ

H 2
≡ εH � 1. (9.3)

This defines the first slow-roll parameter εH . Taking the time derivative of (9.1),
we get

2H Ḣ = φ̇

3M2
Pl

[φ̈ + V ′] = −H φ̇2

M2
Pl

, (9.4)

where in the second equality we have used (9.2). Then finally

Ḣ = − φ̇2

2M2
Pl

. (9.5)

Then the slow-roll condition |Ḣ | � H 2 = (φ̇2/2 + V )/(3M2
Pl) becomes

φ̇2 � |V (φ)| , (9.6)
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i.e., that the kinetic energy of the scalar is much smaller than its potential energy.
This is what we would have expected anyway for a slow-roll condition. In this case,
we also obtain that ρ � −P � V (φ), which means that we have an approximate
cosmological constant. Then as we saw in the previous chapter, the Hubble constant
is

H �
√

V

3M2
Pl

. (9.7)

The next condition for slow roll is similar to the first, but refers to the scalar
field instead of H , namely that the relative variation of φ̇ during the horizon time
tH = H−1 is small, ∣∣∣∣∣ φ̈φ̇

∣∣∣∣∣ 1

H
� 1. (9.8)

Since |φ̈| � |φ̇H |, we can neglect the first term in the KG equation (9.2), so that
it becomes

3H φ̇ � −V ′(φ) , (9.9)

meaning that we can write

φ̇ � − V ′

3H
� − V ′

√
3V

MPl , (9.10)

where in the last equality we have used the Friedmann equation in the slow-roll form
(9.7). Then from (9.5) and the above formula for φ̇, we have the condition

εH = |Ḣ |
H 2

= 3φ̇2

2V
� M2

Pl

2

V ′2

V 2
≡ ε � 1 , (9.11)

where the equality εH � ε is only valid in the case both slow-roll conditions on
φ are satisfied (φ̇2 ≪ |V | and |φ̈| � |φ̇H |). Here we have defined the parameter
(depending only on the potential)

ε ≡ M2
Pl

2

(
V ′

V

)2

. (9.12)

Thus in the case of slow roll, ε � εH � 1.
To find the second condition for slow-roll in terms of the potential only, we start

from the KG equation when neglecting its the first term, φ̇ = −V ′/(3H), and we
take a time derivative, obtaining

φ̈ = −V ′′φ̇
3H

+ V ′ Ḣ
3H 2

= V ′′V ′

9H 2
− V ′3M2

Pl

6V 2
, (9.13)
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where in the second equality, we have used again φ̇ = −V ′/(3H), as well as (9.5).
If ε � 1, from its definition it means that V ′3M2

Pl/V
2 � V ′, but since we want to

neglect the first, acceleration, term (φ̈) in the KG equation with respect to the second,
Hubble friction, term, and then the equation is 3H φ̇ = −V ′, it means that we want
φ̈ � V , and then (9.13) implies we need also

|V ′′| � 9H 2 = 3|V |
M2

Pl

. (9.14)

Finally, that gives the condition

|η| � 1 , (9.15)

where we have defined the second slow-roll parameter,

η ≡ M2
Pl
V ′′

V
� V

3H 2
. (9.16)

In conclusion, the slow-roll conditions can be reduced to conditions on the poten-
tial itself, ε � 1 and η � 1.

Variation of Slow Roll Quantities with the Number of e-Folds

We define the number of e-folds between two times t1 and t2 as before,

N = ln
a(t2)

a(t1)
, (9.17)

so that

dN = da

a
= −Hdt. (9.18)

Then the first relation for the variation with respect to the number of e-folds is for
ln H ,

− d(ln H)

dN
= dH

H 2dt
= −εH � −ε. (9.19)

Similarly, we find the variation of ln ε = 2 ln(V ′/V ) + lnM2
Pl/2,

− d(ln ε)

dN
= dε

εHdt
� 2φ̇

H

(
V ′′

V ′ − V ′

V

)
= −2V ′′

V
M2

Pl +
2V ′2

V 2
M2

Pl , (9.20)

where in the last relation we have used the KG equation 3H φ̇ � −V ′ and the Fried-
mann equation H 2 = V/(3M2

Pl), so that finally

− d(ln ε)

dN
= 4ε − 2η. (9.21)
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The last variation equation is for the variation of η with the number of e-folds.
From the definition of η and N ,

− dη

dN
= M2

Pl
d

Hdt

(
V ′′
V

)
= M2

Plφ̇

H

(
V ′′′
V

− V ′′V ′
V 2

)
= − M2

Pl

V/M2
Pl

V ′
(
V ′′′
V

− V ′′V ′
V 2

)

= −
(
M4
PlV

′′′V ′
V 2

)
+ 2

(
M2
PlV

′′
V

)(
M2
Pl
2

V ′2
V 2

)
, (9.22)

where in the third equality we used the Friedmann equation φ̇ = −V/(3H). Defining

ξ2 ≡ M4
PlV

′′′V ′

V 2
, (9.23)

we have finally

− dη

dN
= −ξ2 + 2εη. (9.24)

9.2 General (Non-slow Roll) Formulas

We now derive formulas that are always valid, not just in the slow-roll case (so they
would be valid even for a “fast roll”, or rather non-slow roll, inflation).

First, we have seen already that we have the exact relation (9.5), derived from the
Friedmann (9.1) and KG (9.2) equations, so φ̇2 = −2ḢM2

Pl. Consider next that we
have the implicit relation H = H(φ), defined on the trajectory solving the equations
of motion, via H = H(t) and φ = φ(t), so Ḣ = H ′(φ)φ̇ (H ′(φ) = Ḣ/φ̇). Then
we find

φ̇ = −2M2
PlH

′(φ). (9.25)

Replacing this φ̇ in the Friedmann equation (9.1), we find

H 2(φ) = 1

3M2
Pl

[2M4
PlH

′2(φ) + V (φ)] ⇒

H ′2(φ) − 3

2M2
Pl

H 2(φ) = −V (φ)

2M4
Pl

. (9.26)

This takes the forma of a Hamilton–Jacobi equation for H(φ) (understood like
similar to the action function S(φ) in the classical mechanics formulation of the
Hamilton–Jacobi equation).

Using the formula for Ḣ in (9.5) and the Friedmann equation (9.1), we find

εH ≡ − Ḣ

H 2
= 3

φ̇2/2

V + φ̇2/2
= 3

2M4
PlH

′2

V + 2M4
PlH

′2 = 2M2
Pl

(
H ′(φ)

H(φ)

)2

, (9.27)
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where in the third equality we have used (9.25) in the numerator and denominator,
and in the fourth equality we have used (9.26) in the denominator. The end result
is similar to the definition of ε in terms of V (φ), just that now we have εH in terms
of H(φ).

By analogywith the case of ε in terms of V (φ), we can define a quantity analogous
to η from V (φ), namely

ηH ≡ 2M2
Pl
H ′′(φ)

H(φ)
. (9.28)

Then from (9.25), taking a time derivative, we find

φ̈ = −2M2
Plφ̇H

′′(φ) , (9.29)

so that

ηH = 2M2
PlH

′′(φ)

H(φ)
= − φ̈

φ̇H
. (9.30)

On the other hand, from (9.25), we have

εH = 2M2
Pl
H ′2

H 2
= φ̇2

2M2
PlH

2
. (9.31)

Taking a time derivative on this relation, we find

ε̇H = φ̈φ̇

MPlH 2
− φ̇2 Ḣ

M2
PlH

3
. (9.32)

In the second term, we use Ḣ = φ̇H ′ = −2M2
PlH

′2 (from (9.25)), to obtain

ε̇H = − φ̈

H φ̇

(
− φ̇2

M2
PlH

)
+ φ̇2

HM2
Pl

2M2
PlH

′2

H 2
= −2HηH εH + 2Hε2H . (9.33)

Solving for ηH , we find

ηH = εH − ε̇H

2HεH
. (9.34)

From εH = −Ḣ/H 2, we obtain

ηH = − Ḣ

H 2
− 1

2H

(
Ḧ

Ḣ
− 2

Ḣ

H

)
= − Ḧ

2H Ḣ
. (9.35)

Finally, in the slow-roll case, as we saw, the Friedmann equation is
φ̇ = −V ′/(3H), so
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ηH = − φ̈

φ̇H
= 1

H φ̇

(
V ′′φ̇
3H

+ V ′φ̇2
6M2

PlH
2

)
= V ′′

3H2 + V ′φ̇
6H3M2

Pl

= M2
Pl
V ′′
V

− V ′2
2 · 9H4M2

Pl

,

(9.36)
where in the second equality we have used (9.5) and in the fourth equality we have
used again φ̇ = −V ′/(3H). Therefore, in the slow roll case, we obtain

ηH � M2
Pl
V ′′

V
− M2

Pl

2

V ′2

V 2
= η − ε. (9.37)

Finally, we compute a formula for the number of e-folds between time t and the
end of inflation tend,

N ≡ ln
a(tend)

a(t)
=

∫ tend

t
Hdt = − 1

2M2
Pl

∫ φend

φ

dφ
H

H ′(φ)
= − 1

MPl

∫ φend

φ

dφ
1√
2εH

,

(9.38)
where we have used (9.25) in the form dt = −dφ/(2M2

PlH
′(φ)).

Note that this is an exact formula, independent of slow-roll. In the slow roll case,
εH � ε, so

N � −
∫ φend

φ

dφ

MPl

1√
2ε

. (9.39)

9.3 Slow Roll Conditions

The slow-roll conditions can be conditions on the parameters of the potential, like
in the case of potentials with a plateau (new inflation). They can alternatively be
conditions on the initial conditions for inflation. For instance, consider the power
law potential

V = gφα , (9.40)

where g > 0 and α > 1 (the last condition is so that V ′′ > 0, but otherwise it can be
dropped). Then

2ε =
(

αMPl

φ

)2

; η = α(α − 1)
M2

Pl

φ2
, (9.41)

so ε � 1, |η| � 1 can be solved by either α � 1 (a condition on the parameters,
which is discarded if α > 1), or by the initial condition φ0/MPl � 1. But even
that condition needs to be supplemented with a condition on parameters, since for
the validity of the effective field theory of the inflation scalar, we need to have no
quantum gravity corrections. That in turn translates into the condition that, at least,
V (φ0) � M4

Pl, which means that

g � M4
Pl

φα
0

. (9.42)
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But we really need to choose φ0 � MPl not only for the initial condition, but also
for a large interval, since we need to have at least 60 or so e-folds of inflation. That
turns out to impose that

g � 2 × 10−5 (9.43)

in the case α = 4, that is the power most favoured by experimental data among the
possible power laws.

9.4 Exact Solution for Inflation

In most cases of potentials used for inflation, we cannot find an exact solution for
the time evolution. There is one notable exception of potential, that can be used for
checking the various approximations used in this chapter. We will check several,
leaving the others as exercises.

The potential giving an exact solution is the inverse exponential,

V = ge−λφ. (9.44)

Among the possible solutions to the equations of motion (Friedmann and KG), there
is the attractor solution

φ(t) = 1

λ
ln

[
gε2t2

M2
Pl(3 − ε)

]
(9.45)

together with the scaling
a ∝ t1/ε (9.46)

and where

ε ≡ λ2M2
Pl

2
. (9.47)

From these solutions, we find

φ̇ = 2

λt
and H = 1

εt
= 2

λ2M2
Plt

. (9.48)

Then the Friedmann equation for H 2 = 1/(ε2t2), is

H 2 = 1

3M2
Pl

(
φ̇2

2
+ V

)
= 1

3M2
Pl

(
2

λ2t2
+ g

M2
Pl(3 − ε)

gε2t2

)
= 1

ε2t2
, (9.49)

so indeed it is satisfied. Also the KG equation,

φ̈ + 3H φ̇ + V ′(φ) = − 2

λt2
+ 3

2

λt

1

εt
− λgM2

Pl(3 − ε)

gε2t2
= 0 , (9.50)
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is satisfied.
The slow roll conditions give

ε = M2
Pl

2

V ′2

V 2
= λ2M2

Pl

2
; η = M2

Pl
V ′′

V
= λ2M2

Pl = 2ε. (9.51)

We note therefore that ε was well named, since indeed is the slow-roll parameter
for the potential, and it is constant. The number of e-folds on the solution is

N = ln
a(t2)

a(t1)
= 1

ε
ln

t2
t1

= λ

2ε
(φ2 − φ1) = 1

λM2
Pl

(φ2 − φ1). (9.52)

This matches with the result for a constant ε,

N � − 1√
2εM2

Pl

(φ2 − φ1) = − 1

λM2
Pl

(φ2 − φ1). (9.53)

The slow-roll approximation for the solution is obtained neglecting φ̈ in the KG
equation, so that we need to solve 3H φ̇ = −V ′(φ) = +gλe−λφ, solved by

φ(t) = 1

λ
ln

[
ε2t2

3M2
Pl

]
, (9.54)

which is indeed the general solution, neglecting the ε in the 3 − ε factor in the
denominator. The same solution also solves the Friedmann equation in which we
drop the φ̇2/2 term.

9.5 Variants of Inflation

Besides the general slow-roll paradigm for inflation, we have also other ideas that
became important.

Eternal Inflation

This idea, originating with Steinhardt and others, is that, if we consider probabilities
to be at different values of the potential V , distributed perhaps with a Boltzmann
weight (or some other probability decreasing with energy), then the probability to
be at large V (φ) will be small. If the probability refers to various patches of space to
have some initial condition for the field, the initial patch with large V will be very
small. However, since by being at V 
= 0 we inflate, the volume of the small patch
quickly increases, also exponentially, so it could dominate.

Naively then, whether this patch will dominate or not depends on the relative
strength of the coefficient β in the probability weight e−βV and the amount of expo-
nential expansion of the volume V ∼ e+3Ht ∼ e

√
3V t . But of course, in reality, we
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Fig. 9.2 A patch of higher
V inside one of lower V
creates a Baby Universe that
peels off from the original
one: there is a throat
connecting the Baby
Universe to the original one,
that is collapsing. While the
Baby Universe expands,
viewed from the original
one, the throat collapses

don’t know what is the probability distribution over volumes, and moreover, it is
not clear that we can even apply statistics to cosmology, where we have only one
Universe (and not an ensemble of Universes; at least not to explore, there could be
un-detectable ones in the many-worlds interpretation of Quantum Cosmology).

Moreover, we can consider fluctuations for the value of the potential: fluctuating
upwards in V costs energy, so is less likely, but it has a higher benefit because of
inflation. But again the issue of probabilities is a very tricky one.

So the issue of whether or not eternal inflation leads to an inflation defined by a
large potential V seems a priori impossible to decide.What we do know is that in this
idea, there will always be inflating regions, since there are always small patches of
the Universe that have some high potential value, and these will eventually dominate
over the rest. If they are outside the horizon, we cannot observe them, so the point
is likely moot. And if they are inside the horizon, they might eventually overrun our
own Universe, effectively killing it (though there is some debate about the efficiency
of that scenario).

Chaotic Inflation

This idea, due to Linde, is that the initial conditions are random in space, so inflation
occurs in patches. Moreover, when a patch inflates, it becomes homogenous and
isotropic, smoothing out all initial inhomogeneities and anisotropies. The evolution
of a patch of high V = V2 inside one of lower V1 is such that the patch inflates faster
as viewed from inside it, but viewed from the outside, there is a “throat” that collapses
due to its surface tension (T = (V2 − V1)/Area), as in Fig. 9.2. So eventually we
have this Universe that detaches (its connection with the rest shrinks), but expands,
smoothing out all inhomogeneities and vanishing an initial � − 1.

The chaotic inflation picture is related to potentials without a plateau, but rather
continuously related to zero, like the polynomial V = gφα, which is its standard
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example. Having an initial condition at large φ is associated with a (quantum or
thermal) fluctuation up the potential, like in the eternal inflation idea above.

Hybrid Models

Wehave also considered only single-scalarmodels until now, but that is not necessary.
The simplest generalization is in the so-called hybrid models, which contain two
scalars, one (σ) with its own potential V (σ), and the other with a potential coupling
depending on σ,

V (φ,σ) = g2

2
φ2σ2 + V (σ). (9.55)

Multi-scalar Models

Finally, there could be multi-scalar models (N-flation, etc.), but we will not describe
them. Motion in a multi-scalar potential landscape can help with some issues, but in
most cases amounts to simply powers of N in various formulas.

9.5.1 Initial Conditions for Inflation

The issue of initial conditions is a tricky one, and depending on the point of view,
can be considered a problem (e.g., see papers by Steinhardt in 2013), or not (e.g.
papers by Linde and Guth in the same year). One point is that we needed to assume
φ̇2/2 � V (φ) at all times, including initially. The claim is that this is not generic, and
equipartition of energy would demand that initially both terms are comparable. But
this assumes a lot about the initial condition defined by quantum gravity (which could
appear “out of nothing” like in the gravitational instanton defining the wave function
of the Universe in a “no-boundary boundary condition” of Hartle and Hawking), as
well as about quantum gravity itself (is equipartition of some effective field theory
for the scalar reasonable?)

Other issues are more obvious: as we said, homogeneity and isotropy needs not
to be assumed; in the chaotic inflation scenario, it is something that comes out of the
dynamics, not initial conditions.

The last point to be addressed is of the initial condition for V (φ). We need that
V (φ0)

1/4 � MPl (slightly lower than the quantum gravity scale), since we need that
the effective field theory of the scalar is a good approximation, meaningwe are below
the Planck scale, yet the initial condition is defined by quantum gravity, so we are
close to it.

Important Concepts to Remember

• Slow-roll inflation requires εH = −Ḣ/H 2 � 1 (φ̇2 � V (φ)) and η = M2
Pl

V ′′/V � 1.
• During slow-roll, εH � ε ≡ M2

Pl/2(V
′/V )2.

• In a general Hamilton–Jacobi picture, we have εH = 2M2
Pl(H

′(φ)/H(φ))2, and
we can define ηH = 2M2

Pl(H
′′(φ)/H(φ)).
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• During slow-roll, ηH � η − ε.
• The number of e-folds during inflation is Ne = − ∫

dφ/MPl/
√
2εH .

• The slow-roll conditions are conditions on the parameters and the initial conditions
for the fields. Imposing also the number of e-folds, usually results in conditions
on the parameters only.

• V = ge−λφ gives an exact solution for inflation, onwhichwe can check the various
formulas.

• Eternal inflation means that patches that have higher energy inflate faster, so can
dominate the ensemble.

• Chaotic inflation means that we have random values for random patches, so some-
where always inflates, but on the average we roll down.

• There is a debate over the naturalness of the initial conditions for inflation.

Further reading: See [10, 11].

Exercises

(1) Consider the potential

V (φ) = V0

(
1 − ce−a φ

MPl

)
. (9.56)

Calculate ε, η and the number of e-folds and put conditions on the parameters and
initial conditions such that we have slow roll inflation.
(2) For V (φ) = ge−λφ and the attractor solutions, calculate εH , ε̇H and ηH , and
verify

ηH = εH − ε̇H

2HεH
. (9.57)

Compare also ηH with η − ε and check whether we have slow-roll inflation.
(3) For V = gφp calculate ε, η, N , dη/dN and d(ln ε)/dN .

Calculate a(t) in the slow-roll case and from it εH and ηH .
(4) Repeat Exercise 3 for V = V0[1 − c(φ0/φ)p], where p > 0.
(5) Consider scalar potential given by a cosine plus a constant,

V = A[1 + cos(aφ)] , (9.58)

and inflation happening near the maximum at φ = 0. Calculate ε, η and Ne, and find
over what region we have slow roll, given the constants A, a and the initial value
φ = φ0, φ̇0 � 1/a.



Chapter 10
Reheating and Baryogenesis

In this chapter we will study reheating, which happens just after inflation, and is a
way to populate the Universe with thermally distributed particles, which is followed
by the standard Radiation Dominated adiabatic cosmology. Thus reheating is a way
to transfer the energy of the inflaton to the Standard Model particles and to transition
into standard cosmology. We will also say a few things about baryogenesis which
happens around the same time.

10.1 Standard Reheating

The simplest model of reheating happens in the standard models of “new inflation”,
with a plateau, followed by a drop to a minimum, and then oscillations. The inflaton
field falls down to theminimum, then oscillates, until the friction terms stop it. During
the oscillations, the inflaton transfers its energy by decaying into particle modes. In
the model studied here, φ decays mostly into the fermionic modes, φ → ψψ, with
a decay constant �φ. This decay is a friction term in the equation of motion, or
otherwise a relative friction term in the kinetic energy, ρ̇φ = −�φρφ + ....

The KG equation of motion of the scalar is modified to

φ̈ + 3H φ̇ + �φφ̇ + V ′(φ) = 0. (10.1)

In this equation of motion, besides the usual Hubble friction term 3Hφ, we have
the explicit friction term due to the φ decay. The solution of the equations of motion
corresponds to some coherent oscillations around theminimum (the field comes with
some velocity, i.e., kinetic energy, and oscillates -damped- around theminimum).We
multiply the modified KG equation with φ̇, and take the average over the oscillations
(cycles), considering that the inflaton energy density,

ρφ = φ̇2

2
+ V , (10.2)
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gives on the average over a cycle (due to the equipartition of energy, kinetic =
potential)

〈 φ̇
2

2
〉 + 〈V 〉 = 〈φ̇2〉. (10.3)

We obtain then
ρ̇φ + 3Hρφ + �φρφ = 0. (10.4)

It is easy to see that the solution of this equation in terms of the energy density at the
initial time tI , corresponding to the end of inflation, when ρ(tI ) = V (φinitial) ≡ M4

(defining the mass scale M), is

ρφ(t) = M4
(aI
a

)3
e−�φ(t−tI ). (10.5)

Nextwewrite an equation for thematter (fermions) intowhich the inflaton decays.
The conservation equation for matter in the absence of particle creation would have
been the one considered in the first chapter, ρ̇m + 3H(ρM + pM) = 0, where ρM is
the density of matter (not inflaton), and pM its pressure. But in fact, there is a driving
term, which is minus the friction term of the inflaton, since the inflaton decays into
matter. Therefore the equation of motion is

ρ̇m + 3H(ρM + pM) = �φρφ. (10.6)

Since the mattter particles created during reheating (electrons, neutrinos, protons,
etc.) are ultrarelativistic (as we saw in the thermal history of the Universe), PM =
ρM/3, and we have effectively radiation, therefore we rename ρM → ρR , to obtain

ρ̇R + 4HρR = �φρφ. (10.7)

We need to supplement this with the Friedmann equation

H 2 = 1

3M2
Pl

(ρφ + ρR). (10.8)

Here we have used the fact that the total energy is composed of the energy of the
inflaton and the radiation energy.

The solution of the equation of motion for ρR is

ρR(t) = ρφ(tI )�φa3(tI )

a4(t)

∫ t

tI

dt ′ a(t ′)e−�φ(t ′−tI ). (10.9)

We can check that the 1/a4(t) means that in ρ̇R we get a −4HρR term, whereas
the derivative acting on the integral gives
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ρφ(tI )�φa3(tI )

a4(t)
a(t)e−�φ(t ′−tI ) , (10.10)

which is the same as �φ times (10.5).
After it will thermalize, the energy density of radiation will be given by the

standard relativistic thermal formula derived previously,

ρR = π2

30
g∗T 4 , (10.11)

which allows us to calculate T out of ρR .
The initial time for the begining of reheating is the end of inflation, when the

time is given by the Hubble time, t = tI ∼ H−1 ∼ MPl/M2 (since by the Friedmann
equation H 2 ∼ V/M2

Pl ∼ M4/M2
Pl). From this initial time until the time constant for

the decay, t ∼ �−1
φ , the inflaton will dominate the energy density (since it has not

decayed yet). Because of its large mass mφ, defined by the curvature of the potential
around the minimum,

m2
φ ≡ V ′′(φ0) , (10.12)

φ is nonrelativistic, which means that the Universe is matter dominated, meaning
that a(t) ∝ t2/3.

The decay occurs quantum mechanically, but from the tree level process, we can
find the usual formulas

�φ→ψψ = g2mφ

8π
, (10.13)

for the decay into fermions, and for the decay into bosons χ,

�φ→χχ = g2

8πmφ
, (10.14)

where g is the coupling. We assume that tI ∼ H−1 
 �−1
φ (so that the above interval

is nonzero), which means that �φ 
 H(tI ), and therefore e−�φ(t−tI ) � 1.
We then obtain

ρR(t) � ρφ(tI )
�φa3(tI )

a4(t)

∫ t

tI

dt ′ a(t ′)

= 3

5
�φρφ(tI )tI

(
tI
t

)8/3
[(

t

tI

)5/3

− 1

]

= 3

5

�φ

t
ρφ(tI )t

2
I

[
1 −

(
tI
t

)5/3
]

= 3

5

�φ

t
M2

Pl

[
1 −

(
tI
t

)5/3
]

, (10.15)
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where in the second equality we have used the fact that a(t) ∝ t2/3 during the period
ofmatter domination (themassive, thus nonrelativistic, inflaton dominates the energy
density), and in the last equality we have used the fact that ρφ(tI ) = M4 and t2I =
M2

Pl/M
4.

By taking the time derivative of this function, we obtain that it grows, from
ρR(tI ) = 0 until a maximum, achieved at

tmax =
(
8

3

)3/5

tI , (10.16)

(which confirms that indeed e−�(tmax−tI ) � 1 as was assumed) of value

ρR,max =
(
3

8

)8/5

�φtIρφ(tI ) � 0.139�φ
MPl

M2
M4 = 0.139�φMPlM

2. (10.17)

After this maximum, ρR(t) starts decreasing as

ρR(t) � 3

5
�φMPlM

2 tI
t

[
1 −

(
tI
t

)5/3
]

= 3

5
�φMPlM

2
(aI
a

)3/2
[
1 −

(aI
a

)5/2
]

∼ 3

5
�φMPlM

2(aI /a)3/2 , (10.18)

where in the second equality we have used the fact that a(t) ∝ t3/2, and in the last
one we have neglected the last term. We see then that, as long as we are still before
t ∼ �−1

φ , the radiation energy density drops as a−3/2.
Finally, considering that this radiation energy density has already thermalized so

that we can define a maximum temperature for the radiation, we use the relativistic
relation to write

ρR,max = π2

30
g∗T 4

max , (10.19)

which gives the maximum temperature

Tmax � 0.8g−1/4
∗ M1/2(�φMPl

√
8π)1/4. (10.20)

Entropy Production

In an adiabatic process, the total entropy S = sa3 (where s is the entropy density per
unit comoving volume) is conserved, so s ∝ 1/a3, and indeed, since in the relativistic
case s ∝ T 3 (the exact formula was s = (2π2/45)g∗,sT 3), s ∝ 1/a3 (T ∝ 1/a).

But in the case of reheating, we are out of equilibrium, sowe are not in an adiabatic
process. Entropy is in fact being generated, since the entropy density per comoving
volume, s ∝ T 3 as we saw, but also ρR ∝ T 4, so s ∝ ρ

3/4
R . Since ρR ∝ a−3/2 as we

saw, we finally obtain
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S ∝ a3ρ3/4R ∝ a15/8 , (10.21)

so the entropy increases with the expansion of the Universe, as we said. In fact, we
already said that producing the very large entropy of the Universe was one of the
things that was needed of an inflationary model, and we do see that happening during
reheating.

Finally, after t ∼ �−1
φ , the inflaton φ has mostly decayed, and its energy has been

converted into radiation, the total entropy levels off, and we enter the period of the
standard adiabatic, radiation dominated cosmology.

Reheating Temperature

The most important quantity of reheating is the temperature at the end of reheating,
when the standard cosmology starts, known as the reheating temperature. It is the
temperature at t = �−1

φ , the last time that we can use the approximation of matter
domination under which we have been doing the previous calculations, so

ρR(t = �−1
φ ) � 3

5
�2

φρφ(tI )t
2
I = 3

5
�2

φM
2
Pl

≡ π2

30
g∗T 4

RH , (10.22)

leading to

TRH ≡ T (t = �−1
φ ) � 0.55g−1/4

∗ (�φMPl

√
8π)1/2 � g−1/4

∗
√

�φMPl. (10.23)

On the other hand, from (10.13), for the fermionic decay φ → ψψ, we have
�φ � (g2/8π)mφ, so

TRH � g−1/4
∗ (g/

√
8π)

√
mφMPl. (10.24)

10.2 New Reheating and Preheating

Nowadays however, another model of reheating is more popular. Instead of the many
oscillations around a minimum, now it is assumed that the potential has a very steep
drop, leading to what is known as preheating. This is an extremely rapid decay of
modes into bosons (not fermions as before) via parametric resonance. In this case,
there is no need for oscillations, or rather, oscillations stop as soon as they start (within
less than a cycle). Because of the highly nonperturbative nature of this model, it is
generally studied numerically, but here we will present a few salient points.

Generically, this new reheating picture is composed of 3 steps:

1. Preheating: the inflaton φ decays into bosons.
2. The bosons decay into everything.
3. The particles thermalize.
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A simplemodel of the preheating step is obtained as follows. Consider the inflaton
φ plus boson χ, with a potential composed of the mass term for φ (the curvature of
the potential around the minimum) and a renormalizable (quartic) coupling of φ to
χ, i.e.,

V � 1

2
m2

φφ
2 + 1

2
g2φ2χ2 + ... (10.25)

Then we can effectively describe the field χ as having a time-dependent mass
given by (the VEV of) φ,

m2
χ(t) � g2φ2(t). (10.26)

The KG equation for the momentum modes χk of the boson χ becomes

χ̈k + E2
k (t)χk = 0 , (10.27)

where

E2
k =

(
k

a

)2

+ m2
χ(t). (10.28)

Assuming as before that the inflaton φ oscillates around its minimum, where the
curvature is mφ (even though as we will see we don’t even need to complete one
oscillation),

φ = φend sin(mφt) , (10.29)

where φend is the value of φ at the end of inflation, we obtain for the χ mass

m2
χ(t) = g2φ2

end sin
2(mφt) , (10.30)

and after defining rescaled variables and parameters as

z ≡ mφt; q ≡ g2φ2
end

4m2
φ

; A(k) ≡ k2

m2
φ

+ 2q , (10.31)

we find the equation

d2χk

dz2
+ [A(k) − 2q cos(2z)]χk = 0. (10.32)

This is theMathieu equation. In certain regions of parameter space it has a rapidly
growing solution, i.e., we have parametric resonance. In particular, the largest growth
is for q � 1. But a growth in the boson mode χk means particle production. Creating
these bosonic particles amounts to preheating.

Numerically we can see that we can arrange for the parameters such that we don’t
even need to complete a full cycle in order to transfer the energy to χ. This is called
instant preheating.
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This process can be studied numerically, however one finds that the end result for
the reheating temperature (the most important quantity characterizing reheating) is
not changed much with respect to the standard reheating analysis before.

10.3 Entropy Production and the Number of e-Folds

We can now perform the more careful calculation of the bound on the number of
e-folds coming from entropy production that was advertised in previous chapters.

Our Universe starts off as a patch at the begining of inflation of size = horizon
size, H−1 ∼ MPl/M2 (since H 2 ∼ V/M2

Pl by the Friedmann equation and V ≡ M4).
During inflation, this patch increases by a factor of eN , where N is the number of
e-folds. But the scale factor also increases during reheating. The increase in a is
found from the fact that during reheating, as we saw, ρ ∝ 1/a3, and moreover at
the end (when it has thermalized) we can write ρ ∼ T 4, whereas at the begining of
reheating we have ρ ∼ M4, so that finally

aRH
aI

�
(

M4

T 4
RH

)1/3

. (10.33)

At the end of reheating, the entropy density s = S/a3 is thermal and relativistic,
so s ∼ T 3

RH , so the total entropy within our patch of Universe is

Spatch = a3s =
(

M4

T 4
RH

e3N H−3

)
T 3
RH = e3N

M3
Pl

TRHM2
. (10.34)

Butwe already saw that the bound that solves the flatness problem is Spatch ≥ 1088,
so now we have

e3N
M3

Pl

TRHM2
≥ 1088 , (10.35)

which can be rewritten (by taking the log) as

N ≥ Nmin = 67 + 1

3
ln

M2TRH

M3
Pl

, (10.36)

where 67 comes from 88
3 ln 10, or as

N ≥ Nmin = 56 + 2

3
ln

M

1016 GeV
+ 1

3
ln

TRH

109GeV
. (10.37)

This was the more precise variant of the bound on the number of e-folds that was
previously advertised.



130 10 Reheating and Baryogenesis

10.4 Baryogenesis

Baryogenesis, the generation of the small baryon asymmetry observed in the
Universe, must happen soon after, or at most during reheating. The reason is that, like
in the case of primordial relics, any initial baryon asymmetry would be diluted away
by inflation, so it must happen after it, i.e., during or after inflation. But it cannot
happen too late, as we will shortly see.

In order to have baryogenesis, as we hinted at before, we must have satisfied the:

Sakharov Conditions

In fact, Andrei Sakharov (who, after being crucial in the Russian nuclear program
during the Cold War, advocated for peace and got the Nobel Peace prize while being
imprisoned by the state for his beliefs) proved that having baryogenesis is completely
equivalent to having all the following 3 conditions satisfied:

1. B breaking. Baryon number (B) must be nonconserved in the process. This is in
fact generic in Grand Unified Theories (GUTs), that unify electroweak (SU (2) ×
U (1)) and strong (SU (3)) interactions in a common gauge group. Indeed, the
very definition of unification of electroweak and strong forces imply the existence
of “leptoquarks”, i.e., gauge bosons from the unified gauge group that mediate
transitions between quarks (transforming under SU (3)) and leptons (transforming
under SU (2)), q ↔ l. But since baryons are by definition objects containing
quarks, but no leptons, the leptoquarks violate B.
B violation is clearly needed in order to obtain B asymmetry (B �= 0) from B = 0.

2. Breaking of C and CP symmetries. In fact, C is violated in weak interactions,
as we know (since in weak interactions CP is approximately conserved, and P
is violated: this was the Nobel prize of T.D. Lee and C.N. Yang). Moreover, CP
was found to be violated as well, in various sectors.
This is less obvious to see, but it is also required.

3. Absence of thermal equilibrium. Indeed, in thermal equilibrium, the chemical
potentials of particle and antiparticle are the same, μX = μX̄ , so we create an
equal amount of particles and antiparticles. The rapid expansion of the Universe
provides the mechanism of absence of thermal equilibrium. However, during
standard adiabatic cosmology we do have thermal equilibrium, so the period of
reheating (and shortly thereafter) is the one we need, since as we saw, then we do
have non-equilibrium.

Bound on Temperature

Baryogenesis cannot happen too much after reheating also because it needs to be at
a relatively high energy. Indeed, we saw that in order for it to happen, we need B
violation, usually happening through GUT leptoquark decays. But there are many
experiments looking for proton p decay; if found, it would mean that there are B
violating leptoquark-like channels. But p decay has not been observed (which ruled
out the simplest SU (5) GUT for instance), and put very stringent bounds on the
proton lifetime. Among other things, these bounds constrain the mass of the particles



10.4 Baryogenesis 131

mediating the decay to be > 1010 GeV in generic models, though the bound can be
smaller in specific (highly constrained) models.

In turn, this gives a constraint on the reheating temperature. Since baryogenesis
can occur during reheating, this gives a constraint on TRH that is slightly weaker,

TRH ≥ 109 GeV (10.38)

generically, though in very particular cases it can be even smaller.

10.5 Relics

Finally, a few words about relics, like monopoles, cosmic strings, etc. As we have
seen, the necessity of diluting them was one of the motivations for inflation. These
relics have usually very large masses (coming from phase transitions before, or
during inflation), so during the standard RD era, beginning at the end of reheating,
they are nonrelativistic, ρrelics ∝ 1/a3, whereas the total energy density is dominated
by radiation, so ρtot ∝ 1/a4, meaning that their ratio increases,

ρrelics

ρtot
= ρnon−rel

ρrel
∝ a ∝ 1

T
. (10.39)

Since radiation domination ends at matter-radiation equality, when the temper-
ature is Teq , and after that we have matter domination, so the relics and the total
energy density scale in the same way, thus their ratio stays constant until now, from
the reheating time until now the above ratio of energy densities changes by a factor
of (Teq ∼ 105K ∼ 10 eV)

TRH

Teq
= 1018 ×

(
TRH

1010 GeV

)
. (10.40)

Thatmeans thatwe need to suppress the relics by at least this factor during inflation
(so relic production must happen at a number of e-folds generating at least the above
factor from the end of inflation).

Important Concepts to Remember

• In standard reheating, at the end of inflation, the potential drops, and there is a
minimum. There are many oscillations around the minimum. The inflaton energy
is transmitted to fermionic modes, through a coupling φψψ giving decay �φ→ψψ.

• Matter is ultrarelativistic fermions here, meaning radiation. Its density increasing
to a maximum, corresponding to a maximum temperature after thermalization.

• Entropy is produced during reheating, S ∝ a15/8, but at its end we move on to
adiabatic RD cosmology, with constant S.
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• The reheating temperature TRH is the most important quantity, which is the
temperature of the radiation at t = �−1

φ , when the inflaton has stopped decaying.

• We obtain TRH ∼ g
−1/4
∗

√
�φMPl.

• In new reheating, there is a period of preheating, which is a steep drop in the
potential, during which the inflaton decays rapidly into bosons. Then the bosons
decay into everything and we have thermalization. Preheating requires less than
one oscillation cycle to occur.

• Preheating leads to the Mathieu equation, which has a parametric resonance in
some region in parameter space.

• Correcting the number of e-folds of inflation for preheating, we find N ≥ 56 +
2
3 ln

ρ
1/4
1

1016GeV + 1
3 ln

TRH
109GeV .

• The Sakharov conditions for baryogenesis are: 1. B breaking. 2. C and CP break-
ing. 3. Out of thermal equilibrium.

• Baryogenesis needs to occur during or not long after reheating, which gives gener-
ically (due to constraint on generic baryogenesis models) TRH > 109 GeV.

• Relics need to be diluted by a factor of 1018TRH/1010 GeV during inflation.

Further reading: See Chap.8.3 in [1], Chap. 5.5 in [2] and Chap.21 in [9].

Exercises

(1) Estimate the reheat temperature in the MSSM plus scalar = inflaton of mass
m ∼ 1013 GeV coupled to the fermions.
(2) Estimate the minimum number of e-folds needed for inflation at the scale
1016 GeV in the case at Exercise 1.
(3) Solve the Mathieu equation as a perturbation (to first order) around a given time.
(4) Consider an inflationary plateau at GUT scale, followed by a rapid drop to a
minimum. Assuming that the potential energy is quickly converted completely to
thermalized radiation, and that at that energy scale we have only MSSM particles
being effectively massless, calculate the reheating temperature.



Chapter 11
Fluctuations in Inflation and Matching
with Experimental Data

In this chapter we will show how to calculate the spectrum of fluctuations during
inflation, and relate that to observables.Wewill quantize fluctuations during inflation,
and show what power spectrum they give, and how that reflects into the CMBR
fluctuations. The final point will be how to then constrain various inflationary models
using experimental data.

11.1 Scales During Inflation

As we saw, during inflation, scales get out of the horizon (which is approximately
constant, H−1 � const.), being exponentially blown up, and then during the standard
(RD, and later, MD) cosmology, they come back inside the horizon. Moreover, as
we will see, perturbations start off as quantum fluctuations, but then when they get
outside the horizon, they get “frozen in” and growwith a until they become classical,
and when they come back inside the horizon have therefore classical, observable,
effects. When speaking about scales, we will refer to wave number modes k in
coordinate (x , not a(t)x) space, so that the physical (momentum) scales are actually
k/(a(t)). Therefore the horizon exit will happen when k/a = H , or k = aH . Note
that the scales that leave the horizon earliest spend most time outside the horizon,
thus came back latest (“first out, last in”).

The largest scales that are relevant for us today are the scales of the CMBR, or the
Hubble radius, of the order of λ ∼ 3000Mpc. Any bigger scales are still outside the
horizon, thus unobservable, thus irrelevant. Thus this largest scale left the horizon
at the earliest time, corresponding to the minimum number of e-folds before the end
of inflation. We have calculated this number of e-folds in the last chapter, so we can
now say that
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N3000Mpc = Nmin = 56 + 2

3
ln

ρ
1/4
∗

1016 GeV
+ 1

3
ln

TRH

109 GeV
. (11.1)

On the other hand, now we can calculate the number of e-folds before the end of
inflation that an arbitrary scale λ has left, considering that ln 3000 � 8, namely

Nλ = 48 + ln
λ

Mpc
+ 2

3
ln

ρ
1/4
∗

1016 GeV
+ 1

3
ln

TRH

109 GeV
. (11.2)

11.2 Scalar Fluctuations During Inflation

The simplest model of inflation, which we analyze here, is characterized by the
interaction of gravity with a scalar field. Of course, we can have other fields, but this
simplest model assumes that always the leading contribution of all the fields (other
than gravity) will be described by a scalar.

To calculate the scalar fluctuations during inflation, we write the KG equation for
a scalar with potential V (φ) and vary it with respect to a δφ, after which we go to
momentum space, obtaining the equation for δφk ,

δφ̈k + 3Hδφ̇k +
(
k

a

)2

δφk + V ′′(φ)δφk = 0. (11.3)

Since during inflation we assume that the potential is very flat (so that we have
slow-roll), we consider that V ′′(φ) � 0, and neglect it. Of course, in the previous
chapter, when analyzing reheating, we have considered a very large inflatonmass, but
that was given by the curvature of the potential around the minimumwhere reheating
happens. On the plateau where inflation happens, the inflaton is nearly massless. The
equation above is in the absence of backreaction, i.e., we consider that the scalar
perturbation doesn’t influence the gravitational background.

But in reality, there are gravitational perturbations as well. We have seen that
we can choose a Newtonian gauge, where the metric perturbations are h00 = −2�,
h0i = 0 and hi j = −a2δi j�, and� = � for the scalar perturbations which we study
here. Inputting these perturbations into the Einstein equation, Gμν = 8πGNTμν , and
perturbing to first order, we obtain

�̈k + H�̇k = 4πGN φ̇δφk , (11.4)

since the Einstein tensor Gμν is quadratic in derivatives. But that means that the
scalar fluctuation δφk generates a Newtonian perturbation �k . That means that in
reality we don’t have a purely scalar perturbation, but rather a combination of the
scalar and gravity modes. However, for now we will stick with the assumption of no
backreaction, and later we will see that we need only modify it slightly for the real
case.
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We first redefine the scalar variable as

ϕ ≡ aδφ , (11.5)

and use conformal time η, defined by dη = dt/a(t), instead of normal time t . Since
H � constant during inflation, we have

η � − 1

aH
. (11.6)

Indeed, when differentiating, we find dη = dtȧ/(a2H) = dt/a. Then, rewriting
the KG equation (11.3) at V ′′(φ) = 0 in these variables, we obtain

d2ϕk(η)

dη2
+ ω2

k (η)ϕk(η) = 0 , (11.7)

that is, a free harmonic oscillator, but with a time-dependent frequency,

ω2
k (η) = k2 − 2

η2
= k2 − (aH)2. (11.8)

We indeed see that the moment of horizon exit, k = aH , delimitates real from
imaginary frequency of oscillation:

1. For solutions on super-horizon scales, k ≤ aH , or rather k � aH , implying
(−kη) � 1, i.e., at late times, the last term in (11.3) (when V ′′(φ) � 0 also) is
negligible, so the equation becomes

δφ̈k + 3H φ̇k = 0 , (11.9)

which has the solution δφk = constant. That means that once the solution gets outside
the horizon, it gets “frozen in” at a constant value, and its size (scale) expands with
a(t). Eventually it will become classical, and will come back inside the horizon
during the standard (RD or MD) cosmology. Once it gets back inside the horizon, it
will start to fluctuate again, but this time as a classical solution.

2. For solution on sub-horizon scales, k > aH , or more precisely k 	 aH , imply-
ing (−kη) 	 1, or early times, we have a simple harmonic oscillator with constant
ω2
k (η) � k2, so we have the usual oscillating solution,

ϕk(η) � e−ikη

√
2k

, (11.10)

where we have chosen a particular normalization.
The general solution in momentum space is
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ϕ̂k(η) = 1

(2π)3/2
[ϕk(η)â(�k) + ϕ∗

k(η)â†(−�k)]. (11.11)

At the classical level, â(�k), â†(�k) are coefficient functions for the modes, whereas
as usual, at the quantum level they will turn into annihilation and creation operators
for the modes. The solution in position space is simply the momentum integral of
the above,

δϕ(�x, t) = 1

(2π)3/2

∫
d3k[ϕk(η)ei

�k·�x â(�k) + ϕ∗
−k(η)e−i �k·�x â†(�k)] (11.12)

We consider the solution with the initial condition (at η → −∞) given by the
oscillating solution,

ϕk(η) → e−ikη

√
2k

. (11.13)

Then we can check explicitly (by calculating d2ϕk/dη2 and ω2
kϕk) that

ϕk(η) = e−ikη

√
2k

kη − i

kη
(11.14)

is a solution satisfying the initial condition.
Well after horizon exit, at (−kη) � 1, we have

ϕk(η) → −i√
2kkη

, (11.15)

and the physical fluctuation is

δφk = ϕk

a
= +i/

√
2k

k(−aη)
= i H√

2kk
= const.(η). (11.16)

Thus indeed the solution becomes constant when reaching super-horizon scales.

11.3 Quantization of Scalar Perturbations

The solution above starts off as a quantum fluctuation, and only after horizon exit it
becomes classical. That means that we need to quantize the system, done as usual
by promoting â(�k) and â†(�k) to operators, obeying the usual [a, a†] = 1 algebra, or
rather, with continuous �k,

[â(�k), â†(�k ′)] = (2π)3δ(�k + �k ′). (11.17)
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But if we are in quantum mechanics, we need to also specify the state that the
Universe (or rather, the patch that becomes our visible Universe) is in. There are
several possible choices, but the most common one is the simplest one, called the
Bunch-Davies vacuum |0〉, defined as the state annihilated by â(�k),

â(�k)|0〉 = 0, ∀�k. (11.18)

The choice of this state corresponds in the classical picture to the intial condition
(11.13) for the classical solution.

Power Spectrum

Choosing the Bunch-Davies vacuum state, and with the quantum field given by
(11.11), we easily obtain that

〈ϕk〉 ≡ 〈0|ϕ̂k(η)|〉 = 0

〈ϕkϕk ′ 〉 = 〈0|ϕ̂k(η)ϕ̂k ′(η)|0〉 = |ϕk(η)|2δ3(�k + �k ′) , (11.19)

by using â(�k)|0〉 = 0 = 〈0|â†(�k) and 〈0|â(�k)â†(�k ′)|0〉 = (2π)3δ3(�k + �k ′).
But in general the power spectrum Pϕ(k) is defined by

〈ϕ�kϕ�k ′ 〉 ≡ 2π2

k3
Pϕ(k)δ3(�k + �k ′) , (11.20)

so we obtain

Pϕ(k, η) = k3

2π2
|ϕk(η)|2. (11.21)

We are interested in the result after horizon exit, which then gets frozen in until
today, when we can observe it in the CMBR, on the largest scales, that have just
come back inside the horizon. Then we obtain

Pϕ(k, η) → 1

(2π)2η2
. (11.22)

Since ϕk = aδφk , we have

〈ϕkϕk ′ 〉 = a2〈δφkδφk ′ 〉 , (11.23)

so the power spectrum for the observable fluctuations δφk is

Pφ = 1

a2
Pϕ =

(
H

2π

)2

, (11.24)

where we have used the fact that aη = −1/H .
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In momentum space, considering that H � H∗ = constant, and that the spectrum
is approximately zero for sub-horizon scales, k ≥ aH∗, and that the Universe is
considered to have a size L , so that the minimum k is L−1, is

〈δφ2(�x, t)〉 �
(
H∗
2π

)2 ∫ aH∗

L−1

dk

k
=

(
H∗
2π

)2

ln(LH∗a) =
(
H∗
2π

)2

N (t) , (11.25)

where N (t) is the number of e-folds after the Universe size aL leaves the horizon.

11.4 Scalar-Gravity Fluctuations

Until now we have considered only the fluctuations of the scalar, ignoring the back-
reaction of gravity onto it. But as we saw, δφ generates a Newtonian potential fluctu-
ation δ�, which in turn generates an extra contribution to δφ (through the perturbed
metric in the � operator), appearing on the right-hand side of the KG equation. We
will not do this calculation here, but the result is (again for the case V ′′(φ) � 0)

δφ̈k + 3Hδφ̇k +
(
k

a

)2

δφk =
[
1

a3
d

dt

(
a3φ̇2

H

)]
δφk . (11.26)

One can now also write the equation in terms of ϕk and η like in the pure scalar
case, and obtain

d2ϕk(η)

dη2
+

(
k2 − 1

z

d2z

dη2

)
ϕk(η) = 0 , (11.27)

where we have defined the variable

z ≡ aφ̇

H
. (11.28)

This is called the Mukhanov-Sasaki equation.
We have shown how to obtain the Mukhanov-Sasaki equation from the backre-

action of gravity, in a specific gauge (the Newtonian gauge) onto the scalar. But
of course, we can write the same equation in terms of a gauge-invariant variable,
the curvature perturbation ζk introduced in Chap.7 when discussing the CMBR. Of
course, the gauge invariant formalism is more complicated, so obtaining the equation
for ζk in it would be hard, but we will see how to use a shortcut.

The curvature perturbation can be understood at a non-rigorous level from a
modification of the Friedmann equation due to the perturbation ζ,

H 2 = 8πGN

3
ρ + 2

3
∇2ζ(�x, t) , (11.29)

which when varied over a momentum scale k gives
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2HδHk = 8πGN

3
δρk − 2

3

(
k

a

)2

ζk . (11.30)

But a more rigorous definition can be used. We have seen in Chap.7 that for a
general slicing, with

gi j = a2(t)e2ψ(�x,t)γi j , (11.31)

with det γi j = 1, we have ψ = ζ − Hδt (�x, t), where the transformation δt (�x, t)
relates this gauge to the uniform density slicing where one defines ζ. Consider now
that the general slicing is a flat slicing, with ψ = 0 (such that there is no curvature
perturbation). On such a slicing, we can define the scalar fluctuation δφ(�x, t), related
to δt by the obvious relation

δφ(�x, t) = −φ̇δt (�x, t) , (11.32)

since in the uniform density slicing there is no δφ and no δt . Then moreover, ψ = 0
implies

ζ = Hδt = −H
δφ

φ̇
. (11.33)

Using the definition of the quantity z, we then can write

ζ = −aδφ

z
= −ϕ

z
. (11.34)

Thereforeϕ = −zζ, whichmeans that the correct equation for the gauge invariant
quantity ζ can be obtained by replacing in the Mukhanov-Sasaki equation (11.27)
ϕ = −zζ.

Doing the replacement, we see that the term with d2z/dη2 cancels, and we are
left with the equation for ζk ,

d2ζk

dη2
+ 2

z

dz

dη

dζk

dη
+ k2ζk = 0. (11.35)

In order to write it explicitly, we need to compute dz/zdη. To do so, we first
consider the definition of z, z = aφ̇/H , from which we obtain

1

z

dz

dη
= a

z

dz

dt
= aH + a

φ̈

φ̇
− aḢ

H
. (11.36)

We have seen in Chap.9 that Ḣ = −φ̇2/(2M2
Pl), so we obtain

1

z

dz

dη
= aH

(
1 + Ḧ

2H Ḣ
− Ḣ

H

)
= aH (1 + εH + ηH ) , (11.37)
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where we have used the definitions of the general slow-roll parameters ηH =
Ḧ/(2H Ḣ) and εH = −Ḣ/H 2. In order to express aH as well, we notice that

d

dη

(
1

aH

)
= a

d

dt

(
1

aH

)
= −1 − Ḣ

H 2
= −1 + εH . (11.38)

The solution of this equation is then

aH = − 1

(1 − εH )η
. (11.39)

During slow roll, εH � ε � 1 and ηH � η̃ − ε, where we have used η̃ for the
slow-roll parameter denoted η previously, in order not to confuse with the conformal
time. Finally, we find

aH � −1 + ε

η
, (11.40)

and
1

z

dz

dη
� aH(1 + η̃) � − (1 + ε)(1 + η̃)

η
� −1 + η̃ + ε

η
. (11.41)

Substituting in the Mukhanov-Sasaki equation for ζk , (11.35), we find, in the case
of slow-roll,

d2ζk

dη2
− 2

η
(1 + ε + η̃)

dζk

dη
+ k2ζk = 0. (11.42)

The solution of this equation is

ζk = −
√

π

2(eπ)3/2

√
η

z(η)
e

iπν
2 + iπ

4 H (1)
ν (−kη) , (11.43)

where H (1)
ν is the Hankel function and

ν ≡ 3

2
+ 2εH + ηH = 3

2
+ ε + η̃. (11.44)

The proof of this is left as an exercise. Note that the factor 1/z(η) appears since
z(η)ζk = ϕk is the solution of the Mukhanov-Sasaki equation (11.27).

At late times when reaching super-horizon scales, k � aH or (−kη) � 1, the
solution becomes

ζk ∝ k−ν � const.(η). (11.45)
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11.5 Power Spectrum and Contact with Experimental Data

Since ζ � −Hδφ/φ̇ as we saw, it means that

〈ζkζk ′ 〉 � H 2

φ̇2
〈δφkδφk ′ 〉 , (11.46)

which means that the power spectrum for ζ is

Pζ(k) = H 2

φ̇2
Pφ(k) =

(
H 2

2πφ̇

)2
∣∣∣∣∣
k,horizon exit

. (11.47)

This is the power spectrum that appeared in the CMBR oscillations in Chap.7,
so it can be extracted from experimental data. But during slow-roll, as we saw in
Chap.9,

φ̇ � − V ′

3H
; V � 3M2

PlH
2. (11.48)

In fact, we can directly relate the ζ perturbation to δφ perturbation and the potential
V as

ζ(�x) = −H
δφ(�x)

φ̇
� 3H 2

V ′ δφ(�x) � V

M2
PlV

′ δφ(�x) = 1√
2ε

δφ(�x). (11.49)

But more importantly, we can write now the power spectrum for ζ as a function
of only parameters in the potential, as

Pζ(k) =
(

H 2

2πφ̇

)2
∣∣∣∣∣
k,horizon exit

= 1

M2
Pl

(
V

MPlV ′

)2 (
H

2π

)2
∣∣∣∣∣
k=aH

, (11.50)

where we have used the fact that horizon exit corresponds to k = aH , as we saw
earlier. Finally, using the fact that (V ′/(V MPl))

2 = 2ε, we obtain

Pζ(k) = 1

24π2M4
Pl

V

ε

∣∣∣∣
k=aH

= 1

M2
Pl

(
Hinfl

2π
√
2ε

)2
∣∣∣∣∣
k=aH

. (11.51)

From CMBR observations, one can extract the fact that Pζ(k) is approximately
constant, like we also said in Chap.7. The first satellite that observed the CMBR
fluctuations, the COBE satellite, has measured that (from the measurement of δT/T ,
like we said in Chap.7)

Pζ(k) � 2.4 × 10−9 , (11.52)

which means that
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1

M2
Pl

(
Hinfl

2π
√
2ε

)2
∣∣∣∣∣
k=aH

� 2.9 × 10−9. (11.53)

This doesn’t directly constrain the scale of inflation, but rather only its ratio to ε,
specifically (

V

ε

)1/4
∣∣∣∣∣
k=aH

� 6.6 × 1016 GeV. (11.54)

The power spectrum Pζ(k) is not completely flat however, it has a small spectral
tilt, defined as

ns − 1 ≡ d lnPζ(k)

d ln k
, (11.55)

such that
Pζ(k) ∝ kns−1. (11.56)

From the formula for Pζ(k), and considering that k = aH (the formula is at
horizon exit), we find

ns − 1 = 2
d ln H

d ln(aH)
− d ln ε

d ln(aH)
. (11.57)

But since H �const.,

d(ln aH) � da

a
� Hdt − dN , (11.58)

where N is the number of e-folds.
Then we find

ns − 1 = −2
d ln H

dN
+ d ln ε

dN
= −2 − (4ε − 2η̃) = (−6ε + 2η̃)|k=aH , (11.59)

where we have used formulas from Chap.9 about d(ln H/)dN and d ln ε/dN .
Since from Planck 2018 data [77]

ns = 0.965 ± 0.004 , (11.60)

we can impose constraints on ε and η̃.
Moreover, in a similar way we can now calculate the running of the spectral tilt

with scale,

dn

d ln k
= −6

dε

(−dN )
+ 2

d η̃

(−dN )
= −6ε(4ε − 2η̃) + 2(2εη̃ − ξ2) = 16εη̃ − 24ε2 − 2ξ2.

(11.61)
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11.6 Primordial Tensor Perturbations

Until now we have described the scalar perturbations, which have already been
observed in the CMBR. But in principle there could be also tensor perturbations,
which could be observed. In fact, the BICEP2 experiment claimed to have seen
them, but then in turned out that they had not properly accounted for backgrounds.

Tensor perturbations arise as perturbations in the metric, as we saw in Chap.7, of
the type

ds2 = a2(η)[−dη2 + (δi j + hi j )dx
idx j ] , (11.62)

and by writing the Einstein equations we see that they satisfy also a quadratic equa-
tion, of the type

ḧi j + 2aHḣi j + k2hi j = 8πGNT
T
i j . (11.63)

But more importantly, the tensor perurbations correspond to two propagating
degrees of freedom (graviton polarizations),

hi j = h+e+i
j + h×e×i

j . (11.64)

In fact, substituting the perturbed ansatz in the Einstein-Hilbert action, we find
that the action for the graviton modes h+, h× is just the (rescaled) action for scalar
modes, with canonical scalars

φ+,× = MPl√
2
h+,×. (11.65)

But that means that the two-point function for φ+,× is the same as the one of φk ,
so

〈φ+(�k)φ+(�k ′)〉 = 〈φ×(�k)φ×(�k ′)〉 = 2π2

k3

(
H

2π

)2

δ3(�k + �k ′). (11.66)

On the other hand, the power spectrum for the graviton modes is defined by

〈2h+(�k)2h+(�k ′)〉 = 〈2h×(�k)2h×(�k ′)〉 = 2π2

k3
Ph(k)δ

3(�k + �k ′) , (11.67)

from which we find the power spectrum for the graviton

Ph(k) = 8

M2
Pl

(
H

2π

)2
∣∣∣∣∣
k=aH

. (11.68)

Note that this power spectrum, unlike the one for ζk , has no ε in it, so it allows
us to directly measure the scale of inflation H∗. The reason for this fact is that the
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graviton was proportional to φk , whereas ζk involved a factor of H/φ̇ = 1/
√
2ε in

its relation to δφk .
The amplitude of the tensor perturbations is usually defined as a ratio to the

amplitude of the scalar ones,

r = Ph

Pζ
, (11.69)

so we see that we have
r = 16ε. (11.70)

We can also define a spectral tilt for the tensor perturbation power spectrum in
the same way as it was defined for the scalar perturbations,

nT − 1 = d lnPh(k)

d ln k

∣∣∣∣
k=aH

= 2d ln H

Hdt
= 2Ḣ

H 2
≡ −2εH . (11.71)

Note that this is the same calculation as for the scalar perturbation, just with
only the first term, since there is no epsilon in the graviton power spectrum. During
slow-roll, εH � ε, so

nT − 1 � −2ε. (11.72)

Lyth Bound

We have seen previously the relation between the number of e-folds and the variation
in the canonical scalar,

N =
∫ φ f

φi

dφ/MPl√
2ε

. (11.73)

If ε � constant, in a given region, then

�N � �φ√
2εMPl

. (11.74)

Specifically, we are interested in the CMBR scales for 1 ≤ l ≤ 200 or so, which
are among the earliest to get outside the horizon during inflation (first one in, last
one out), so that during that time slow-roll is very good, so ε is indeed constant to a
good approximation.

Then the above relation gives a sort of limit on the total field variation, given an
amount of e-folds (which also has a minimum itself),

�φ ≥ MPl × �N
√
2ε. (11.75)

But since we have just seen that r = 16ε, we get that

�φ ≥ MPl ×
√
r × �N√

8
. (11.76)
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But that in turn means that if we detect an observable amount of tensor perturba-
tions, let’s say r ∼ 0.1, we need to have a trans-Planckian excursion for the canonical
field, in this case

�φ ≥ 5Mpl. (11.77)

That can be problematic, since we expect to generically have uncontrollable quan-
tum gravity corrections in this case.

11.7 Constraints on Inflationary Models

Finally, we make a review of the constraints imposed by experimental data on the
inflationary models.

–Slow-roll (which is the standard inflationary paradigm) requires ε, η̃ � 1.
–We need to have sufficient inflation, which amounts to the constraint on the

number of e-folds, usually �N ≥ �Nmin ∼ 60 or so.
–We need to fix the amplitude of the scalar perturbation (the “COBE normaliza-

tion”), Pζ(k) ∼ 2.4 × 10−9.
–Weneed tomatch the experimental data for ns − 1, and the bounds on r , implying

conditions on ε and η̃.
–We need to have sufficient reheating, and a reheating temperature certainly larger

than the BBN temperature, TRH ≥ 1MeV, but usually TRH ≥ 109 GeV or so, as we
saw.

–We need to get rid of unwanted relics, which means we need to suppress them
by a factor of 1018TRH/1010 GeV during inflation.

–We need to suppress quantum gravity corrections due to the Lyth bound, and
in general quantum corrections. We will see that this is related to the so-called η
problem. We will say more about this in part III, when discussing string inflation.

–Finally, it would be ideal if the model we have is part of a good particle physics
model. (though this is not always imposed by cosmologists, more by string theorists
and perhaps by particle theorists).

Important Concepts to Remember

• The scales of the CMBR (about 3000 Mpc) have just got inside the horizon, so
they were among the first to exit during inflation (first out, last in).

• Scalar fluctuations during inflation obey an equation that is oscillatory on highly
subhorizon scales, and constant on highly superhorizon scales.

• A classical solution that was ∼ e−ikη on subhorizon scales corresponds to an
(initial) quantum state of the Bunch-Davies vacuum |0〉.

• Thus the initial quantum fluctuations due to the vacuum state get outside the
horizon, where they grow and become classical. They return inside the horizon as
classical fluctuations, that resume their oscillations.
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• The power spectrum of the scalar is flat, Pφ(k) = (H/(2π))2 �constant.
• In reality, we have a scalar-gravity coupled system, and the commonmode satisfies
the Mukhanov-Sasaki equation. One can write down an equation for the gauge
invariant curvature perturbation ζk , the same obtained by replacingϕ = aδφ = zζ,
with z ≡ aφ̇/H .

• The power spectrum for ζ at horizon exit is Pζ(k) = (H/(2πφ̇))2|k=aH = (H/(2π√
2εMPl))

2|k=aH .
• From the CMBR observations, the power spectrum of ζ is approximately flat, of
2.4 × 10−9, with a spectral tilt of ns − 1 = −6ε + 2η̃.

• Tensor perturbations correspond to two scalar perturbations for the graviton polar-
izations.

• One obtains Ph = 8(H/(2πMPl))
2 independent on ε, so r = Ph/Pζ = 16ε.

• The Lyth bound says that �φ/MPl ≥ √
rδN/

√
8, so a large observed r implies a

trans-Planckian excursion for the scalar field, so we have to take care of quantum
corrections (including quantum gravity ones).

• On inflationarymodels,we need slow-roll constraints, the constraint on the number
of e-folds, on ns − 1 and r , on TRH , on relics. We need to take care of the Lyth
bound (quantum corrections), and perhaps embed in a good particle physicsmodel.

Further reading: See Chaps. 24, 25 in [9], Chap. 12 in [11], Chap.10 in [12].

Exercises

(1) Consider V (φ) = λφp. Calculate ε, η, ns, r, Ne and �φ and impose the experi-
mental constraints on the result.
(2) Find the general solution for the fluctuation ϕk(η) of the massless field, and show
that it reduces to the planar wave as η → −∞.
(3) Show that the Mukhanov-Sasaki equation,

d2ζk

dη2
+ 2

z

dz

dη

dζk

dη
+ k2ζk = 0 (11.78)

has, in the slow-roll regime, the solution

ζk = −
√

π

2(2π)3/2

√
η

z(η)
eiπ

ν
2 +i π

4 H (1)
ν (−kη). (11.79)

(4) Consider a cosine potential

V = V0[1 + cos(aφ)]. (11.80)

Given an observed tensor perturbation of r = 0.01, what is the constraint on a such
that we have a sub-Planckian scalar field excursion? How about if we sum two of
these potentials,
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V = V0,1[1 + cos(a1φ1)] + V0,2[1 + cos(a2φ2)] , (11.81)

can we improve the constraints on a1, a2 for any fine-tuning of the parameters (and
any scalar field combination)?



Part II
Elements of String Theory



Chapter 12
Extra Dimensions and Kaluza–Klein

In this chapter we will study the idea of extra dimensions, as proposed by Kaluza
and Klein.

The idea of having extra dimensions, besides our usual 3 + 1, is an old one.
Already Theodor Kaluza (in 1921) and Oskar Klein (in 1926) had considered it.
The general idea of Klein was to consider that our space is a product of our four
dimensional space M4 and a small compact space Kn , i.e., KD = M4 × Kn , with
D = 4 + n. Then if the volume (or rather, the radii) of the extra dimensional space
is really small, they would be unobservable. Perhaps the size is comparable to the
Planck length lPl, which would be natural in a quantum gravity theory, or maybe
otherwise larger, yet still small. The compact space is something like a square torus
T n = S1 × · · · × S1, or maybe a sphere Sn , or some more complicated thing like
CP

n,CYn , etc.
But the reason why it is interesting is the reason that Kaluza proposed the simplest

model, with S1 space (a simple circle), namely that we can can use this Kaluza–Klein
(KK) theory for unification of the fields.

In each point in our 3 + 1 dimensional space, (�x, t), we have a space Kn , that can
perhaps even depend on it, Kn(�x, t). This will make a general 4 + n dimensional
spacetime KD with points (�x, t, �y), but for KK theory, more precisely we want to
have a product spacetime KD = M4 × Kn .

Mathematically, we can say that functions live in the total spacetime KD , instead
of M4, so φ(�x, t, �y) instead of φ(�x, t).

In the simplest case considered by Kaluza, of Kn = S1 (a circle), we know that
there is the Fourier theorem, saying that any function on the total space can be
expanded in Fourier modes on the circle,

φ(�x, t; y) =
∑
n≥0

e
iny
R φn(�x, t). (12.1)
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That means that under the Fourier expansion, we can reduce a field in the larger
space to an infinite, countable, set of 3+1 dimensional functions φn(�x, t).

The case of a general compact space Kn instead of the circle S1 is a generalization
of the above case.

12.1 KK Metrics

In the Kaluza–Klein theory, there are 3 metrics that are sometime called KKmetrics.

1. The KK Background Metric

We need to start with a space describing the product M4 × Kn , that is a background
space. It usually needs to be a solution of the equations of motion (Einstein’s equa-
tions), though there are cases when one can consider also backgrounds that do not
solve the equations of motion. Since the background is of product type, we have

g��(�x, t; �y) =
(

g(0)
μν (�x, t) 0

0 g(0)
mn(�y)

)
. (12.2)

Here �y are coordinates on Kn , so g(0)
mn(�y) is a metric on it.

Note that the metric itself is one of the fields of the theory, so when we write
KD = M4 × Kn wemean the background is a product, but the full metric can include
fluctuations of all types.

2. The KK Expansion

Wenext consider the full fluctuating solution for themetric and other fields, including
the background and the fluctuations around it. Then the KK expansion is simply a
generalization of the Fourier theorem for any compact space.

Indeed, after the Fourier case (12.1), the next one is the case of expansion on
S2, known from quantum mechanics (though there we didn’t have dependence on
(�x, t)). This is the expansion in the spherical harmonics Ylm(θ,φ) on S2,

φ(�x, t; θ,φ) =
∑
lm

φlm(�x, t)Ylm(θ,φ). (12.3)

Again this is an identity (it is a theorem that we can always write this expansion).
In both of these cases, the functions into which we expand are eigenfunctions of the
Laplancean,

∂2
ye

iny
R = −

( n

R

)2
e

iny
R

�2Ylm(θ,φ) = − l(l + 1)

R2
Ylm(θ,φ). (12.4)
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We moreover note that n and l define the eigenvalue of the Laplacean, as well as
the dimension of the (2l + 1 dimensional) spin l representation of SO(3) = SU (2),
the symmetry group of the 2-sphere, whereas m is an index in the representation.

Similarly then, in the general case wewrite an expansion in “spherical harmonics”
Y

Iq
q (�y),whereqmeasures the eigenvalueof theLaplacean�n aswell as the dimension

of the representation, and Iq is an index in the representation of the symmetry group
of the compact space. Therefore we write

φ(�x, t; �y) =
∑
q,Iq

φ
Iq
q (�x, t)Y Iq

q (�y). (12.5)

The Yq are eigenfunctions of the Laplacean,

�nY
Iq
q (�y) = −m2

qY
Iq
q (�y). (12.6)

From a 4 dimensional point of view, considering a single mode in the expansion
of the field,

φ(�x, t; �y) = φ
Iq
q (�x, t)Y Iq

q (�y) , (12.7)

if we act with the D-dimensional D’Alembertian �D = �4 + �n (since the space is
a product, the D’Alembertian splits into the sum of a 4 dimensional D’Alembertian
and an n-dimensional Laplacean), we find

�Dφ(�x, t; �y) = (�4 + �n)φ(�x, t; �y) = (�4 − m2
q)φ(�x, t; �y). (12.8)

That means that if the field is D-dimensional massless,

�Dφ(�x, t; �y) = 0 , (12.9)

then the 4-dimensional field is massive with mass mq ,

[(�4 − m2
q)φ

Iq
q (�x, t)]Y Iq

q (�y). (12.10)

That means that if we want to see some structure in Kn , at the level of the field
φ
Iq
q , or rather of the spherical harmonic Y

Iq
q , we need to have at least an energy of

mq to see it.

3. The KK Reduction Ansatz

Which brings us to the KK reduction ansatz. If we are at energies much smaller than
all the mq , which as we saw are ∝ 1/R (the scale of the compact space), we will
only excite the massless mode φI0

0 Y
I0
0 , and we will not be able to see structure in the

compact space Kn , i.e., we are not able to probe it.
In effect, we have dimensionally reduced the D-dimensional theory to 4 dimen-

sions. That means that we could put all the nonzero fields to zero and only keep the
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“n = 0” representation (multiplet of fields). This is maybe “independent on �y”, or at
least has a spherical harmonic with the simplest possible dependence on �y, Y0(�y).

Therefore the dimensional reduction ansatz is

φ(�x, t; �y) = φ0(�x, t)Y0(�y). (12.11)

But note that this is anansatz, which isGerman for “guess”, i.e., it is not guaranteed
to work, we need to check whether it is consistent. We will have more to say on that
later.

In conclusion, we can say that: theKKbackground is a solution; theKK expansion
is a parametrization; and the KK reduction is an ansatz.

12.2 Fields with Spin

Until now we have implicitly assumed that the fields were scalars under Lorentz
transformations, but the original motivation for KK theory was to unify fields with
spin into a single field with spin in higher dimensions, so we need to consider them
now. Unification occurs because various components of the higher dimensional field
act as different fields in 4 dimensions.

The simplest example is the one of electromagnetism with vector field AM , and
M = (μ,m), where μ = 0, 1, 2, 3 and m = 4, . . . , 4 + n. Then the gauge (vector)
field AM splits as

AM(�x, t; �y) = (Aμ(�x, t; �y), Am(�x, t; �y)). (12.12)

Here Aμ is a 4 dimensional gauge (vector) field, since under an element �μ
ν ∈

SO(1, 3) it transforms as a vector

A′
μ(�x ′, t ′; �y) = �μ

ν Aν(�x, t; �y). (12.13)

(this happens since AM transforms as a vector under �M
N ∈ SO(1, 3 + n), and

SO(1, 3) ⊂ SO(1, 3 + n)). On the other hand, Am is a 4 dimensional scalar, since
it is invariant under the same,

A′
m(�x ′, t ′; �y) = Am(�x, t; �y). (12.14)

Indeed, we assume that the theory in D dimensions is Lorentz invariant, i.e.,
under SO(1, 3 + n), and that the KK expansion (and certainly the KK dimensional
reduction ansatz) breaks the Lorentz group to SO(1, 3) × SO(n) (as does the KK
background metric). Here SO(n) only acts on Am , as an internal symmetry from
the point of view of 3 + 1 dimensions,
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A′
m(�x, t; �y′) = �m

n Am(�x, t; �y). (12.15)

This is one of the important characteristics of the KK program: the geometriza-
tion of internal symmetries. Indeed, in the Standard Model we have internal (non-
spacetime) symmetries, like the local SU (3) × SU (2) ×U (1), but now these internal
symmetries appear from the symmetries of the compact space (Lorentz symmetries,
or isometries).

We can write the the KK expansion for the components of AM in the usual way,

Aμ(�x, t; �y) =
∑
q,Iq

A
q,Iq
μ (�x, t)Y Iq

q (�y)

Am(�x, t; �y) =
∑
q,Iq

Aq,Iq (�x, t)Y q,Iq
m (�y). (12.16)

Note that the internal Lorentz symmetry SO(n) acts on Y
qIq
m only. m is an index

in the (local) Lorentz symmetry of the space, the symmetry of the space tangent to
Kn at that point, whereas Iq is an index in the isometry of the space. For an n-sphere
Sn = SO(n + 1)/SO(n), the isometry group is SO(n + 1), but the local Lorentz
group is SO(n), so m would be in SO(n), but Iq would be in SO(n + 1). The two
groups only coincide in the simplest case of the torus T n , when both groups are
SO(n), and Y

Iq
q ∝ “δ

Iq
m ”. We then find that Aq,Iq are 4 dimensional scalars in the

representation Iq of the isometry group, and A
q,Iq
μ are vectors in the representation

of the isometry group.
The next interesting case is of gravity (symmetric traceless tensor for the metric

fluctuation). Again different components have different 4 dimensional spins, and the
decomposition is

gMN (�x, t; �y) =
(

gμν(�x, t) gμm(�x, t; �y)
gmμ(�x, t; �y) gmn(�x, t; �y)

)
. (12.17)

Then the fluctuation in gμν is a SO(1, 3) (4 dimensional Lorentz) symmetric
traceless tensor, i.e., a graviton (so the full variable is the 4 dimensional metric),
gμm = gmμ is a SO(1, 3) vector, i.e., gauge field, transforming as

g′
μm(�x ′, t ′; �y) = �μ

νgνm(�x, t; �y) , (12.18)

and gmn(�x, t; �y) are SO(1, 3) (4 dimensional Lorentz) scalars. As before, the KK
expansion (and the background metric, really) break the local Lorentz symmetry in
D dimensions, SO(1, 3 + n), to SO(1, 3) × SO(n), 4 dimensional Lorentz times
internal symmetry. Here SO(n) acts on �y only, through the m, n indices on the
spherical harmonics, for instance Y

q,Iq
mn (�y) for the scalars.
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12.3 The Original Kaluza–Klein Theory

The idea of Kaluza was to unify gravity (gμν) and electromagnetism (Bμ) in a 5
dimensional metric (gravity) g�� .

1. Writing the KK background metric for M4 = Mink4 × S1, we have

g(0)
��(�x, t; �y) =

(
ημν 0
0 g55 = 1

)
. (12.19)

2. The KK expansion (parametrization) is now simply the Fourier expansion on
the circle,

g��(�x, t; y) =
(

ημν + ∑
n≥0 h

(n)
μν (�x, t)e iny

R gμ5

gμ5(�x, t; y) = ∑
n≥0 h

(n)
μ5 (�x, t)e iny

R g55 = 1 + ∑
n≥0 φ(n)(�x, t)e iny

R

)
.

(12.20)

3. The KK reduction ansatz amounts to keeping only the n = 0 mode, so

g��(�x, t; y) =
(

ημν + h(0)
μν (�x, t) ≡ gμν(�x, t) gμ5

gμ5(�x, t; y) = h(0)
μ5 (�x, t) ≡ Bμ g55 = 1 + φ(0)(�x, t) ≡ ϕ(�x, t)

)
. (12.21)

But we see that we wanted to unify gravity and electromagnetism, and we seem
to need to have also a scalar. Yet there is no observed scalar, until now, except the
Higgs, which is extremely massive compared to the nearly massless scalar needed
above. And moreover, the existence of a nearly massless scalar would mean a fifth
force, which certainly contradicts experiment. So one needs to get rid of this potential
scalar.

The solution proposed originally was simply to set ϕ = 1 (φ(0) = 0). However,
while the original KK dimensional reduction is actually consistent, i.e., it solves the
equations of motion, this further reduction is not consistent. We left the check of
this statement (at the linearized level) as an exercise. We will say more on consistent
truncations in the next chapter.

12.4 Generalization: The n-Torus Tn = (S1)×n

The simplest generalization is obtained by considering instead of a circle, a product
of circles, i.e., the square torus. Indeed, a general torus is obtained by periodic
identifications. In particular, for the square torus, we have the identifications yi ∼
yi + 2πRi (in general, we can have identifications at angles). The bottom line is that
the torus is flat, g(0)

mn = δmn , since we have a piece of Rn .
The KK background metric is then
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g(0)
��(�x, t; �y) =

(
g(0)

μν (�x, t) 0
0 δmn

)
. (12.22)

The KK expansion is the product of Fourier expansions on the circles of radii Ri

in T n , i.e.,

g�,�(�x, t; �y) =

⎛
⎜⎜⎝ g

(0)
μν (�x, t) + ∑

{ni } h
{ni }
μν (�x, t)∏n

i=1 e

ini yi
Ri ; gμm (�x, t; �y)

gμm (�x, t; �y) = ∑
{ni } B

m,{ni }
μ (�x, t) ∏n

i=1 e

ini yi
Ri ; gmn = δmn + ∑

{ni } h
{ni }
mn (�x, t)∏n

i=1 e

ini yi
Ri

⎞
⎟⎟⎠ .

(12.23)

We see that here the spherical harmonics are

Y{ni }(�y) =
n∏

i=1

e
ini yi
Ri . (12.24)

The KK reduction ansatz amounts to taking just the zero modes, so

g��(�x, t; �y) =
(

g(0)
μν + h{0}

μν (�x, t) ≡ gμν(�x, t); gμm(�x, t)
gμm(�x, t) = Bm{0}

μ (�x, t); gmn(�x, t) = δmn + h{0}
mn(�x, t)

)
.

(12.25)

Then gμν(�x, t) is the 4 dimensional metric, Bm{0}
μ (�x, t) are vectors and h{0}

mn(�x, t)
are scalars.

Important Concepts to Remember

• In Kaluza–Klein theory, the space is a product of a 4 dimensional space and a
small n-dimensional compact space, KD = M4 × Kn .

• We don’t see the extra dimensions because they are small (small radii), and the
fields are unified, in the sense that various components of a field with spin in the
higher dimension act as various fields with spin in 4 dimensions.

• The KK theory starts with the KK background metric, usually a solution to the
equations of motion (Einstein’s equations), of the product form.

• We then do a KK expansion around it, in spherical harmonics, which is a general-
ization of the Fourier expansion. It is therefore a theorem, something that we can
always do on a compact space, or another words a parametrization.

• The spherical harmonics Y
Iq
q (�y) are eigenfunctions of the Laplacean, where q

defines the eigenvalue of the Laplacean, and Iq is an index in a representation of
the symmetry group of Kn .

• A D-dimensional massless field is 4-dimensional massive withmq , the eigenvalue
of the Laplacean being −m2

q .
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• The KK reduction ansatz is an ansatz (“guess”), saying that we can truncate the
series only to the first term, the “n = 0” representation, with “y-independent”
spherical harmonic, or rather with the simplest Y0(�y).

• The split of fields with spin, where the various components of the D dimensional
field become various fields with spin in 4 dimensions, breaks the local Lorentz
symmetry as SO(1, 3 + n) → SO(1, 3) × SO(n).

• The SO(n) symmetry appears as an internal symmetry, thus the KK theory
geometrizes internal symmetries.

• The indices m in SO(n) appear on the spherical harmonics, like for the scalars in
gmn we have Y

q,Iq
mn (�y), whereas Iq are indices in the isometry group of Kn . For the

torus, the two are identified.
• In the original KK theory, for dimensional reduction, besides gμν and Bμ (gravity
and electromagnetism), we get a massless scalar, that cannot be put to zero (it is
inconsistent to do so).

• For a torus, the spherical harmonics are the products of the Fourier modes.

Further reading: See [13] for the KK approach to supergravity, and a quick review
of the KK program.

Exercises

(1) Write the dimensional reduction on S1 of a 5 dimensional field satisfying “self-
duality in odd dimensions”, with action

S =
∫

d5x
[
εμνρστ Sμν∂ρSστ + √−gm2SμνS

μν
]
. (12.26)

(2) Write down the KK background metric and KK expansion for a compactification
of a 10 dimensional metric on M4 × S2 × S2 × T 2.
(3) Show explicitly that putting φ = 1 in the original KK reduction (to linearized
level) is inconsistent.
(4) Dimensionally reduce the 11 dimensional 3-form gauge field AMNP , with action∫

d11x

[
− 1

2 · 4! FMNPQF
MN PQ − 1

3
εM1...M11 AM1M2M3 AM4...M7 AM8...M11

]
,

(12.27)
where FMNPQ = 4∂[M ANPQ], on a torus T 7, down to 4 dimensions.
(5) Prove that if we split the off-diagonal metric on a compact space as gμm(x, y) =
BAB

μ (x)V AB
m (y), where V AB

m are Killing vectors of the compact space satisfying
DnVm + DnVm = 0, then the general coordinate transformation with ξm(x, y) =
λAB(x)V AB

m (y) gives a nonabelian gauge transformation of BAB
μ , with parameter

λAB(x) [Hint: use the fact that V AB = VmAB∂m satisfies the nonabelian algebra].



Chapter 13
Electromagnetism and Gravity in Various
Dimensions. Consistent Truncations

In this chapter, we will first generalize electromagnetism and gravity to general
dimensions, and then we will define consistent truncations of field theories, with
emphasis on the KK reduction of supergravity theories.

13.1 Review of Electromagnetism and Gravity

Electromagnetism

The Maxwell’s equations, for the equations of motion

∂μFμν = jν , (13.1)

and the Bianchi identities,

∂[μFνρ] = 0 , (13.2)

solved by the existence of a gauge field Aμ,

Fμν = ∂μAν − ∂ν Aμ , (13.3)

are valid in any number of dimensions, as we can see (they do not refer to dimen-
sionality anywhere).

For 3 spatial dimensions, we define the electric field,

Ei = F0i = −F0i , (13.4)

and in terms of the gauge field

�E = −∂0 �A − �∇� , (13.5)
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H. Năstase, Cosmology and String Theory, Fundamental Theories
of Physics 197, https://doi.org/10.1007/978-3-030-15077-8_13

159

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-15077-8_13&domain=pdf
https://doi.org/10.1007/978-3-030-15077-8_13


160 13 Electromagnetism and Gravity in Various Dimensions. Consistent Truncations

where Aμ = (−�, �A). These equations again are independent of dimension, so are
valid generally. However, the definition of the magnetic field,

Bi = 1

2
εi jk Fjk , (13.6)

depends on dimensionality, so is not obviously generalizable. We can of course write
a similar relation with the epsilon tensor in other dimensions, but then for instance
in 2 spatial dimensions B is a scalar and in 4 spatial dimensions Bi j is a tensor.

The local form of Gauss’s law is

�∇ · �E = ρe

ε
⇒ �∇2� = −ρe

ε
. (13.7)

Gravity

The Einstein’s equations are

Rμν − 1

2
gμνR = 8πGNTμν , (13.8)

and are generalized to arbitrary dimension as long as we define G(D)
N in a general

dimension D (we see later).
The Riemann tensor in terms of the Christoffel symbol,

Rμ
νρσ = ∂ρ�

μ
νσ − ∂σ�

μ
νρ + �μ

λρ�
λ
νσ − �μ

λσ�λ
νρ , (13.9)

is also valid in general dimension, as is the Bianchi identity that encapsulates the
fact that the Riemann tensor is written in terms of the Christoffel,

∂[λ(Rμ
ν)ρσ] = 0. (13.10)

In the Newtonian limit of Einstein gravity, we have the Gauss’s law for gravity,

�∇2UNewton = 4πGNρm , (13.11)

where the Newtonian potential is related to the perturbation of the metric by g00 −
1 = κNh00 = −2UNewton.

13.2 Interlude: Spheres in Higher Dimensions

Before we continue, we calculate the volume of spheres in arbitrary dimensions.
A sphere in d spatial dimensions (spacetime dimension D = d + 1) is defined by
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Sd−1(R) :
d∑

i=1

x2i = R2 , (13.12)

whereas the ball is

Bd−1(R) :
d∑

i=1

x2i ≤ R2. (13.13)

The volume of the sphere is defined in terms of the volume of the sphere of unit
radius as

vol(Sd−1(R)) = Rd−1vol(Sd−1). (13.14)

For instance, vol(S1(R)) = 2πR, vol(S2(R)) = 4πR2.
To find the general case for vol(Sd−1), we evaluate the d-dimensional Gaussian

integral Id in twodifferentways.Onone hand, the integral is a product of theGaussian
integrals on each direction,

Id =
∫
Rd

dx1 . . . dxde
−r2 =

d∏
i=1

∫ +∞

−∞
dxi e

−x2i = (
√

π)d = πd/2 , (13.15)

where r2 = x21 + · · · x2d . On the other hand, we can use spherical coordinates and
write

Id =
∫ ∞

0
dr vol(Sd−1(r))e−r2 = vol(Sd−1)

∫ ∞

0
drrd−1e−r2

= vol(Sd−1)

∫ ∞

0

dt

2
e−t t

d
2 −1 = vol(Sd−1)

�(d/2)

2
, (13.16)

where we wrote r2 = t . Equating the two ways of writing Id , we find

vol(Sd−1) = 2πd/2

�(d/2)
. (13.17)

We can check that indeed, for d = 1, vol(S1) = 2π/�(1) = 2π, and for d = 2,
vol(S2) = 2π3/2/�(3/2) = 4π, since �(1/2) = √

π and �(3/2) = 1/2�(1/2).

13.3 Gauss’s Law for Electromagnetism in d Dimensions

3 Spatial Dimensions

The local form of Gauss’s law is �∇ · �E = ρe/ε0. Integrating it over a ball B3(R), we
find ∫

B3
dV �∇ · �E =

∫
B3
dV

ρe

ε
= Q

ε0
. (13.18)
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On the other hand, using Stokes’s theorem, the left hand side becomes

∫
S2(R)

d �S · �E = vol(S2)R2E(R) , (13.19)

where because of spherical symmetry, both the area element d �S and the electric field
�E point radially outwards, hence their dot product equals the normal product. Finally,
we find

E(R) = Q

vol(S2)ε0R2
= Q

4πε0R2
. (13.20)

d Spatial Dimensions

Generalizing the above to d spatial dimensions, the local form of Gauss’s law is the
same, so we integrate it over Bd(R), obtaining

∫
dV �∇ · �E =

∫
Bd

dV
ρ

ε0
= Q

ε0
. (13.21)

Using Stokes’s theorem, the left hand side becomes

∫
∂Bd (R)=Sd−1(R)

d �S · �E = vol(Sd−1)Rd−1E(R) , (13.22)

so by equating the two sides we get

E(R) = 1

vol(Sd−1)ε0
= �(d/2)

2πd/2ε0

Q

Rd−1
. (13.23)

13.4 Gauss’s Law for Gravity in d Dimensions

3 Spatial Dimensions

The local form of Gauss’s law, integrated over the ball B3(R), gives

∫
B3(R)

dV �∇2UN = 4πGN

∫
B3(R)

dV ρm = 4πGNM. (13.24)

Using Stokes’s theorem, the left hand side becomes

∫
S2(R)

d �S · �∇UN = vol(S2)R2|�g(R)| , (13.25)

where we have defined the gravitational acceleration �g = −�∇UN . Equating the two
sides, we find
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|�g(R)| = 4πGNM

vol(S2)R2
= GNM

R2
. (13.26)

Newton’s Constant and Planck Constant in Higher Dimensions

Before we move onto higher dimensions, we need to define G(D)
N , since only then

we can have the same local form of Gauss’s law for gravity. It is obtained by writing
the same coefficient for the Einstein–Hilbert action in higher dimensions as in 4
dimensions,

SEH = 1

16πG(D)
N

∫
dDx

√
−g(D)R(D). (13.27)

But we need to KK reduce to 4 dimensions, D = 4 + n, with KD = M4 × Kn ,

gMN =
(
g(0)

μν 0
0 g(0)

mn

)
. (13.28)

Thenwehave
√−g(D) = √−g(4)

√
g(n), so by integrating overdnx , the coefficient

of
∫
d4x

√−g(4)R(D) is defined as the 4 dimensional Newton’s constant,

1

G(D)
N

∫
dnx

√
g(n) = V (n)

G(D)
N

≡ 1

G(4)
N

, (13.29)

leading to
G(D)

N = G(4)
N V (n). (13.30)

As we have already mentioned, the 4 dimensional Planck scale is constructed out

of c, � andG(4)
N asmP =

√
�c/G(4)

N , and the Planck length is lP =
√

�G(4)
N /c3 (so that

if � = c = 1, mP = (G(4)
N )−1/2 and lP = (G(4)

N )1/2), but in gravity and cosmology
we mostly use the reduced Planck mass, M (4)

Pl = mP/
√
8π, so that the coefficient of

the Einstein–Hilbert action is M2
Pl/2.

In higher dimensions, the coefficient of the Einstein–Hilbert action has dimension
D − 2, so that the action is defined as

[M (D)
Pl ]D−2

2

∫
dDx

√
−g(D)R(D). (13.31)

Then finally
1

8πG(D)
N

= [M (D)
Pl ]D−2. (13.32)

d Spatial Dimensions

With G(D)
N defined, the local form of the Gauss’s law for gravity is the same. Inte-

grating it over the spatial ball Bd(R), we find
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Bd (R)

dV �∇2UN = 4πG(D)
N

∫
dV ρm = 4πG(D)

N M. (13.33)

Using Stokes’s theorem, the left hand side becomes

∫
∂Bd=Sd−1(R)

d �S · �∇UN = vol(Sd−1)Rd−1|�g(R)|. (13.34)

Equating the two sides, we obtain

|�g(R)| = 4πG(D)
N �(d/2)

2πd/2

M

Rd−1
= �

(
D−1
2

)
2[M (D)

Pl ]D−22π
D−2
2

M

RD−2
. (13.35)

Integrating to get the Newton potential, we obtain

UN (R) = −2π
3−D
2 �

(
D−1
2

)
D − 3

MG(D)
N

RD−3
= − �

(
D−1
2

)
4π

D−1
2 (D − 3)

M

[M (D)
Pl ]D−2RD−3

.

(13.36)
For KK compactification on a square torus T n = (S1R)×n , we find

G(D)
N = (2πR)nG(4)

N . (13.37)

Then the Gauss’s law for distances much smaller than the radii, r 	 R, is approx-
imately the D-dimensional law,

|�g(r)| = 4π�
(
D−1
2

)
2π

D−1
2

G(D)
N M

r D−2
. (13.38)

For distances much larger than the radius on the other hand, we have the 4 dimen-
sional law,

|�g(r)| = G(4)
N M

r2
= G(D)

N M

(2πR)D−4r2
. (13.39)

So the difference between the two is the replacement of r D−2 with RD−4r2, up to
some numerical factors.

13.5 Consistent Truncations

An issue that arises when considering KK dimensional reduction is the issue of
whether the truncation is consistent. Indeed, we need to put all fields with n > 0 to
zero, but this is not guaranteed to satisfy the original equations of motion, rather it
is an ansatz.
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When working at the level of the action, what can go wrong is to have terms that
are linear in (all the) fields φn>0 (note that a termwith φ1φ2 is quadratic in φn), which
means that when we write the equations of motion for the φn , we find

(� − m2 + · · · )φn = (. . .) , (13.40)

where the left hand side comes from terms quadratic or higher in φn’s, and the right
hand side is finite when you put φn = 0, so it is inconsistent to put φn = 0.

To see an example, consider a φ3 interaction. The KK expansion, substituted in
the term

∫
dDx

√−g(D)λφ3, leads to terms of the type (we consider the reduction to
d dimensions instead of 4, for generality)

λ

∫
dd x

√
− det g(0)

μν φ
Iq
q (�x, t)φI0

0 (�x, t)φJ0
0 (�x, t) ×

∫
dnx

√
− det g(0)

mnY
Iq
q (�y)Y I0

0 (�y)Y J0
0 (�y).

(13.41)

If this term is nonzero, then the equation of motion of φ
Iq
q will have a term

(� − m2
q)φ

Iq
q (�x, t) = λCφI0

0 (�x, t)φJ0
0 (�x, t) , (13.42)

where

C =
∫

dnx
√

− det g(0)
mnY

Iq
q (�y)Y I0

0 (�y)Y J0
0 (�y). (13.43)

Then φ
Iq
q = 0 gives a contradiction, since the left-hand side is zero, but the right-

hand side is not.
But if C = 0, i.e., if the integral of one of the Yn’s with the rest Y0’s vanishes,

then the truncation is consistent. This is what happens for instance in the case of the
torus T n , when Y0(�y) = 1, but then for S1, C1 = ∫

dyY In = ∫
dye

iny
R = 0, and in

the T n case CTn = ∏
n C1 = 0 again. Thus for the torus there is always a consistent

truncation if we keep all the n = 0 fields. For instance, in the original Kaluza–Klein
reduction, ϕ = 1 is inconsistent, since it puts one of the n = 0 fields to zero.

More generally, if we have invariance under a groupG, andwe keep all the singlets
under G in the reduction, the reduction is consistent, since then all∫

YnY0Y0 = 0 , (13.44)

as theYn correspond by our assumption to a non-singlet, whereas theY0’s are singlets.
That means that YnY0Y0 is a non-singlet, so its integral should be also, except it is a
number (which doesn’t transform), which means that it must be zero.

Nonlinear Ansatz
Sometimes, when the truncation of the linearized KK expansion is inconsistent, we
can write a nonlinear redefinition of the fields that makes it consistent, generically
of the type
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φ′
q = φq + aφ2

0 + · · ·
φ′
0 = φ0 +

∑
pq,incl.0

cpqφpφq + · · · , (13.45)

where we only wrote the quadratic piece of the redefinition, but there are in principle
higher order terms. Or equivalently, we can write from the beginning a nonlinear
KK reduction ansatz. Note that the linearized KK expansion is always valid (it is a
theorem that it is so), but the linearized KK dimensional reduction (the truncation of
this expansion to the first terms) is not guaranteed to be correct. A nonlinear ansatz
for this KK dimensional reduction instead of the linearized one can sometimes work
though.

The simplest example of a nonlinear ansatz is the one needed to get the correct
d-dimensional Einstein–Hilbert action for the D-dimensional one. The ansatz is

gμν(�x, t; �y) = gμν(�x, t)
[
det gmn(�x, t; �y)
det g(D)

mn (�y)

]− 1
d−2

. (13.46)

To fully check this result is somewhat complicated, but we can check it for the
case that the square bracket is constant.

Indeed, under a constant rescaling gμν → λgμν , the Christoffel symbols � ∼
g−1∂g and the Ricci scalar Rμν = Rλ

μλν ∼ ∂� + �� are invariant. In the Einstein–
Hilbert action,

R(D) = g��R(D)
�� = gμνR(D)

μν + · · · (13.47)

contains the d-dimensional Ricci scalar (plus other terms). Then if we only rescale
gμν , but not gmn ,

√
−g(D)gμν R(D)

μν =
√

− det g(d)
μν

√
det gmng

μν R(D)
μν → λ

d
2 −1

√
− det g(d)

μν

√
det gmng

μν R(D)
μν ,

(13.48)

so, in order to replace the
√
det gmn factor with

√
g(0)
mn , so that we can obtain the

correct Einstein–Hilbert action after dnx integration, we need to have

λ =
[
det gmn

det g(0)
mn

]− 1
d−2

. (13.49)

In the case of the original KK reduction, with d = 4 and D = 5, we get g(5)
μν =

g(4)
μν g

−1/2
55 . Defining

g55 ≡ �2/3 , (13.50)

we obtain g(5)
μν = �−1/3g(4)

μν . In order to also find theMaxwell action for gμ5, we need
to redefine it also as

gμ5 = Bμ(�x, t)g55. (13.51)
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Finally, that means that the full nonlinear ansatz for the original KK dimensional
reduction is

g�� = �−1/3(�x, t)
(

gμν(�x, t) Bμ(�x, t)�(�x, t)
Bμ(�x, t)�(�x, t) �(�x, t)

)
. (13.52)

Of course, if we want to put � = 1, writing this nonlinear ansatz is moot, but as
we said, this is not a consistent truncation.

Important Concepts to Remember

• We can easily generalize electromagnetism and gravity to higher dimensions, just
defining G(D)

N as the same coefficient in the Einstein–Hilbert action.
• Under KK dimensional reduction, we obtain G(D)

N = G(4)
N V (n), and we define

1/(8πG(D)
N ) = [M (D)

Pl ]D−2.
• For r 	 R, we have for the gravitational acceleration |�g(r)| ∼ G(D)

N M/r D−2,
whereas for r  R, we have |�g(r)| ∼ G(D)

N /[(2πR)D−4r2].
• For a KK dimensional reduction, the truncation can be inconsistent, due to terms
in the action linear in the modes to be put to zero.

• The truncation becomes consistent if the integral of the Yn harmonic with the other
Y0 harmonics gives zero, which happens in the torus case, as well as in the case
when we keep all the singlets under the symmetry group G in the truncation.

• Sometimes nonlinearly redefining the fields, or equivalently, for a nonlinear KK
reduction ansatz, can make the truncation consistent.

• To obtain the Einstein–Hilbert action from the same in the higher dimension, we
need to nonlinearly redefine g(D)

μν = g(4)
μν [det gμν/ det g(0)

μν ]−1/(d−2).

Further reading: For consistent truncations of supergravity, see [14].

Exercises

(1) Calculate the gravitational potential of a thin shell of radius R andwidth�R 	 R
and density ρ in 4 dimensions, in all relevant radial regions.
(2) Consider an insulating sphere in 4 dimensions (shell only), of surface charge
density σ and radius R, situated between 2 parallel conducting plates, each at a
distance 2R from the center of the sphere. Calculate the potential at the position of
one of the conductors.
(3) Consider the Einstein–Hilbert action coupled nonminimally with the scalar φ,
with action

S = M2
Pl

2

∫
d4x

√−g
[
R(1 + αφ) − βφ1+ 1

n

]
. (13.53)

Knowing the formula for the general Weyl rescaling in d dimensions
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R[gμν ] = �−2R[gEμν ] − 2(d − 1)gμν
E ∇E

μ ∇ν
E ln� − (d − 2)(d − 1)gμν

E (∇E
μ ln�)(∇E

ν ln�) ,

(13.54)
find the transformation that reduces the action to the Einstein–Hilbert action mini-
mally coupled to a canonical dynamical scalar.
(4) Consider a charge q in between two perfectly conducting infinite conducting
planes, situated both at a distance R from it. Calculate the electric potential on one
of the conductors, at the minimum distance point from the charge. Write the result
in arbitrary number of dimensions, for planes of codimension one.
(5) Prove that for the nonlinear ansatz for the original KK reduction from 5 dimen-
sions, we obtain the Maxwell action for electromagnetism.



Chapter 14
N = 1 Supergravity in 4 Dimensions

In this chapter we will studyN = 1 supergravity in 4 dimensions. Supergravity can
be defined as a supersymmetric theory of gravity, or otherwise as a theory of local
supersymmetry. In practice, we will use a bit of both definitions to find it. Before that
however, we need to define what supersymmetry is. After that, we will count degrees
of freedom, in order to see what supergravity models we can have. After defining
the vielbein-spin connection formulation of gravity, within which supergravity is
defined, we will finally define the model of N = 1 supergravity.

14.1 Rigid Supersymmetry

The simplest model to understand supersymmetry in is the Wess–Zumino model in
2 dimensions. Indeed, supersymmetry is defined as a symmetry between bosons and
fermions, but the symmetry must relate a degree of freedom with another. In the
bosonic case, δφi = εφi implicitly relates a bosonic degree of freedom to another,
but it is kind of trivial, so we don’t usually think about it that way. But in the case of
supersymmetry, it will relate a bosonic degree of freedom with a fermionic one. As
such, we can consider either on-shell supersymmetry, or off-shell supersymmetry,
and the corresponding numbers of bosonic and fermionic degrees of freedom must
match.

Here we will only describe on-shell supersymmetry. A Dirac fermion has n =
2[d/2] complex components. But in supersymmetry, one usually deals with Majorana
fermions, which can be thought of as real. Thus an off-shell Majorana fermion has n
real components, n = 2 for d = 2. On-shell, the Dirac equation (∂/ + m)ψ = 0 is a
matrix equation that relates half of the components with the other half, so an on-shell
Majorana fermion has n/2 real components, 1 in the case of d = 2.

Therefore in d = 2 we have the simplest model, with a Majorana fermion ψ with
a real on-shell degree of freedom, that can match the degree of freedom of a real
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scalar φ. Then the simplest supersymmetric model is the free Wess–Zumino model,
with the free action of a real scalar and a Majorana fermion,

S = −1

2

∫
d2x[(∂μφ)2 + ψ̄∂/ψ]. (14.1)

Since we have the mass dimensions [d2x] = −2 and [∂μ] = 1, the mass dimen-
sions of the scalar and fermion are [φ] = 0 and [ψ] = 1/2.

Wemust define the supersymmetry transformation rules. We take it as a definition
that the scalar varies into the fermion times a parameter ε. For Lorentz invariance, ε
must be also a spinor, and the variation must be

δφ = ε̄ψ ≡ ε̄αψα ≡ εβCβαψα. (14.2)

A Majorana spinor satisfies the condition that the Majorana conjugate χC equals
the Dirac conjugate χ̄, i.e.,

χC ≡ χTC = χ̄ ≡ χ†iγ0. (14.3)

Here C is the charge conjugation matrix, which can be defined generally in any
dimension, but in 2 and 4 dimensions, is defined as an antisymmetric matrix that
transforms γμ into −γT

μ , i.e.,

CT = −C; CγμC−1 = −(γμ)T . (14.4)

In dimensions other than 2 and 4, we can have either plus or minus for either of
the two relations.

From the definition of supersymmetry, δφ = ε̄ψ, we see that [ε] = −1/2. If we
want to write δφ, it should be proportional to φ and ε. Now the Lorentz transforma-
tions match, but the dimensions don’t match, we need to introduce an object of mass
dimension 1. It could be ∂μ, but we need to contract the μ index in order not to upset
the Lorentz transformation property, so we multiply by ∂/ = γμ∂μ instead, so that

δψ = ∂/φε. (14.5)

We now prove that the freeWZ action is invariant under the supersymmetry (susy)
transformation laws that we defined.

Majorana Spinor Identities
Before that however, we must prove some identities for Majorana spinor identities,
valid both in 2 and 4 dimensions. There are more similar ones we could write, but
those depend on dimension. We have

ε̄χ = χ̄ε (14.6)

ε̄γμχ = −χ̄γμε. (14.7)
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The first relation is proven as follows,

ε̄χ = εαCαβχβ = −χβCαβεα = +χβCβαεα ≡ χ̄ε , (14.8)

where in the second equality the minus comes from permuting the order of the two
fermions, and in the thirdwe usedCT = −C . The second relation is proved similarly,
by first multiplying the second equation defining the C matrix (14.4) by C , to find

Cγμ = −γT
μ C = +γT

μ C
T = +(Cγμ)

T , (14.9)

thus that (Cγμ) is symmetric. Then we have

ε̄γμχ ≡ εα(Cγμ)αβχβ = −χβ(Cγμ)αβεα = −χβ(Cγμ)βαεα ≡ −χ̄γμε. (14.10)

We now return to the invariance of the action. Varying (14.1), we obtain

δS = −
∫

d2x

[
−δφ�φ + 1

2
δψ̄∂/ψ + 1

2
ψ̄∂/δψ

]

= −
∫

d2x[−δφ�φ + δψ̄∂/ψ] , (14.11)

where we have used the relation (14.6). Replacing the susy rules inside the variations,
we find

δS = −
∫

d2x[−ε̄ψ�φ + ψ̄∂/∂/φε]

= −
∫

d2x[−(ε̄ψ)�φ + (ψ̄ε)�φ]
= 0 , (14.12)

where in the second equality we used the relation

∂/∂/ = γμγν∂μ∂ν = 1

2
{γμ, γν}∂μ∂ν = ∂2 ≡ �. (14.13)

In conclusion,wefind that the action (14.1) is invariant under the susy ruleswithout
using the equations of motion, i.e., off-shell. That is however strange, since we have
an on-shell supersymmetry only. But the point is that in general for a symmetry it
is not enough to have an action that is invariant under it, we also need the algebra
of the symmetries to close on the fields. In the case of usual, bosonic, symmetries,
this is somewhat trivial, since the Lie algebra means that the commutator of two
symmetries is another symmetry of the same type, so

[Ta, Tb] = fab
cTc ⇒ [εa1Ta, εb2Tb] = (εa1 fab

cεb2Tc) ⇒ [δε1 , δε2 ] = δε1 f ε2 . (14.14)
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This is usually satisfied. But in the case of supersymmetry, this is less obvious.
The susy algebra that we need to satisfy is

{Qi
α, Q j

β} = 2(Cγμ)αβPμ + ... , (14.15)

which means that we need to have on fields (multiplying by εα
1 ε

β
2 , and considering

that Pμ is represented by ∂μ)

[δε1 , δε2 ] = 2ε̄2γ
με1∂μ(+...) (14.16)

It turns out that the algebra is realized on φ without the use of the equations of
motion (off-shell), which is left as an exercise to prove. That is how we derive the
algebra above. On the other hand, on the fermions, we need to use the equations of
motion, i.e., it is on-shell, but we will not show it here.

14.2 Supergravity

We are now ready to define supergravity, as a supersymmetric theory of gravity, and a
theory of local supersymmetry. In general, if wewant tomake a rigid symmetry local,
we need to introduce a gauge field. For instance, if we have a complex scalar φ with
action S = − 1

2

∫
ddx |∂μφ|2, invariant under φ → eiαφ, we can make the invariance

local, α → α(x), by introducing a gauge field, transforming as δAμ = ∂μα, and
replace the derivative with the covariant derivative, ∂μ → Dμ = ∂μ − i Aμ.

In the case of supersymmetry then, if we make it local by ε → ε(x), we need
to introduce a “gauge field of local supersymmetry”, “Aα

μ”→ ψα
μ , that has a spinor

index α since the parameter ε does. This field ψα
μ is called the gravitino, and it is a

spin 3/2 field (more precisely, on-shell we need to remove its gamma-trace, as we
will see later). In fact, it turns out that the gravitino is also the superpartner of the
graviton, so we can write the simplestN = 1 supergravity just from the graviton and
the gravitino.

Counting Degrees of Freedom

Beforewe construct supergravity,wewant to describe the degrees of freedom in it.We
have seen the counting of degrees of freedom of a spin 1/2 fermion, and the counting
of the spin 1 gauge field is also familiar: off-shell, we have the d degrees of freedom,
minus the one degree of freedom corresponding to gauge invariance, δAμ = ∂μα,
giving d − 1 off-shell degrees of freedom. On shell, in the Lorenz gauge ∂μAμ = 0,
the equation of motion is simply the KG equation, �Aμ = 0, which doesn’t change
the number of degrees of freedom, but the Lorenz condition itself is one condition,
so on shell we have d − 2 degrees of freedom.
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Graviton
1. Off-shell
For the graviton, the metric gμν is a symmetric matrix, so it has d(d + 1)/2 com-
ponents, but they are subject to the general coordinate transformation invariance,
with parameter ξμ(x), i.e., we need to subtract d degrees of freedom, so we have
d(d − 1)/2 off-shell degrees of freedom.

2. On-shell
The linearized action for the graviton hμν (gμν = ημν + 2κNhμν) coming from the
Einstein–Hilbert action is the Fierz–Pauli action,

L = 1

2
h2μν,ρ + h2μ − hμh,μ + 1

2
h2,μ , (14.17)

where
hμ ≡ ∂νhνμ; h ≡ hμ

μ , (14.18)

and, μ ≡ ∂μ.
Just like in the case of the Lorenz gauge for electromagnetism, we can now choose

a gauge, namely the de Donder gauge,

∂ν h̄μν = 0 , (14.19)

where

h̄μν ≡ hμν − h

2
ημν , (14.20)

in which the equation of motion becomes simply Klein-Gordon,

�h̄μν = 0. (14.21)

We leave proving this as a simple exercise. The KG equation doesn’t change the
number of degrees of freedom, simply imposes k2 = 0 in momentum space, but the
de Donder gauge condition amounts to d local conditions, thus eliminating d degrees
of freedom.

In conclusion, on-shell for the graviton we have d(d − 1)/2 − d = (d − 1)(d −
2)/2 − 1 degrees of freedom, corresponding to a transverse (d − 2 components only)
symmetric traceless matrix.

Gravitino
1.Off-shell
Off-shell, ψμα has nd components, where n = 2[d/2]. But it is also invariant under
a gauge-like transformation, namely local supersymmetry (supergravity), which we
will see that it is δψμ = Dμε, so it removes n components, leaving n(d − 1) compo-
nents off-shell.
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2.On-shell
Naively, we would say that, since ψμα is a gauge field, but also a fermion, on-shell
we would have n/2(d − 2) components, where n/2 comes from the fact that the
Dirac-like gravitino equation relates again half of the components to the other half.

However, there is a subtlety. As we already mentioned, the indices of ψμα mean
that we make a product of the spin 1 and spin 1/2 representations, but that in fact
decomposes as two irreducible representations,

1 ⊗ 1/2 = 3/2 ⊕ 1/2. (14.22)

The point is that the gamma-trace, γμψμ, is a spin 1/2 fermion that transforms into
itself, so lives in a separate irreducible representation, and only the gamma-traceless
part represents the spin 3/2 representation. That means that the correct number of
on-shell degrees of freedom of the gravitino is actually

n

2
(d − 2) − n

2
= n

2
(d − 3). (14.23)

We can now verify that in 4 dimensions, on-shell the graviton has (d − 1)(d −
2)/2 − 1 = 3 · 2/2 − 1 = 2 degrees of freedom, and the gravitino has 2[d/2](d −
3)/2 = 22 · 1/2 = 2 degrees of freedom also. That means that indeed, we can con-
struct a N = 1 supergravity model just from the graviton and the gravitino.

14.3 Vielbein-Spin Connection Formulation of General
Relativity

But in order to define the supergravity model, we need to use the vielbein-spin
connection formulation of general relativity, since there are fermions in the theory,
that couple to gravity using the spin connection only.

The vielbein eaμ is a sort of square root of the metric gμν , which is written as

gμν(x) = eaμ(x)e
b
ν(x)ηab. (14.24)

Hereμ, ν are “curved” indices, in the curved space, whereas a, b are “flat” indices,
in a space tangent to the curved space at each point. As such, there is a local Lorentz
symmetry acting on them, with Minkowski metric ηab.

Therefore the local Lorentz (l.L.) and general coordinate (g.c.) transformations
of the vielbein are

δl.L .e
a
μ(x) = λa

b(x)e
b
μ(x)

δg.c.e
a
μ(x) = (ξρ∂ρ)e

a
μ + (∂μξ

ρ)eaρ . (14.25)
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Here note that the local Lorentz transformation acts in the usual way on the index
a, and the general coordinate transformation acts as on a vector on eμ.

A note on the nomenclature. The term “vielbein” was originally defined in 4
dimensions only, where it was “vierbein” from the German “vier” = four and “bein”
= leg. Then it was extended to ein-, zwei-, drei-bein (one, two, three legs in one, two,
three dimensions), until finally it was generalized to “vielbein” for “viel” = many in
an arbitrary dimension.

The spin connection is a kind of gauge field (“connection” in mathematical lan-
guage) for curved space, specifically for the covariant derivative acting on spinors.
The generator of Lorentz transformations in the spinor representation is 1

4�ab, so the
covariant derivative on the spinors is defined as

Dμψ = ∂μψ + 1

4
ωab

μ �abψ. (14.26)

But in order to obtain the usual general relativity, we cannot have both the vielbein
eaμ and the spin connection ωab

μ be independent, we must write ωab
μ in terms of eaμ,

otherwise we have too many degrees of freedom.
In fact, in terms of eaμ, we can check that we already have the correct number

of degrees of freedom, since we have d2 components, minus the d components of
the general coordinate transformations defined by ξμ, minus the d(d − 1)/2 compo-
nents of the local Lorentz transformations, leading to the same (d − 2)(d − 1)/2 − 1
degrees of freedom.

The condition that we need to impose is known as the no-torsion constraint, or the
“vielbein postulate”. The torsion is defined as the antisymmetric part of the covariant
derivative of the vielbein, T a

μν ≡ D[μeaν], and in general the covariant derivative is

Dμe
a
ν = ∂μe

a
ν − �λ

μνe
a
λ + ωab

μ ebν , (14.27)

but the Chistoffel symbol is symmetric in (μν), so by taking the antisymmetric part
we obtain

T a
μν = D[μeaν] = ∂[μeaν] + ωab

[μ e
b
ν] = 0. (14.28)

The solution of this equation is an ωab
μ = ωab

μ (e), which is left as an exercise to
prove.

We can define the field strength of the “gauge field” ωab
μ (for the SO(1, 3) local

Lorentz group) is

Rab
μν(ω) = ∂μω

ab
ν − ∂νω

ab
μ + ωac

μ ωcb
ν − ωac

ν ωcb
μ . (14.29)

With this definition, this field strength, in the case the vielbein is ω = ω(e), is just
the Riemann tensor (in terms of the Christoffel tensor) with two indices flattened by
the vielbein, so

Rab
μν(ω(e)) = Rμ

νρσ(�(g(e)))eaμe
−1νb. (14.30)
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Since moreover, as a matrix we have

g = e · η · e ⇒ det g = −(det e)2 , (14.31)

in the Einstein–Hilbert action we can replace
√−g with det e, and the Ricci scalar

with the contraction of the field strength of ω, obtaining

SEH = 1

16πGN

∫
d4x(det e)Rab

μν(ω(e))(e−1)μa (e
−1)νb . (14.32)

But since, as we can check,

det e(e−1)μa (e
−1)νb = εabcdε

μνρσecρe
d
σ , (14.33)

the Einstein–Hilbert action can be rewritten as

SEH = 1

2κ2
N

∫
d4xεabcdε

μνρσRab
μν(ω)ecρe

d
σ

≡ 1

2κ2
N

∫
εabcd R

ab(ω) ∧ ec ∧ ed , (14.34)

where on the last line we have written things in terms of forms, like ωab = ωab
μ dxμ.

Now we notice that in fact, we can consider ω = ω(e), as it was implicit until now,
or not, the result is the same. Indeed, considering now ω as an independent variable,
we can vary with respect to it, and the resulting equation of motion is

εabcd Dec ∧ ed = 0 ⇒ Dec = 0 : D[μeaν] = T a
μν = 0 , (14.35)

which is the same as the vielbein postulate defining ω(e)!

14.4 N = 1 Supergravity in 4 Dimensions

To construct the action ofN = 1 supergravity, we need to add to the Einstein–Hilbert
action for the graviton an action for the gravitino.

In flat space, Rarita and Schwingerwrote the action for a spin 3/2 field, in a general
dimension

SRS = −1

2

∫
dd xψ̄μγ

μνρ∂νψρ. (14.36)

In 4 dimensions, the action can be rewritten using the relation

iεμνρσγ5γν = γμρσ , (14.37)
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where
γ5 = iγ0γ1γ2γ3 , (14.38)

as

SRS,4d = − i

2

∫
d4xεμνρσψ̄μγ5γν∂ρψσ. (14.39)

We can easily write the action in curved space, thus coupling it to the graviton,
by putting det e in the volume and replacing ∂μ → Dμ, so

SRS = −1

2

∫
ddx(det e)ψ̄μγ

μνρDνψρ , (14.40)

and in 4 dimensions also

SRS,4d = − i

2

∫
d4xεμνρσψ̄μγ5γνDρψσ. (14.41)

The supergravity action is then simply the sum of the two terms,

SN=1 sugra = SEH (e,ω) + SRS(ψμ,ω). (14.42)

The supersymmetry transformation laws are written remembering the fact that
supergravity is a supersymmetric theory of gravity, and a theory of local supersym-
metry. Being a supersymmetric theory of gravity, the vielbein, standing in for gravity,
must vary into the gravitino, like we had δφ = ε̄ψ for the 2 dimensional WZ model.
Now the index a on eaμ doesn’t correspond to anything on the right hand side, so we
must introduce the constant matrix γa to compensate for it, giving finally

δeaμ = κN

2
ε̄γaψμ. (14.43)

Note that the factor of κN/2 is conventional, it could have been absorbed in the
definition of ε. Sinceψμ is considered as a gauge field of local supersymmetry, and the
local Lorentz group is nonabelian, we expect a nonabelian gauge field transformation
of the type δψμ = Dμε. Indeed, we can write

δψμ = 1

κN
Dμε , (14.44)

where as before, we have

Dμε = ∂με + 1

4
ωab

μ �abε. (14.45)

Now that we have defined the supergravity action (14.42) and the transformation
rules, one can check whether the action is invariant under them, and find that it is
indeed. However, there is a subtlety. If we consider the spin connection ω as a depen-
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dent quantity, we cannot however consider ω = ω(e) as in the absence of fermions.
This would be inconsistent, i.e., in particular would not lead to a supersymmetric
theory.

Indeed, now, if we consider ω as independent in (14.42), we see that the equation
of motion is modified due to the ω in Dμ action on fermions, to D[μeaν] = ψ̄ψ terms,
so its solution is

ω = ω(e,ψ) = ω(e) + ψ̄ψ terms. (14.46)

This would be a first order formulation of supergravity. If we want to consider
instead a second order formulation of supergravity, with a dependent ω, by consis-
tency we need to consider ω = ω(e,ψ) instead of ω = ω(e).

Complete Transformation Laws of Supergravity

To finish, we summarize the complete set of transformation laws of N = 1 super-
gravity in 4 dimensions.

The supersymmetry transformation laws are

δSe
a
μ = κN

2
ε̄γaψμ

δSψμ = 1

κN
Dμε. (14.47)

In a first order formulation, we would need also the transformation laws for ωab
μ ,

but we will not write them here.
The Einstein (general coordinate) transformation laws are

δEe
a
μ = ξν∂νe

a
μ + (∂μξ

ν)eaν

δEωab
μ = ξν∂νω

ab
μ + (∂μξ

ν)ωab
ν

δEψμ = (ξν∂ν)ψμ + (∂μξ
ν)ψν . (14.48)

Finally, the local Lorentz transformation laws are

δl.L .e
a
μ = λa

be
b
μ

δl.L .ω
ab
μ = Dμλ

ab = ∂μλ
ab + ωac

μ λcb − ωbc
μ λca

δl.L .ψμ = −1

4
λabγabψμ. (14.49)

Important Concepts to Remember

• Supergravity is a theory of local supersymmetry, or a supersymmetric theory of
gravity.

• The gauge field of the local susy, and the superpartner of the graviton, is the
gravitino ψμ.

• Supersymmetry is a symmetry between bosons and fermions, that matches the
number of degrees of freedom.
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• The susy transformation rules are of the type δφ = ε̄ψ and δψ = ∂/φε.
• On-shell supersymmetry uses the equations of motion and matches degrees of
freedom on-shell, and off-shell supersymmetry matches degrees of freedom off-
shell.

• In the off-shell case, the algebra of transformations needs to be realized on the
fields, and in the on-shell case this only happens up to equations of motion.

• The gravitinoψμ contains also a spin 1/2 on-shell representation, the gamma trace.
The spin 3/2 part is the gamma-traceless part.

• One can formulate general relativity in terms of vielbein, a type of square root of
themetric, with a flat index, in the tangent space at a local point, acted upon by local
Lorentz transformations; and the spin connection, the “gauge field” appearing in
the covariant derivative that acts on spinors.

• The Einstein–Hilbert action is written in terms of the field strength of ω and the
vielbein e, and the equation of motion for ω gives the “vielbein constraint” that is
solved by ω = ω(e) and reduces it to the EH action.

• The N = 1 supergravity action is the sum of the EH action for gravity and the
Rarita-Schwinger action for the gravitino.

• The supersymmetry rules are δeaμ = κN/2ε̄γaψμ and δψμ = Dμε/κN .
• In the second order formulation of supergravity, ω = ω(e,ψ) is the solution of the
equations of motion of the action with independent ω.

Further reading: See [15, 16] for more on supersymmetry and supergravity. For a
recent complete work on supergravity see [17]. For a very good review of supergrav-
ity, see [18].

Exercises

(1) Check that we can represent the susy algebra on the scalar φ of the 2 dimensional
WZ model without the use of the equations of motion.
(2) Check that the spin connection as a function of the vielbein,

ωab
μ (e) = 1

2
(∂μe

a
ν − ∂νe

a
μ) − 1

2
ebν(∂μe

a
ν − ∂νe

a
μ) − 1

2
eaρebσ(∂ρecσ − ∂σecρ)e

c
μ ,

(14.50)
satisfies the no-torsion (vielbein) constraint T a

μν ≡ 2D[μeaν] = 0.
(3) Prove that by imposing the de Donder gauge, the Fierz–Pauli action gives the KG
equation for h̄μν .
(4) Find the spectrum (field content) and check the number of on-shell degrees of
freedom forN = 2 supergravity in 4 dimensions, as a sum of theN = 1 supergrav-
ity multiplet and another N = 1 multiplet that starts with the gravitino (gravitino
multiplet). Repeat the same exercise in 3 dimensions. Can you guess off-shell fields
that need to be added to have also matching of degrees of freedom off-shell (off-shell
susy)?
(5) Show that at the linearized level, the Einstein–Hilbert action reduces to the Fierz–
Pauli action.



Chapter 15
KK Compactification of Supergravity
Models

In this chapter, we will study the KK compactification of supergravity models in
higher dimensions.

Supergravity models in higher dimensions have:

• a graviton, described by the metric gμν (which can be written as eaμηabe
b
ν), except

for the coupling to fermions, which is written in terms of ωab
μ (e).

• gravitino(s) ψi
μα, one for each supersymmetry. Indeed, each supersymmetry εi

takes us from the graviton to a different gravitino, δeaμ = ε̄iγaψi
μ.

• other fields: scalars φI , vectors AI
μ, spinors λI

α, and also antisymmetric tensors
Aμ1...μr .

The antisymmetric tensors are generalizations of the gauge fields (Maxwell fields)
Aμ, that have also a field strength,

Fμ1...μr+1 = (n + 1)∂[μ1 Aμ2...μr+1] , (15.1)

and so satisfy a gauge invariance

δAμ1...μr = ∂[μ1�μ2...μr ]. (15.2)

The gauge invariant action for the antisymmetric tensor field is

S = − 1

2(r + 1)!
∫

ddx
√− det gF2

μ1...μr+1
. (15.3)
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15.1 KK Reduction

We have already seen how to do KK reduction of scalars, metrics and gauge
fields, but let us start by reviewing the latter. The gauge field AM(�x, t; �y) splits as
(Aμ(�x, t; �y), Am(�x, t; �y)), where M = (μm) and μ = 0, 1, 2, 3, m = 4, . . . , 4 + n.
The Aμ components transform as a vector under �μ

ν ∈ SO(1, 3) and Am as scalars,
i.e.,

A′
μ(�x ′, t ′; �y) = �μ

ν Aν(�x, t; �y)
A′
m(�x, t; �y) = Am(�x, t; �y). (15.4)

The KK expansion (which is simply a parametrization of the general function on
the compact space) is

Aμ(�x, t; �y) =
∑
q,Iq

A
q,Iq
μ (�x, t)Y Iq

q (�y)

Am(�x, t; �y) =
∑
q,Iq

Aq,Iq (�x, t)Y q,Iq
m (�y). (15.5)

Antisymmetric Tensors

Now we can easily generalize to the antisymmetric tensors, where AM1...Mp (�x, t; �y)
splits into a set of components

{Aμ1...μrmr+1...mp (�x, t; �y)} , (15.6)

where p − r �= n ≡ dim(Kn) and r ≤ 4, since we cannot have more antisym-
metrized indices than the dimension of the space.

The KK expansion in spherical harmonics is

Aμ1...μrmr+1...mp (�x, t; �y) =
∑
q,Iq

a
q,Iq
μ1...μr (�x, t)Y q,Iq

mr+1...mp (�y). (15.7)

Fermions

For fermions, if we would dimensionally reduce, i.e., keep just the zero mode, on a
torus, we would write

λA(�x, t; �y) = λi
τ (�x, t) , (15.8)

where the index A in the spinor representation of SO(1, 3 + n) would split into
(τ , i), with τ an index in the spinor representation of SO(1, 3), and i just an index
filling up A.

In general, on a M4 × Kn space, for the dimensional reduction we would write

λA(�x, t; �y) = λI
τ (�x, t)η I

i (�y) , (15.9)
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where I is an index in the symmetry group G of the compact space Kn , and again A
splits as A = (τ i). But moreover, now η I

i (�y) on spaces with symmetries (symmetry
group G) are Killing spinors. These are a kind of “square root” of a Killing vector.

A Killing vector (named after Wilhelm Killing), associated with an isometry of a
space Kn , is a vector V AB

μ that satisfies the Killing vector equation

D(μV
AB

ν) = 0. (15.10)

A Killing spinor on a sphere satisfies the condition

Dμη
I
i = c(γμη

I )i , (15.11)

where c is usually taken to be i/2. It is a square root of a Killing vector in the sense
that

V AB
μ = c′η̄ Iγμη

J (γAB)I J . (15.12)

Usually, c′ is taken to be −i/8.
On a more general space, a Killing spinor can be defined in supersymmetric

theories as the condition that the variation of the gravitino is zero, leading to the
covariant derivative of the spinor being proportional to some gamma matrices times
some constant fields.

Note that we want to have spinor fields in both 4 + n dimensions and in 4 di-
mensions. But then the spin-statistics theorem says that these fields must both be
anticommuting. However, then the reduction relation (15.9) means that the Killing
spinorsmust be commuting spinors (that is fine, since they are thought of as constants,
not fields).

The Killing vector V AB
μ is associated with the isometries of the space, which as we

said turn into gauge symmetries of the reduced theory. Specifically, at the linearized
level, the KK reduction ansatz for the off-diagonal part of the metric is

gμm(�x, t; �y) = BAB
μ (�x, t)V AB

m (�y). (15.13)

At the nonlinear level, we must multiply by a factor involving the compact space
metric.

15.2 N = 1 Supergravity Coupled to Matter

We consider models of N = 1 supergravity in 4 dimensions, coupled to matter. We
are interested only in N = 1 models for phenomenology reasons. We eventually
want our models to contain the Standard Model of particle physics, but then we
cannot have N = 2 supersymmetry, since in it, chiral fermions come in opposite
pairs, whereas we know that low energy physics is chiral (contains chiral fermions).
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So in 4 dimensions, we can only have N = 1 unbroken supersymmetry if we are to
obtain the Standard Model after supersymmetry breaking.

Wess–Zumino Multiplets

One type of matter multiplets coupled to supergravity are theWess–Zumino or chiral
multiplets, composed of a complex scalar field φ and a (Majorana) fermion λ. We
have seen in the last chapter that in 2 dimensions, theWZmodel contains aMajorana
fermion and a real scalar. But a fermion in 4 dimensions has twice as many degrees
of freedom as one in 2 dimensions (since n = 2[d/2] is the number of components
of a Dirac fermion), whereas a scalar has the same ones. That means that in 4
dimensions we need two real scalars, combining into a complex scalar, in order to
form amultiplet, but otherwise themultiplet still has spin content (1/2, 0).Moreover,
in the last chapter, we have shown how to write the free WZ multiplet, but we can
write also an interacting one, that includes self-interactions.

The interactions of the chiral multiplet are encoded into a function called the
superpotential W (�). It comes from the superspace formulation of supersymmetry,
which will not be described here in detail, other than to say that a chiral superfield
�(x, θ) is expanded in the fermionic coordinate θ as

�(x, θ) = φ(x) + √
2θλ(x) + θθF(x) + · · · , (15.14)

where the dots represent terms dependent on the ones written, and F(x) is an aux-
iliary field (with quadratic action with no derivatives). The superpotential W is a
holomorphic function of the superfield � (so is independent on �̄). Then, the most
general renormalizable model has the cubic superpotential

W = λ� + m

2
�2 + g

3
�3. (15.15)

However, if we consider a quantum effective theory, then W can be anything,
leading to a non-renormalizable theory.

The potential for the scalars comes from solving the equation of motion for the
auxiliary field F and replacing in the action F2, giving, in rigid supersymmetry and
in the case of canonical scalars (with canonical kinetic terms)

V = F2 =
∑
i

∣∣∣∣∂W∂φi

∣∣∣∣
2

. (15.16)

Because of its origin, this is generally called an “F term”.
In this case, the scalar kinetic Lagrangian is the usual one,

Lkin,sc. = −(Dμφ
i )(Dμφi )† , (15.17)

and the fermionic terms in the Lagrangian are
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Lfermi = −iψ̄γμ∂μψ − 1

2

∂2W

∂φi∂φ j
ψiψ j − 1

2

∂2W̄

∂φ†i∂φ† j
ψ̄i ψ̄ j . (15.18)

But the chiral multiplets can also have nontrivial (yet still second derivative) ki-
netic terms. This is described by another function, known as the Kähler potential
K (�, �̄). Unlike the superpotential, this is not a holomorphic function. In its pres-
ence, the scalar and fermion kinetic terms are modified to

Lkinetic = gi j̄ [(Dμφ
i )(Dμφ j )∗ + ψi D/ ψ̄ j̄ ] , (15.19)

where we have defined the metric in scalar field space (Kähler metric)

gi j̄ = ∂2K

∂�i∂�̄ j̄
. (15.20)

Gauge Multiplets

The next possibility to couple to supergravity is the gauge multiplet, composed of
a gauge field Aa

μ (in the adjoint of some gauge group G) and a fermion λa
α, in the

same representation, so having spin content (1, 1/2). The multiplet is defined by a
functionF({�}) depending on all the chiral scalar multiplets�. Defining in the case
of dependence on adjoint scalars �a the quantity

Fab = ∂2F
∂�a∂�b

, (15.21)

the action for the gauge multiplets becomes

− 1

4
Re[Fab(φ)Fa

μνF
bμν] − 1

2
Re[Fab(φ)λ̄aD/ λb] + ∂W

∂φi

(
∂Fab

∂φ j

)∗
λ̄aλb.

(15.22)
Here we have assumed that Fab(�) depends on all the scalars, φi , not just those

in the adjoint representation.
Moreover, the presence of the gauge fields, coupled to all the scalars, means that

we actually add another term to the scalar potential, coming from the auxiliary field
in the vector multiplet. We have, in a certain gauge, V a = · · · + θ2θ̄2Da , so the last
component of the vector superfield V a is another auxiliary field called Da . This will
again lead to a new term in the scalar potential, known as “D term”,

1

2
|Da|2 = 1

2
|�†i (Ta)i j�

j |2. (15.23)

There could be in principle also the gravitinomultiplet, with spin content (3/2, 1),
but those generally are associated with extra supersymmetry for the graviton, which
as we said we want to avoid, so that is it for fields with spins ≤ 2.
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Coupling Supergravity to Matter

To couple to supergravity, we must consider a finite MPl (decoupled gravity corre-
sponds to MPl → ∞). We first define a kind of covariant derivative,

Di = ∂

∂φi
+ 1

M2
Pl

∂K

∂φi
, (15.24)

in which case the potential for the scalars coupled to N = 1 supergravity is

V = |F |2 + |Da|2 = e
K
M2
Pl

⎡
⎣∑

i j̄

(g−1)i j̄ DiW (DjW )∗ − 3

M2
Pl

|W |2
⎤
⎦

+1

2
(F−1)ab

(
∂K

∂φi
(Ta)i jφ

j

) (
∂K

∂φk
(Tb)klφ

l

)
. (15.25)

The gauge action stays unchanged,

Lgauge = −1

4
Re[Fab(φ)Fa

μνF
bμν] , (15.26)

whereas the gaugino (superpartner of the gauge field) action gets modified as well,
to

Lgaugino = −1

2
Re[Fab(φ)λ̄aD/ λb] + e

K
2M2

Pl

2
Re

⎡
⎣∑

i j̄

(g−1)i j̄ DW

(
∂Fab

∂φ j

)∗
λ̄aλb

⎤
⎦ .

(15.27)
We have now described the most general action for N = 1 supergravity coupled

to matter.

15.3 Supergravity Compactifications

Supergravity Compactification on Tori

If we compactify supergravity theories on tori, we obtain abelian theories in 4 dimen-
sions. Indeed, the torus Kn = T n has only abelian symmetries (of course, it has the
nonabelian Lorentz symmetry SO(n), but we are referring to isometries here, which
are associated to gauge fields under dimensional reduction; SO(n) gives only the
usual global symmetry by dimensional reduction). Indeed, we saw that there wasn’t
a Killing spinor for the torus, or rather, we could think of the trivial (abelian) Killing
spinors η I

i = δ I
i .

Then in principle we have fields of the same spin coming from various different
fields in the higher dimension. For instance, a vector field can come from gμm , as well
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as from components of a gauge field AM in the higher dimension, or of antisymmetric
tensors, components Aμm1...mr . But all these different fields will combine to form a
multiplet of some global symmetry group in theKK reduced theory. As far as I know,
there is no systematics to find the global symmetry group G, it is trial and error (case
by case): we seewhat fields we get, andwe try to fit them into representations of some
symmetry group. For instance, the maximalN = 8 supergravity in 4 dimensions has
a global SO(8) symmetry that transforms the gauge fields, but also a local composite
symmetry SU (8) and a global symmetry E7 transforming the scalars. So the abelian
gauge fields in general transform in some global symmetry group.

Nontrivial Compactifications and Gauged Supergravity

If we dimensionally reduce on a nontrivial space instead, like for instance a sphere
Kn = Sn , the abelian Killing spinors of the torus turn into the nonabelian Killing
spinors of Kn , and correspondingly the abelian gauge fields transforming in a global
symmetry group G now turn into nonabelian (non-commuting) gauge fields of parts
of, or all of the group G. This corresponds to making part of, or all the symmetry
G local, or gauging it, with a nontrivial coupling constant g. The result is a gauged
supergravity, and the ansatz needed to obtain it via dimensional reduction will be
nonlinear reduction ansatz.

In the gauged supergravity, the susy transformation law for the gravitinos is mod-
ified by the addition of coupling constant (g) terms, to

δψi
μ = Dμ(ω(e,ψ))εi + gγμε

i + gAμε
i . (15.28)

We see that there is a constant term in the transformation law, which is a non-
linear term. But a usual transformation law is linear, a field varying into another
(times ε), and a nonlinearity like a constant term usually signifies the breaking of the
symmetry, perhaps spontaneously. Indeed, in the Higgs effect for instance, δφi =
Mi

jφ
jε acquires a constant term under the split into VEV plus fluctuation, δϕi =

Mi
j (v + ϕ) jε, that signals the breaking of the symmetry. However what happens

now is that the action is still supersymmetric, but we need to add a constant term
in the gravity part, that depends on g, i.e., a cosmological constant term

∫
det e�.

But it turns out that the sign of � is fixed to be negative, � < 0, in order to have
supersymmetry.

Therefore gauged supergravity is AdS supergravity. And we can only get a de
Sitter background by breaking supersymmetry (and a Minkowski background either
by breaking susy, or by having an ungauged model).

15.4 11 Dimensional Supergravity

It turns out that all supergravities can be obtained from a single, unique, N = 1
supergravity in 11 dimensions, by KK dimensional reduction and the use of symme-
tries. There doesn’t seem to be a theorem about this, just an observation verified in
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all examples. The unique supergravity in 11 dimensions has fields gμν , ψμα (graviton
and gravitino), but now, unlike in 4 dimensions, we need to add the antisymmetric
3-form field Aμνρ. We can verify (by generalizing the counting of degrees of free-
dom to include antisymmetric tensors) that we have the same number of bosonic and
fermionic degrees of freedom. The action is

L = − e

2
R(e,ω) − e

2
ψ̄μ�

μνρDνψρ − e

48
F2

μνρ − 1

6
εμ1...μ11 Aμ1μ2μ3Fμ4...μ7Fμ8μ11 ,

(15.29)
and the field strength of the antisymmetric tensor is

Fμνρσ = 24∂[μAνρσ]. (15.30)

Thefirst three terms are kinetic (Einstein–Hilbert,Rarita–Schwinger andMaxwell)
and the last is a Chern–Simons term for Aμνρ.

The reason that this supergravity is unique is the following. In 4 dimensions, the
maximum amount of supersymmetry that doesn’t involve spins greater than 2 is 8,
since a supersymmetry changes the helicity by 1/2, and so by starting with helicity
−2 (the minimum possible with spins up to 2) and acting 8 times, we reach +2.
Otherwise, we would get helicities (and hence spins) higher than 2. We want to have
spins ≤2, since there is no known interacting theory of a finite number of spins
higher than 2 in flat space. Of course, string theory corresponds to an infinite tower
of interacting higher spins, and there is the so-called Vasiliev theory of higher spins
living in AdS background, but for a finite number of fields in flat space, there is no
known interacting theory.

But then, theN = 8 theory, with 8 gravitinos, can lift up only until 11 dimensions,
since there the 8 minimal spinors of 4 dimensions (the gravitinos) combine to form a
minimal spinor of 11 dimensions. In higher dimensions, wewould not get a complete
spinor, sowewouldbreakLorentz invariance.That gives the 11dimensional theory its
uniqueness.On the other hand, not all supergravities are obtained by compactification
alone. The simplest example is compactification on a circle, which gives themassless
type IIA supergravity. But there is also the type IIB supergravity, obtained by a
symmetry called T-duality.

The 11 dimensional supergravity has as its backgrounds preserving the maxi-
mal amount of supersymmetry 11 dimensional Minkowski space Min11, the spaces
AdS4 × S7, AdS7 × S4, as well as the pp waves obtained as limits (“Penrose lim-
its”) of these. The fact that there is no other maximally supersymmetric background
is actually a theorem. Note that the AdS4 × S7 solution, called the Freund–Rubin
ansatz (with Fμνρσ ∝ εμνρσ, for μ, ν, ρ,σ in 4 dimensions) or spontaneous compact-
ification, raised the hope that the theory itself will choose a compactified space with
only 4 dimensions non-compact. In this solution however, the cosmological constant
is related to the radius of the compact space, so that is clearly ruled out experimen-
tally, and it was then proven that we cannot deform this situation, and always the
cosmological constant will be related to the parameters of the compact space, in this
“spontaneous compactification” type ansatz.
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Important Concepts to Remember

• Supergravity models have gravitons, gravitinos (as many as supersymmetries),
scalars, vectors, spinors and antisymmetric tensors.

• Fermions KK reduce to lower dimensional fermions times commuting Killing
spinors.

• Killing spinors are square roots of Killing vectors, associated with the isometries
of the space.

• The most general coupling of supergravity with matter in the N = 1 context is
defined by the superpotential and Kähler potential of chiral multiplets, and the F
coupling function for vector multiplets.

• KK reduction of supergravity models on tori gives ungauged supergravity models,
with only nonabelian global symmetries.

• KK reduction of supergravity models on nontrivial spaces (with nonabelian sym-
metries) gives gauged supergravity, where part or all of the global symmetry is
gauged.

• Gauged supergravity isAdS supergravity, andwe can only get de Sitter by breaking
susy, and Minkowski by breaking susy or by ungauged models.

• All models can be obtained from the unique 11 dimensional supergravity, with
fields gμν,ψμα and Aμνρ.

Further reading: See [13] for the KK reduction of supergravity, as well as [18]. For
supergravity coupled to matter in a modern formulation, see [17, 19].

Exercises

(1) Consider a chiral multiplet, with the general renormalizable superpotential

W = λ� + m

2
�2 + g

3
�3 , (15.31)

coupled to supergravity, with Kähler potential

K = −3 ln(� + �̄). (15.32)

Calculate the scalar potential V .
(2) Consider the KK reduction of 11 dimensional supergravity on a circle S1, with
metric ansatz

ds2 = G(1)
MNdx

MdxN = e− 2�
3 GS,(10)

μν dxμdxν + e
4�
3 (dx10 + Aμdx

μ)2. (15.33)

Calculate the field content in 10 dimensions, and the kinetic terms in the case �

is constant.
(3) If

Y A = 1

4
η̄ Iγ5η

J (γA)I J (15.34)
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for a 4-sphere S4, show that
V AB

μ = Y [ADμY
B] (15.35)

is the Killing vector.
(4) Calculate the field content of the dimensional reduction of N = 1 supergravity
on a T 4 torus, down to 7 dimensions. How many supersymmetries are there in 7
dimensions?



Chapter 16
The Relativistic Point Particle

In this chapter, we will study the relativistic point particle, from the point of view
of its “worldline”, i.e., its path as it moves in spacetime. The purpose it to put it in
a way that we can then generalize, to define string theory. Indeed, if we only think
clearly enough about some mechanism for the particle, we can then easily do apply
it to string theory.

The “worldline formalism” is a first quantized way to describe the relativistic
quantum mechanics. The formalism of quantum field theory, sometimes called “sec-
ond quantization”, since we can think of it as a quantization of the wave function,
is the standard way to describe relativistic quantum mechanics, but anything we can
do with it, we can in principle do in the first quantized worldline formalism.

We start with writing the action for the particle, on its worldline.
The action for a nonrelativistic, free, point particle is

S =
∫

Ldt =
∫

dt
m�v2
2

=
∫

dt
m �̇x2
2

, (16.1)

since L = T −U , andU = 0. We see that in the final form, it is written as an action
on the worldline, defined by x = x(t).

16.1 Relativistic Second Order Action

For a relativistic point particle, we need to find an action that reduces to the above
in the nonrelativistic limit. As we know, the action is obtained by replacing dt with
the relativistic proper time dτ , with

dτ 2 = −ημνdx
μdxν , (16.2)

and the kinetic energy with minus the rest energy mc2, i.e.,
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S = −m(c2)
∫

dτ . (16.3)

Butwe need to rewrite it in terms of the trajectory of the free particle, Xμ = Xμ(τ ).
From the definition of τ , by dividing both sides with dτ 2, we see that

dXμ

dτ

dXν

dτ
ημν = −1. (16.4)

This allows us to rewrite the action of the free particle as (writing Ẋμ = dXμ/dτ )

S1 = −m(c2)
∫

dτ

√
−Ẋμ Ẋνημν . (16.5)

In the nonrelativistic limit, on the path Xi = Xi (t) of the free particle, we have

dτ 2 = dt2 − d �x2
c2

= dt2
(
1 − v2

c2

)
, (16.6)

so the action becomes

S1 � −mc2
∫

dt

√
1 − v2

c2
�

∫
dt

[
−mc2 + m�v2

2

]
, (16.7)

which is the nonrelativistic action plus a constant term.

Symmetries

The action S1 is invariant under reparametrizations, that is, we can change the
parametrization of the worldline, from the proper time τ to any other function
τ ′ = τ ′(τ ). Under it, the coordinates Xμ are invariant (transform as scalars on the
worldline), i.e., X ′μ(τ ′(τ )) = Xμ(τ ), since the reparametrization of the line doesn’t
modify the path itself. We write

dXμ

dτ
= dXμ

dτ ′
dτ ′

dτ
= dX ′μ

dτ ′
dτ ′

dτ
, (16.8)

so by plugging it into S1, we obtain

S1 = −m
∫

dτ

√
−ημν

dXμ

dτ

dXν

dτ

= −m
∫

dτ
dτ ′

dτ

√
−ημν

dX ′μ

dτ ′
dX ′ν

dτ ′

= −m
∫

dτ ′
√

−ημν
dX ′μ

dτ ′
dX ′ν

dτ ′ . (16.9)
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Equations of Motion

The variation of the action S1 gives

δS1 = −m
∫

dτδ

(√
−Ẋμ Ẋνημν

)

= −m
∫

dτ

⎡
⎣−ημν Ẋμδ Ẋν√

−Ẋρ Ẋρ

⎤
⎦

= −m
∫

dτ
d

dτ

⎡
⎣ ημν Ẋν√

−Ẋμ Ẋνημν

⎤
⎦ δXμ + δXμm

dXμ

dτ

∣∣∣∣
τ f

τi

, (16.10)

where in the third equality we have used partial integration. Considering that
−Ẋ2 = 1 and defining the momentum of the particle

pμ = muμ = m
dXμ

dτ
, (16.11)

the equation of motion, coming from putting to zero the bulk of the variation δS1, is

dpμ

dτ
= 0 , (16.12)

whereas the boundary condition, coming from the vanishing of the boundary term,
is

δXμ pμ(τ f ) − δXμ pμ(τi ) = 0. (16.13)

The equation ofmotion is the equation of the free particle, and in this case it implies
also the vanishing of the boundary term. The solution looks somewhat trivial, in the
sense that it is the straight line of a free particle. But if we consider the motion in a
curved spacetime, with ημν replaced with a general metric gμν , we obtain instead
the motion on a geodesic in the curved spacetime.

This is now nontrivial, and it corresponds to the interaction of a particle with the
gravitational field. It is part of amore general situation, where background fields (like
the metric here) appearing in the particle action correspond to interaction effects of
the particle with the fields.

As another example, in order to couple to a background gauge field (gauge field),
we add to the action the coupling to a current,

∫
Aμ jμ. But normally, in the quantum

field theory formalism (second quantization), this is a function of the spacetime,∫
d4x Aμ(X) jμ(X), and the current is a spatial delta function centered on the path

of the particle,

jμ(Xρ) = q
dXμ

dτ
δ3(Xρ − Xρ(τ )). (16.14)
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That means that the coupling becomes

∫
d4x Aμ(X

ρ) jμ(Xρ) =
∫

d4x Aμ(X
ρ)q

dXμ

dτ
δ3(Xρ − Xρ(τ ))

=
∫

dτ Aμ(X
ρ(τ ))

(
q
dXμ(τ )

dτ

)
. (16.15)

16.2 Quantum Field Theory in the Worldline Formalism

Having defined a particle action and its coupling to the background fields, we can
define the formalism of first quantization, i.e., the worldline formalism. This is some-
what unusual and is seldom taught in quantum field theory, since it is a bit cumber-
some, and it works mostly in simple theories, like scalar theories or at most QED.
Instead of starting from a field theory action, and deriving Feynman rules, and from
them the Feynman diagrams, we must define the Feynman rules by hand.

• The propagator (from x to y) is defined from the particle action, as we will see
shortly.

• The vertex factor at x and y, instead of being derived from the field theory action,
must now be postulated. We have many ways of defining the vertex factor, cor-
responding to many possible (consistent) quantum field theories. In string theory
however, as we will see, the difference is that the vertex is not defined ad hoc, but
is completely constrained by the quantum consistency of the theory (in particular,
by conformal invariance) and as a such, there is a unique result, corresponding to
the fact that there is a unique consistent string theory.

• Finally, we must define rules about how to integrate the points. Here, it is rather
obvious, namely

∫
d4x

∫
d4y, but in string theory it is less so. In fact, there are

many subtleties for integration, related to possible overcounting and singularities,
that make the general case very difficult.

Propagator from Action

To find the spacetime propagator between x and y, we need the worldline action.
We first note that we can write, for an operator as well as for a constant (number),

〈y|�−1|x〉 =
∫ ∞

0
dτ 〈y|e−τ�|x〉. (16.16)

We then note that the Hamiltonian for a nonrelativistic particle of mass m = 1/2
is

H = �p2
2m

= �
2m

= �. (16.17)
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That means that the transition amplitude for (Euclidean) time separation τ
obtained with this Hamiltonian can be written as a path integral,

〈y|e−τH |x〉 =
∫ y

x
DX (t)e− 1

4

∫ τ
0 dt Ẋ2

, (16.18)

so that the particle propagator,

〈
y| 1� |x

〉
=

∫ ∞

0
dτ 〈y|eτ�|x〉 =

∫ ∞

0
dτ

∫ y

x
DX (t)e− 1

2 SP , (16.19)

where the (massless) particle action is, as we will see shortly,

SP = −1

2

∫ τ

0
dt Ẋ2. (16.20)

In conclusion, once we know the action, we can calculate the propagator (and
then we need to define the vertices and rules for integration).

16.3 First Order Particle Action

In order to have the propagator (and in general, in order to quantize), we need an
action. But the action S1 is highly nonlinear in Xμ(τ ), so it is hard to quantize, and
it gives a complicated propagator.

Instead of it, we must define a first order formulation of the action, which is
quadratic in the fields (and perhaps in derivatives as well). To general procedure on
how to achieve that is to introduce some auxiliary fields. Here, the auxiliary field
must be an independent (intrinsic) “worldline metric” in one dimension, γττ (τ ).
Better yet, consider the “vielbein” (the name is however inappropriate now, since
we are in one dimension, so we should rather use “einbein”)

e(τ ) = √−γττ (τ ) > 0. (16.21)

Then we note that in one dimension we have
√− det γ = e(τ ), and

√− det γγττ = −e−1(τ ). (16.22)

We could continue by trying to find the action that gives the second order
form S1, but it is easier instead to write the action as a general quadratic ac-
tion for the scalar fields Xμ(τ ). One invariant term is the scalar kinetic term
−1/2

∫
dτ

√− det γγττ dXμ

dτ
dXν

dτ
ημν , and another is the cosmological constant term

− ∫
dτ

√− det γm2. The action then becomes
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SP = 1

2

∫
dτ

[
e−1(τ )

dXμ

dτ

dXν

dτ
ημν − em2

]
, (16.23)

and is invariant under reparametrizations. Indeed, reparametrization invariance
means

e′(τ ′)dτ ′ = e(τ )dτ ⇒ e′−1(τ ′)
dτ ′ = e−1(τ )

dτ
. (16.24)

The action we have obtained indeed is equivalent to S1, since the equation of
motion for e(τ ) is

− 1

e2
Ẋ2 − m2 = 0 , (16.25)

with the solution

e = 1

m

√
−ημν Ẋμ Ẋν . (16.26)

Replacing this solution in SP , we obtain

SP = −m
∫

dτ

√
−ημν Ẋμ Ẋν = S1. (16.27)

Therefore SP is the first order form of S1; they are classically equivalent, though
quantum mechanically they can in principle be different.

But SP is much simpler, and in particular is quadratic in fields, so we can base our
quantization on it. Moreover, we are really interested in the massless limit m → 0,
and the nonlinear action S1 doesn’t have a good m → 0 limit (it vanishes under it),
whereas SP does: it is

SP,m→0 = 1

2

∫
dτ

[
e−1(τ )Ẋμ Ẋνημν

]
. (16.28)

The action still has reparametrization invariance (“gauge invariance”), under the
transformation e′(τ ′)dτ ′ = e(τ )dτ . That means that we can fix a gauge by perform-
ing such a transformation, and in this gauge e(τ ) is anything that we want. The
simplest choice is e(τ ) = 1, for which we have the simplest quadratic action

SP = 1

2

∫
dτ Ẋμ Ẋνημν . (16.29)

Equations of Motion and Constraints

The equations of motion of SP in the gauge e(τ ) = 1 is

d

dτ

(
dXμ

dτ

)
= 0. (16.30)
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But since now we have fixed a gauge, we need to impose the equation of motion
of the field that was fixed, e(τ ), as a constraint. This is similar to what we do in elec-
tromagnetism, in the gauge A0 = 0, where we need to impose the Gauss constraint,
i.e., the would-be equation of motion of A0.

Now the constraint is

− e2
δS

δ e
= δS

δ e−1
= 0 ⇒ dXμ

dτ

dXν

dτ
ημν = 0. (16.31)

But this gives the energy-momentum tensor

Tγγ ≡ 2√− det γ

δS

δγττ
= −2

e

δS

δe−2
= e2

δS

δe
, (16.32)

so the constraint is the vanishing of the energy-momentum tensor,

Tγγ ≡ T = 0. (16.33)

16.4 Quantization of the Particle in the Light-Cone Gauge

We could continue with the quantization of the particle in the gauge e = 1, but we
will leave that as an exercise. Instead, we will quantize it in the light-cone gauge.

Considering light-cone coordinates

X± = t ± X1

√
2

, (16.34)

we fix a gauge for reparametrization invariance by imposing a light-cone gauge
condition

X+ = 1

m2
p+τ . (16.35)

This fixes the reparametrization for τ , but it is not the usual proper time, nor is
it the same as in the e = 1 gauge. Indeed, now we obtain Ẋ+ = p+/m2, but on the
other hand we have in general (from S1, or from SP by eliminating e)

pμ = ∂L

∂ Ẋμ
= mẊμ√

−Ẋ2
, (16.36)

so that p2 + m2 = 0. By comparing the two forms for pμ, we obtain

p+ = mẊ+√
−Ẋ2

= m2 Ẋ+ ⇒ Ẋ2 = − 1

m2
. (16.37)
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Replacing back in the definition of pμ, we find

pμ = m2 Ẋμ. (16.38)

But as we saw, e =
√

−Ẋ2/m, so that now we find

e = 1

m

√
−Ẋ2 = 1

m2
. (16.39)

On the other hand, the mass-shell condition p2 + m2 = 0 becomes in light-cone
coordinates

− 2p+ p− + pI pI + m2 = 0 , (16.40)

where pI is the transverse momentum, solved by

p− = 1

2p+ (pI pI + m2). (16.41)

Then p−, as well as its canonically conjugate x+, is a dependent quantity. The
independent variables, from pμ = m2 Ẋμ, are found to be

dX−

dτ
= p−

m
⇒ X−(τ ) = x−

0 + p−

m2
τ

dX I

dτ
= pI

m2
⇒ X I (τ ) = x I

0 + pI

m2
τ . (16.42)

Schrödinger Picture

The quantum phase space variables are (X I , x−
0 , p

I , p+) (or x I
0 instead of X I ), and

we can postulate the canonical commutation relations for them, as usual replacing
the Poisson brackets with commutators

[X I , pJ ] = iη I J = iδ I J

[x−
0 , p

+] = iη−+ = −i. (16.43)

The other commutators are zero.

Heisenberg Picture

In the Heisenberg picture, the quantum phase space variables turn into time-
dependent operators (X I (τ ), X−(τ ), pI (τ ), p+(τ )), and the canonical commutation
relations are

[X I (τ ), pJ (τ )] = iη I J = iδ I J

[X−(τ ), p+(τ )] = iη−+ = −i , (16.44)

and the rest are zero.
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Besides these variables, we can define also the dependent variables as operators,

X+(τ ) ≡ p+

m2
τ

p− = 1

2p+ (pI pI + m2). (16.45)

In fact, in light cone coordinates, one customarily defines x+ as light-cone “time”,
and therefore the generator associated with translations in it,

p− ↔ ∂

∂X+ , (16.46)

as light-cone energy. On the other hand, the Hamiltonian is the generator of τ trans-
lations, hence it is

∂

∂τ
= p+

m2

∂

∂X+ ↔ p+

m2
p−. (16.47)

Then we must define the Heisenberg picture Hamiltonian as

H(τ ) = p+(τ )
m2

p−(τ ) = 1

2m2
(pI (τ )pI (τ ) + m2) ↔ � + m2

2m2
. (16.48)

We still need to define the state space on which the Heisenberg operators act. A
basis of states is the momentum basis |p+, �pT 〉 ≡ |p+, pI 〉. On it, the Hamiltonian
acts as

H |p+, �pT 〉 = 1

2m2
(pI pI + m2)|p+, �pT 〉. (16.49)

A general state then is defined by a wavefunction

|ψ, τ 〉 =
∫

dp+d �pTψ(τ , p+, �pT )|p+, �pT 〉 , (16.50)

so that the Schrödinger equation is

i
∂

∂τ
ψ(τ , p+, �pT ) = 1

2m2
(pI pI + m2)ψ(τ , p+, �pT ). (16.51)

Important Concepts to Remember

• The action of a relativistic particle is S1 = −m
∫
dτ = −m

∫
dτ

√
−Ẋ2.

• The action is invariant under reparametrizations and its equation of motion is the
free motion.

• Coupling to background fields results in the motion of the particle interacting with
these fields.
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• In quantum field theory in the worldline formalism, we define Feynman diagrams
ad hoc: the propagator is given from the particle action, the vertex is defined
separately, as is the rule for integrating over vertices.

• In field theory, consistency doesn’t restrict the form of vertices, hence we have
many interacting quantum field theories. In string theory, it is completely con-
strained, so we will find a unique string theory.

• We can write a first order particle action SP that is quadratic in fields and deriva-
tives, and has a smooth m → 0 limit.

• The action has reparametrization invariance, which can be fixed by the gauge
choice e = 1, where SP = 1/2

∫
dτ Ẋ2. The Gauss constraint is the vanishing of

the energy-momentum tensor Tγγ = 0.
• In light-cone gauge X+ = p+τ/m2, quantization is in terms of the independent
(physical) variables (X I , X−, pI , p+), and p− acts as light-cone energy.

Further reading: See [20] (at an advanced undergraduate/beginning graduate
student level), [21] (at advanced graduate level) and [22] (at an advanced gradu-
ate level; very good for basics, however it doesn’t have modern topics) for more on
string theory.

Exercises

(1) Calculate the geodesic equation for motion of a free particle in a gravitational
field, coming out of the particle action S1, with ημν → gμν .
(2) Write down a particle action, second order in derivatives, for motion on a circle.
(3) Quantize covariantly the particle in the gauge e = 1.
(4) Show that the equation of motion for the particle action plus the coupling∫
d4x jμAμ is the relativistic Lorentz force law. Repeat the derivation in the non-

relativistic limit.



Chapter 17
Relativistic Strings

In this chapter we will finally start describing string theory. String theory is a theory
of relativistic strings. That means, it is not like violin strings, or cosmic strings, which
are essentially non-relativistic and as a result can have compression modes, along
the string. Also, unlike them, they represent an idealization, and have zero thickness,
i.e., they are truly one-dimensional, and moreover their endpoints will move at the
speed of light. But like them, will be characterized by a certain string tension, or
energy per unit length, T .

17.1 String Worldsheet and Tension

Note that the idealization is one step better than the idealization of having point
particles, which is a very counter-intuitive onewhenwe think about it, yet only a little
bit so: in the direction transverse to the string, it is still point-like. Because of this, the
string moving in time will span a two-dimensional surface called a worldsheet. The
surface will be characterized by intrinsic coordinates on the worldsheet, like always
in curved spaces, σ for worldsheet length (along the string) and τ for worldsheet
time, see Fig. 17.1. On the other hand, in spacetime we will have a path depending
on (σ, τ ), Xμ = Xμ(σ, τ ), generalizing the case of Xμ(τ ) for the particle.

Just like the action for the particle was a mass parameter −m times the length of
its worldline,

∫
dτ , the action of a string is expected to be a the mass parameter −T

times the area of its worldsheet. In this way, the equation of motion will minimize
the area of the worldsheet, just like the equation of motion for the particle minimizes
the length of the path, giving the geodesic.

For historical reasons, the string tension iswritten as T = 1/(2πα′). Indeed, string
theory did not start the way we describe it here, as a theory of strings, but rather
with an amplitude (the Veneziano amplitude) that was found to describe hadronic
physics somewhat. It was then found that it reproduces a linear relation between spin
and mass squared of hadrons, J = α′M2 + J0, that can be obtained from rotating
strings. Then one finds that T = 1/(2πα′) is the tension of the strings. Therefore the
© Springer Nature Switzerland AG 2019
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Fig. 17.1 String worldsheet
moving in spacetime Xµ

Xµ(σ, τ)

σ

τ

ds

action is

S = −T
∫

d A = − 1

2πα′

∫
d A. (17.1)

We see that α′ has dimension of length squared. But as we know from general
relativity, the invariant area of the worldsheet is d2ξ

√− det(γab), where {ξ} = (σ, τ )

for a, b = 0, 1. The action would then be

S = − 1

2πα′

∫
dσdτ

√− det(γab) = − 1

2πα′

∫ τ f

τi

dτ

∫ l

0
dσ

√
−γ00γ11 + γ2

12 ,

(17.2)
but γab would be the intrinsic metric on the worldsheet.

17.2 Induced Metric and the Nambu–Goto Action

However, we want that the action defines the embedding of the string worldsheet in
spacetime, XμXμ(ξ), i.e., the string trajectory.

For simplicity, to understand the embedding, we start with a spatial 2-dimensional
surface embedded into an Euclidean space, with metric

ds2 = d �X · d �X . (17.3)

Consider a surface spanned by {ξi }, i = 1, 2, with embedding �X = �X(ξ). Then
on the embedding, we have

d �X = ∂ �X
∂ξi

dξi , (17.4)

and replacing it inside the Euclidean metric, we obtain the induced line element,

ds2induced =
(

∂ �X
∂ξi

· ∂ �X
∂ξ j

)
dξi dξ j ≡ gi j (ξ)dξi dξ j , (17.5)
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where the induced metric is

gi j (ξ) = ∂ �X
∂ξi

· ∂ �X
∂ξ j

. (17.6)

We can now repeat this for a 1+1 dimensional (Minkowski signature) surface,
embedded into an arbitrary space of Minkowski signature, with metric gμν(X), and

ds2 = gμνdX
μdXν . (17.7)

As before, the embedding Xμ(ξa) implies that on the embedding we have

dXμ = ∂Xμ

∂ξa
dξa , (17.8)

so the line element is

ds2induced = gμν(X)
∂Xμ

∂ξa
∂Xν

∂ξb
dξadξb. (17.9)

Finally then, the induced metric on the worldsheet, or “pullback” of the spacetime
metric is

hab(ξ) = ∂a X
μ∂bX

νgμν(X). (17.10)

We are now ready to write the action for the string in the form found by Nambu
and Goto. Note that Yoichiro Nambu got the Nobel prize mostly for the Nambu–
Goldstone boson, but the string action was also cited by the Nobel committee, so to
date this is the only Nobel prize related to string theory. The Nambu–Goto action is
written with the above induced metric instead of γab, so

SNG = − 1

4πα′

∫
dσ dτ

√− det(hab(ξ)). (17.11)

Symmetries

The Nambu–Goto action is

• reparametrization (general coordinate, or diffeomorphism) invariant, like the par-
ticle action was. The action in terms of the intrinsic metric γab is explicitly
reparametrization invariant (asweknow fromgeneral relativity), but so is the action
in terms of the induced metric hab(ξ), since for a transformation ξ′a = ξ′a(ξb), it
transforms as

hab(ξ) = gμν
∂Xμ

∂ξ′c
∂Xν

∂ξ′d
∂ξ′c

∂ξa
∂ξ′d

∂ξb
= h′

cd(ξ
′)

∂ξ′c

∂ξa
∂ξ′d

∂ξb
. (17.12)

That means that (by taking the determinant on both sides)
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√− det(hab) =
√

− det(h′
ab)

∣∣∣∣∂ξ′

∂ξ

∣∣∣∣ ⇒ d2ξ
√− det(hab) = d2ξ′

√
− det(h′

ab) ,

(17.13)
so indeed the action is invariant.

• spacetime Poincaré invariant, in the case that we will study further, of flat space-
time, gμν(X) = ημν .

17.3 The First Order Polyakov Action

Like in the case of the particle, we note that the Nambu–Goto action is highly
nonlinear, so it is not ideal for quantization. For that, we must write a first order
form that is quadratic in the fields. In fact, the coordinates Xμ(ξ) act as scalars in
the quantum field theory on the two dimensional worldsheet. In order to write a first
order action, we must introduce auxiliary fields, and like in the case of the particle,
we know that we can use an intrinsic worldsheet metric γab for that (though in the
particle case, we have written the action instead in terms of the einbein, since it was
somewhat easier).

We can easily write the first order action simply by thinking of what we want to
obtain. As we said, we will want to write the action in flat spacetime (gμν = ημν).
We need a quadratic action for two dimensional massless scalars, with a prefactor
1/(2πα′). The unique result is thePolyakov action, (which was first written by Brink,
Di Vecchia, Howe, Deser and Zumino...)

SP [X, γ] = − 1

4πα′

∫
M
dσ dσ

√−γγab∂a X
μ∂bX

νημν . (17.14)

The action is equivalent to the Nambu–Goto action upon solving for the intrinsic
metric γab.

Varying SP with respect to γab, we obtain (using δ det γab/ det γab = γabδγab =
−γabδγ

ab)

δSP = − 1

4πα′

∫
M
dσ dτ

√−γγab

[
∂a X

μ∂bX
νημν − 1

2
γab(γ

cd∂a X
μ∂bX

νημν)

]
.

(17.15)
The equation of motion of γab, δSP/δγab=0 is, identifying hab=∂a Xμ∂bXνημν ,

hab − 1

2
γab(γ

cdhcd) = 0. (17.16)

Multiplying by hab, we obtain (γabhab)2 = 4, which is solved by

γab = hab = ∂a X
μ∂bX

νημν . (17.17)
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Then indeed, solving the equation of motion for γab and it putting back in SP , we
obtain SP = SNG , hence the Polyakov action is a first order form for Nambu–Goto.

Symmetries

The Polyakov action has the following symmetries:

• spacetime Poincaré invariance, as before.
• worldsheet reparametrization (diffeomorphism) invariance, defined by 2 transfor-
mations σ′(σ, τ ) and τ ′(σ, τ ). Under it, the coordinates Xμ are scalars, as we
already said, so X ′μ(σ′, τ ′) = Xμ(σ, τ ), whereas the intrinsic metric transforms
in the usual way,

γab(σ, τ ) = γ′
cd(σ

′, τ ′)
∂ξ′c

∂ξa
∂ξ′d

∂ξb
. (17.18)

• Weyl invariance. This is an extra symmetrywith respect to theNambu–Goto action,
and is also a local invariance, that acts on themetric, but not on the two dimensional
coordinates ξa , or the scalars Xμ, i.e.,

X ′μ(σ, τ ) = Xμ(σ, τ )

γ′
ab(σ, τ ) = e2ω(σ,τ )γab(σ, τ ); ∀ω(σ, τ ). (17.19)

Indeed, in two dimensions, we easily see that
√− det γab → e2ω

√− det γab, but
γab → e−2ωγab.

This extra Weyl symmetry will be very important in the following, showing that
the Polyakov form of the string action is more powerful.

17.4 Equations of Motion, Boundary Conditions
and Constraints

We now vary the action, in order to obtain the equations of motion (from the bulk
term), boundary conditions (from the boundary term) and constraints (from gauge
fixing).

Before considering the complete boundary conditions, we can make an observa-
tion about them. The strings have spatial extension, so we need boundary conditions
for the endpoints, which then can be open, i.e., the they are different points in space-
time, or closed, which means that they are at the same points in spacetime.

Before continuing, we note that the energy-momentum tensor (or more precisely,
the Belinfante tensor) is obtained by varying the action with respect to the metric.
In string theory, one usually considers a different normalization that normal, with an
extra factor of 2π, i.e.,

Tab(σ, τ ) = − 4π√−γ

δSP
δγab

. (17.20)
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In string theory, it is conventional to multiply by this 2π, in order for the result to
be simpler, namely

Tab(σ, τ ) = 1

α′

[
∂a X

μ∂bXμ − 1

2
γab∂c X

μ∂c Xμ

]
. (17.21)

Note that normally, this would not be possible, since the energy-momentum tensor
couples to gravity through Einstein’s equation. But in two dimensions, we cannot
add a kinetic term for gravity, i.e., an Einstein–Hilbert term on the worldsheet, since
this term,

1

4π

∫
M
d2ξ

√−γR(2) = χ = 2(1 − g) , (17.22)

is a topological invariant, the Euler number, an integer described by g = 0, 1, 2, . . .,
the genus of the surface M . That means that the variation with respect to the metric
gives zero, not the Einstein tensorGab = Rab − 1

2gabR(2) as in higher dimensions. In
other dimensions, the Einstein equation δS/δγab = 0 is Gab = 8πGNTab, so rescal-
ing Tab matters, but in two dimensions, the equation of motion is

Tab = 0 , (17.23)

for which a rescaling is irrelevant. As usual, the energy-momentum tensor is con-
served,

∇aT
ab = 0. (17.24)

Since the action SP is Weyl invariant, and Weyl invariance corresponds to mul-
tiplying all metric components by the same value, Weyl invariance is equivalent to
the statement that

γab δSP
δγab

= 0 ⇒ T a
a = 0 , (17.25)

i.e., that the energy-momentum tensor is traceless off-shell. But note that it was
essential to have Weyl invariance, otherwise the energy-momentum tensor need not
be traceless off-shell.

We now vary the action with respect to Xμ(σ, τ ), for which we need to partially
integrate, obtaining

δX SP = 1

2πα′

∫
dτ

∫ l

0
dσ

√−γδXμ∇2Xμ − 1

2πα′

∫
dτ

√−γδXμ ∂σXμ

∣∣σ=l

σ=0 .

(17.26)
We have considered here only a boundary in σ, not in τ , for the string worldsheet,

leading to the above boundary term.

Boundary Conditions

The vanishing of the boundary term leads to the boundary conditions,
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δXμ ∂σXμ

∣∣σ=l

σ=0 = 0, (17.27)

which can be split as follows:
–closed strings: The boundary conditions are periodic,

Xμ(l, τ ) = Xμ(0, τ ); γab(l, τ ) = γab(0, τ ) , (17.28)

or more generally,

Xμ(σ + l, τ ) = Xμ(σ, τ ); γab(σ + l, τ ) = γab(σ, τ ). (17.29)

–open strings. For them, we can either consider

• Neumannboundary conditions (vanishingof the derivative of thefield at the bound-
ary),

∂σX
μ(l, τ ) = ∂σX

μ(0, τ ) = 0 , (17.30)

where the endpoints of the string are free, and as we will shortly see, they move
at the speed of light.

• Dirichlet boundary conditions (the field at the boundary is constant),

δXμ(l, τ ) = δXμ(0, τ ) = 0. (17.31)

In this case, the endpoints of the string are fixed, and we will see in the chapter
after next that this corresponds to the strings ending on objects called D-branes.
We will therefore not study them further in this chapter.

Equations of Motion

The vanishing of the bulk variation of the action gives the equation of motion,
which is

∇2Xμ = 0 , (17.32)

the wave equation in 1+1 dimensions.

Gauge Fixing and Constraints

We have seen that the Polyakov action has 3 local worldsheet invariances, i.e., arbi-
trary functions of (σ, τ ):

• two diffeomorphisms, σ′(σ, τ ) and τ ′(σ, τ )

• one Weyl, ω(σ, τ ).

On the other hand, the metric is a symmetric matrix, so has also 3 independent
components, γ00, γ01 and γ11. That means that we can fix the metric to anything that
we want. Of course, one should check that we can indeed reach the domain of values
for the components in which the desired value resides, but that is true in the cases of
interest.
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The simplest choice is usually called “conformal gauge”, and is

γab = ηab. (17.33)

Note that sometimes this is called (more rigorously) “unit gauge”, but we will use
the term conformal gauge in the following.

In the conformal gauge, the Polyakov action becomes

SP = − 1

4πα′

∫
d2σημνη

ab∂a X
μ∂bX

ν , (17.34)

and correspondingly, the equations of motion become

�Xμ =
(

− ∂2

∂τ 2
+ ∂2

∂σ2

)
Xμ = 0. (17.35)

But when we fix a gauge condition, we must impose the equation of motion of
the gauge fixed object as a constraint. Since we have fixed γab, we must impose its
equation of motion,

Tab = 0 , (17.36)

as a constraint.

Static Gauge and the String Tension

Another useful gauge is the static gauge, in which the string looks static, and we fix
time X0 to be equal to the worldsheet time τ ,

X0 = τ ; �X = �X(σ). (17.37)

We could have chosen also X1 = σ, but wewant to keep things a bit more general.
Then for a static string �X = �X(σ), we find

SNG = − 1

2πα′

∫
dσdτ

√
(Ẋ · X ′)2 − Ẋ2X ′2 = − 1

2πα′

∫ l

0
dσ

∫
dτ

√
| �X ′| ,

(17.38)
where dot means time (τ = X0) derivative and prime means σ derivative. Then the
action becomes

S = −�tT
∫

dσ
|d �X |
dσ

= −�t |� �X |T , (17.39)

and since on a static configuration, the action equals minus the energy times �t , we
find

E = |� �X |T , (17.40)

i.e., T is energy per unit length, deserving thus the name of string tension.
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Open String Endpoints

We finally prove that the open string endpoints, in the case of Neumann (free)
boundary conditions, move at the speed of light.

In conformal gauge, γab = ηab, the energy-momentum tensor is

Tab = 1

α′

[
∂a X

μ∂bXμ − 1

2
ηab∂c X

μ∂c Xμ

]
. (17.41)

Using the notation above, we find

α′T01 = α′T10 = Ẋ · X ′; α′T00 = α′T11 = 1

2
(Ẋ2 + X ′2). (17.42)

Since at endpoints, the Neumann boundary condition is ∂σXμ(σ, τ ) ≡ X ′ = 0,
the conditions become simply

0 = Ẋ2 = ∂Xμ

∂τ

∂Xν

∂τ
ημν , (17.43)

which amounts to the fact that the endpoints move on ds2 = 0, i.e., at the speed of
light.

17.5 Coupling of String to Background Fields

Wehave seen how to couple the fields to spacetime gravity in the Polyakov action.We
simply need to replace ημν with the general metrix gμν(X). But we need to maintain
the local symmetries of the original action. In fact, in string theory, we start with an
action in a particular background, here flat space, and quantize the theory (as we will
do in the next chapter) in this background. But then we will see that the massless
states of the string are fields Aμν , whose symmetric traceless part is identified with
the graviton hμν , the antisymmetric part with a tensor Bμν , and the trace with a field
φ called the dilaton. These fields will condense and modify the background, but
this means that the modified background should still satisfy the initial symmetries,
if there are no anomalies (if the symmetries are preserved at the quantum level, as
they should be, for a local symmetry). We have then consistency conditions on the
possible backgrounds.

With this caveat, we can turn to writing the general Polyakov action in a consistent
background of gμν, Bμν and φ. Since Bμν is the antisymmetric part of the field whose
symmetric traceless part is gμν , it will couple in the action in the same way, via the
pull-back from spacetime to the worldsheet of Bμν ,

Bμν∂a X
μ∂bX

ν , (17.44)
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and since moreover this object is antisymmetric in (ab), we can make an invariant
out of it by multiplying with εab instead of

√−γγab, for an action

SP = − 1

4πα′

∫
d2σ∂a X

μ∂bX
ν
[√−γγabgμν(X) + α′εabBμν(X)

]
. (17.45)

The α′ in the second term is conventional, to make Bμν dimensionful.
Finally, to add a coupling to the dilaton, wemust consider a term that would vanish

for constant φ, since φ is not necessarily zero. It cannot be a normal scalar, since that
would have the interpretation of an extra coordinate X . The only possibility, once we
think about it, is to multiply theR(2), whose integral gives the topological invariant
(Euler number), i.e., to add

1

4π

∫
d2σφ(X)R(2) (17.46)

to SP .

Important Concepts to Remember

• String theory is a theory of relativistic idealized strings, defined on a worldsheet
(σ, τ ), with the coordinates appearing as worldsheet scalars Xμ(σ, τ ).

• The Nambu–Goto action is the minus the string tension times the invariant area
of the worldsheet, calculated with the induced metric on the worldsheet, or the
“pullback” of the spacetime metric.

• The first order form of the Nambu–Goto action is the Polyakov action, with an
independent (intrinsic) metric γab, and with the form of a kinetic action for the
scalars Xμ(σ, τ ).

• The Polyakov action is spacetime Poincaré invariant, diffeomorphism invariant
and Weyl invariant.

• Theboundary conditions for the string are: closed, openNeumann andopenDirich-
let.

• The equations of motion for Xμ are simply the two dimensional wave equation.
• We can fix a gauge for diffeomorphisms and Weyl invariance, fixing the metric

γab to anything, in particular to the conformal gauge γab = ηab.
• In a gauge like the conformal gauge, the metric γab equation of motion, Tab = 0,
is imposed as a constraint.

• The open strings move at the speed of light, and in a static gauge, the string energy
per unit length is the string tension.

• We can write the Polyakov action in a background for gμν, Bμν,φ.

Further reading: See [20–22].

Exercises

(1) Calculate the Hamiltonian and the equations of motion for the Nambu–Goto
string in static gauge.
(2) Consider the Polyakov action
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SP = − 1

4πα′

∫
dσdτ [√−γγab∂a X

μ∂bX
νgμν(X) + εab∂a X

μ∂bX
νBμν(X)] ,

(17.47)
where gμν(X) is a metric and Bμν(X) is antisymmetric. Derive the Nambu–Goto
action corresponding to it.
(3) Expand the Polyakov action in background fields gμν, Bμν,φ in terms of gauge
covariant objects around a spacetime point, using the tangent space at the point.
(4) Can one add a “cosmological constant” term on the 1+1 dimensional worldsheet
of the Nambu–Goto string? Why? Compare with the case of a 2+1 dimensional
“worldvolume”.



Chapter 18
Light-Cone Gauge Strings
and Quantization

In the previous chapter, we have described the classical theory of strings, from the
point of view of their worldsheet. Here we will describe the way to quantize them,
using a particular gauge called light-cone gauge.

18.1 Light-Cone Gauge

We have seen that the Polyakov action, with diffeomorphism and Weyl invariance,
can be gauge fixed to put the metric in the Minkowski form, in the conformal gauge,
γab = ηab. The action becomes

SP = − 1

4πα′

∫ +∞

−∞
dτ

∫ l

0
dσηab∂a X

μ∂bX
νηab , (18.1)

and the equation of motion is the flat space wave equation,

(
− ∂2

∂τ 2
+ ∂2

∂σ2

)
Xμ(σ, τ ) = 0. (18.2)

We have used thus 3 arbitrary functions to fix 3 components, so we might think
that the gauge invariance is completely fixed. But we know from the case of elec-
tromagnetism that this is not so. For instance, in Lorenz gauge or the A0 = 0 gauge,
even though it uses one function to fix one component of the gauge field, we can
still have residual gauge invariance, where the parameter λ of the transformation is
not anymore an arbitrary function, but has a special dependence on coordinates (this
allows us to fix both A0 = 0 and ∂μAμ = 0, for the radiation gauge condition).

Similarly now, we have a residual symmetry, a combination of reparametriza-
tion (diffeomorphism, or general coordinate) invariance and Weyl invariance, with a
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specific coordinate dependence, that leaves the gauge fixed action invariant. Defining

σ+ ≡ τ + σ; σ− ≡ τ − σ , (18.3)

a subset of general coordinate transformations that we consider is

σ+ → σ̃+ = f (σ+)
σ− → σ̃− = g(σ−). (18.4)

Invariance of flat space under these transformations is called “conformal invari-
ance”, and it leads to a modification of the flat space metric by multiplication by a
factor,

ds2 = −dσ+dσ− = −dσ̃+

f ′
dσ̃−

g′ = −( f ′g′)−1(σ̃+, σ̃−)dσ̃+dσ̃−. (18.5)

In general, conformal invariance is invariance under a subset of general coordinate
transformations of flat space that multiplies the metric with a conformal factor,

ds2 = d �x2 = e2ω(�x
′)d �x ′2 , (18.6)

such that the action remains the same action with the original flat metric.
The string action in conformal gauge is conformal invariant, since after the confor-

mal transformationwe canmake a compensatingWeyl transformationγab → e2ωγab,
under which

√−γγab is invariant in 2 dimensions, that gets rid of the conformal fac-
tor ( f ′g′)−1 ≡ e−2ω , so we are back at the flat space metric.

After the conformal transformation, we have (defining also σ̃± ≡ τ̃ ± σ̃),

τ̃ = 1

2

(
σ̃+(σ+) + σ̃−(σ−)

)
σ̃ = 1

2

(
σ̃+(σ+) − σ̃−(σ−)

)
. (18.7)

and, since now ∂± = 1
2 (∂τ ± ∂σ), we obtain that τ̃ satisfies also the free wave equa-

tion,

(
− ∂2

∂τ 2
− ∂2

∂σ2

)
τ̃ = −

(
∂

∂τ
− ∂

∂σ

) (
∂

∂τ
+ ∂

∂σ

)
τ̃ = −4

∂

∂σ+
∂

∂σ− τ̃ . (18.8)

Defining light-cone coordinates in spacetime by

X± = X0 ± XD−1

√
2

, (18.9)
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we see that τ̃ satisfies the same equation as Xμ, in particular as X+ (since linear
combinations of Xμ’s satisfy the same equation). That means that we can choose a
linear relation between them, specifically

τ̃ = X+

p+ + const. , (18.10)

or
X+(σ, τ ) = x+ + p+τ . (18.11)

This is called the light-cone gauge condition, and is a gauge fixing for conformal
invariance, besides the conformal gauge that fixed diff and Weyl invariances.

Then the general solution of the wave equation is obtained like the form for τ̃ was
written also, namely as a sum of an arbitrary function of σ+ and an arbitrary function
of σ−,

Xμ = Xμ
R(σ

−) + Xμ
L(σ

+). (18.12)

Here Xμ
R are called “right-moving modes” and Xμ

L are “left-moving modes”,
referring to the fact that these are wave modes moving one way or the other along
the string.

18.2 String Mode Expansions

Closed String Mode Expansion

For a closed string, we have periodicity, Xμ(τ , l) = Xμ(τ , 0), and we can choose
a scale (by constant reparametrizations on the worldsheet) such that l = 2π. The
reason is that we can now parametrize the closed string by (σ being) an angle,
and correspondingly we can use the Fourier theorem to decompose XL(τ + σ) and
XR(τ − σ) in Fourier modes.

The general solution of the equations of motion is then

Xμ
R(τ − σ) = 1

2
xμ + α′

2
pμ(τ − σ) + i

2

√
2α′

∑
n �=0

1

n
αμ
n e

−in(τ−σ)

Xμ
L(τ + σ) = 1

2
xμ + α′

2
pμ(τ + σ) + i

2

√
2α′

∑
n �=0

1

n
α̃μ
n e

−in(τ+σ). (18.13)

Note that we could have written different constants for the two fields, we chose
to consider half of the constant for Xμ = Xμ

L + Xμ
R . Also note that the sum over n is

for n �= 0, but we can put in the linear term as the n = 0 term, defining

α
μ
0 =

√
α′

2
pμ = α̃

μ
0 . (18.14)
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Then the total Xμ is

Xμ(σ, τ ) = xμ + α′ pμτ + i

2

√
2α′

∑
n �=0

1

n
[αμ

n e
−in(τ−σ) + α̃μ

n e
−in(τ+σ)]. (18.15)

Since Xμ
L , X

μ
R must be real, it follows that xμ, pμ ∈ R, and moreover

α
μ
−n = (αμ

n )
†; α̃

μ
−n = (α̃μ

n )
†. (18.16)

Open String Mode Expansion

We next consider the open string with Neumann boundary conditions (Dirichlet
boundary conditions will be considered in the next chapter),

X ′μ∣∣
σ=0,π = 0. (18.17)

Note that we have fixed the length of the open string to be l = π, again conven-
tionally. Then the most general solution amounts to taking α

μ
n = α̃n

μ in (18.15), such
that there are only sin nσ modes in X ′, which vanish at σ = 0,π,

Xμ(σ, τ ) = xμ + 2α′ pμτ + i
√
2α′

∑
n �=0

1

n
αμ
n e

−inτ cos nσ. (18.18)

Again we can absorb the linear term as the n = 0 term in the sum, by defining

α
μ
0 = √

2α′ pμ. (18.19)

18.3 Constraints and Hamiltonian

We saw that the constraints coming from fixing the conformal gauge are Tab = 0,
or α′T01 = α′T10 = Ẋ · X ′ = 0 and α′T00 = α′T11 = 1

2 (Ẋ
2 + X ′2) = 0. In the σ±

coordinates, they are

α′T++ = α′

2
(T00 + T01) = ∂+X · ∂+X = Ẋ2

L

α′T−− = α′

2
(T00 − T01) = ∂−X · ∂−X = Ẋ2

R , (18.20)

where the last form is valid only on-shell.
The action in conformal gauge is

SP = 1

4πα′

∫ +∞

−∞
dσ(Ẋ2 − X ′2) , (18.21)
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leading to the worldsheet momentum

Pμ
τ = Ẋμ

2πα′ , (18.22)

and Hamiltonian

H =
∫ l

0
dσ(Ẋ · Pτ − L) = 1

4πα′

∫ l

0
dσ(Ẋ2 + X ′2) = 1

2π

∫ l

0
dσT00. (18.23)

–For the on-shell open string, l = π, and substituting the expansion of Xμ and
the orthonormality relations

∫ π

0
dσ cos nσ cosmσ = δn+m,0∫ π

0
dσ sin nσ sinmσ = δn+m,0 , (18.24)

we find the Hamiltonian

H = 1

2

+∞∑
n=−∞

α
μ
−nα

μ
n . (18.25)

–For the on-shell closed string, l = 2π, and substituting the expansion of Xμ and
the orthonormality relations for the exponentials, we find the Hamiltonian

H = 1

2

+∞∑
n=−∞

[αμ
−nα

μ
n + α̃

μ
−nα̃

μ
n ]. (18.26)

Constraint Modes

The Virasoro constraints T++ = 0 and T−− = 0 are still functions on the circle (for
the closed string) or on the interval (for the open string), and as such can be expanded
into Fourier modes.

–closed string. In the closed string case, the Fourier modes are defined as

Lm = 1

2π

∫ 2π

0
dσe−imσT−− = 1

2πα′

∫ 2π

0
dσe−imσ Ẋ2

R = 1

2

+∞∑
n=−∞

α
μ
m−nα

μ
n

L̃m = 1

2π

∫ 2π

0
dσe−imσT++ = 1

2πα′

∫ 2π

0
dσe−imσ Ẋ2

L = 1

2

+∞∑
n=−∞

α̃
μ
m−nα̃

μ
n ,

(18.27)
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where after the definition, we have used the on-shell form. Note that the factor of
1/(2π) is due to the conventional factor in the energy-momentum tensor that was
added in front.

–open string. In the open string case, the Fourier modes are defined as

Lm = 1

2π

∫ 2π

0
dσ(eimσT++ + e−imσT−−) = 1

2π

∫ +π

−π

dσeimσT++

= 1

8πα′

∫ +π

−π

dσeimσ(Ẋ + X ′)2 = 1

2

+∞∑
n=−∞

α
μ
m−nα

μ
m . (18.28)

We note then that the Hamiltonian can be written as

H = L0 open

= L0 + L̃0 closed (18.29)

Then for the open string, the H = L0 = 0 constraint translates into (writing the
sum for n ≥ 1 and for n ≤ −1 as twice the sum for n ≥ 1, and separating the n = 0
term)

M2 ≡ −pμ pμ = − α2
0

2α′ = 1

α′
∑
n≥1

α
μ
−nα

μ
n , (18.30)

and similarly in the closed string case, the H = L0 + L̃0 = 0 constraint becomes

M2 ≡ −pμ pμ = −α2
0 + α̃2

0

α′2 = 2

α′
∑
n≥1

(α
μ
−nα

μ
n + α̃

μ
−nα̃

μ
n ). (18.31)

Light-Cone Gauge

Until now, we had considered only the conformal gauge, but now we also impose
the fact that we are in the light-cone gauge

X+(σ, τ ) = x+ + p+τ . (18.32)

By comparing with the general expansion (18.15) and the equivalent one for the
open string, we see that we must have

α+
n = 0, for n �= 0. (18.33)

We also obtain then Ẋ+ ± X ′+ = p+.
Then the Virasoro constraints (Ẋ ± X ′)2 = 0 become, in spacetime light-cone

coordinates (where v · w = −v−w+ − v+w− + viwi ) and in the light-cone gauge
become
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(Ẋ− ± X ′−) = (Ẋ i ± X ′i )2

2(Ẋ+ ± X ′+)
= (Ẋ i ± X ′i )2

2p+ . (18.34)

It is easy to see that in components we obtain

α−
n = 1

2p+
∑
m∈Z

αi
n−mαi

n. (18.35)

That means that the light-cone gauge puts α+
n = 0 and fixes (through the Virasoro

constraints) α−
n from αi

n . The only independent oscillators are now αi
n . Indeed, then

also the mass formula becomes (for the open string)

M2 = 2p+ p− − pi pi = 1

α′
∑
n≥1

αi
−nα

i
n , (18.36)

and a similar sum only over the transverse indices i for the closed string.

18.4 Quantization of String Modes

We next move to describing quantization. We proceed first with general issues,
before focusing on the light-cone gauge quantization. Before the light-cone gauge,
the Polyakov action is (18.21), with the canonical momentum Pμ

τ = Ẋμ/(2πα′).
We can calculate the equal time Poisson brackets, and find

[Pμ(σ, τ ), Xν(σ′, τ )]P.B. = −δ(σ − σ′)ημν

[Xμ(σ, τ ), Xν(σ′, τ )]P.B. = [Pμ(σ, τ ), Pν(σ′, τ )]P.B. = 0. (18.37)

From them, we can deduce the Poisson brackets for the modes of the string,

[αμ
m,α

ν
n]P.B. = [α̃μ

m, α̃
ν
n]P.B. = −imδm+n,0η

μν

[pμ, xν]P.B. = ημν

[αμ
m, α̃

ν
n]P.B. = 0. (18.38)

These however need to be supplemented with the Virasoro constraints (Ẋ ±
X ′)2 = 0 (T++ = T−− = 0), or their modes Ln = 0 and L̃n = 0.

Then quantization proceeds as usual, by replacing the Poisson brackets [, ]P.B.
with the commutator −i[, ].

The canonical (equal time) commutation relations are

[Pμ(σ, τ ), Xν(σ′, τ )] = −iδ(σ − σ′)ημν

[Xμ(σ, τ ), Xν(σ′, τ )] = [Pμ(σ, τ ), Pν(σ′, τ )] = 0. (18.39)



220 18 Light-Cone Gauge Strings and Quantization

From them, one finds the canonical commutation relations for the modes α
μ
m, α̃ν

m,

xμ, pμ,

[αμ
m,α

ν
n] = [α̃μ

m, α̃
ν
n] = mδm+n,0η

μν

[pμ, xν] = ημν

[αμ
m, α̃

ν
n] = 0. (18.40)

We see then that the string modes are usual oscillators with a rescaling,

αμ
m = √

maμ
m; α

μ
−m = √

ma†μm ; m > 0. (18.41)

But we note that as it stands, we have too many modes, as seen from the fact that
the timelike modes have negative norm (their commutator has the wrong term). As
in electromagnetism, the point is that we still need to impose the constraints, now
Lm = 0 and L̃m = 0. In a covariant type of quantization, like the Gupta–Bleuler of
electromagnetism, we need to impose the constraints as operators acting on physi-
cal states (for the covariant quantization of electromagnetism, Gupta–Bleuler type,
one imposes ∂μA(+)

μ |ψ〉 = 0, the positive frequency part of the operatorial Lorenz

condition on physical states), so one would need to impose Lm |ψ〉 = L̃m |ψ〉 = 0.

18.5 Light-Cone Gauge Quantization

But instead, I will continue with the quantization in the light-cone gauge. We saw
that there, at the classical level, the Virasoro constraints were solved by writing α−

n
in terms of αi

n , and we also have α+
n = 0. At the quantum level we must care about

the ordering of the oscillators αi
n , since they don’t commute. The correct solution at

the quantum level is written in terms of normal ordering (defined as usual for a and
a†’s, by putting the a†’s to the left and a’s to the right) as

α−
n = 1

p+

[
1

2

D−2∑
i=1

∑
m∈Z

: αi
n−mαi

m : −aδn,0

]
, (18.42)

since only the n = 0 terms don’t commute. As before, we have α+
m = 0.

In this way, X+ and X− are eliminated completely, and there are no constraints
left. That means that we can quantize in a physical gauge, meaning only the physical,
independent oscillators αi

n obey canonical commutation relations.

Open String Spectrum

For n = 0, the Virasoro constraint mode Ln = 0 gives now, considering carefully
the order of oscillators,
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M2 ≡ 2p+ p− − pi pi = 1

α′ (N − a) , (18.43)

where N is a kind of number operator,

N =
∑
n≥1

αi
−nα

i
n =

∑
n≥1

na†in a
i
n , (18.44)

and n is called the level, and a is an ordering constant, calculated as follows. In fact,
in L0, we have the terms (rewriting the n ≥ 1 and n ≤ −1 through flipping n)

∑
i

∑
n≥1

n
a†in a

i
n + aina

†i
n

2
= N +

D−2∑
i=1

∑
n≥1

n

2
= N + D − 2

2

∑
n≥1

1. (18.45)

But the infinite sum over n is regularized using the usual zeta function regular-
ization of quantum field theory. The Riemann zeta function,

ζ(s) =
∑
n≥1

1

ns
, (18.46)

is actually a well-defined function on the complex plane, minus the negative integers,
but can be analytically continued to a function defined over the whole complex plane,
and then one finds that at s = −1 one has

ζ(−1) =
∑
n≥1

n = − 1

12
. (18.47)

Replacing above, we find the normal ordering constant

a = D − 2

24
. (18.48)

We see from the mass-shell relation M2 = (N − a)/α′ that string theory is a
theory of an infinite number of different kinds of particles, labelled by the level
n, somewhat similar to the case of a solid, with phonons with Hamiltonian H =∑

n ωnNn . Just that in the solid case, the different kinds of phonons, with different
ωn’s, are not considered really as different kinds of particles, but here it is so, since
we are in flat space.

But then we notice that for N = 1, more precisely for states αi
−1|0〉 = a†i1 |0〉,

which have eigenvalue 1 for N , themass isM2 = 1 − a, yet there are i = 1, . . . , D −
2 of them, like for a massless vector (which has only transverse components, unlike
a massive vector). That means that we must have M2 = 0 in this case, or

a = 1. (18.49)



222 18 Light-Cone Gauge Strings and Quantization

That then implies
D = 26 , (18.50)

so our (bosonic) string must live in 26 dimensions. We will see later that a super-
symmetric version of the string must instead live in 10 dimensions, by a similar
argument.

We have also seen in the particle case that in light-cone coordinates, x+ plays the
role of (light-cone) time, and therefore its canonical conjugate, p−, is the Hamilto-
nian. The light-cone Hamiltonian for the string is then

Hl.c. = p− = pi pi

2p+ + 1

2α′ p+ (N − 1). (18.51)

The vacuum of the open string is the one annihilated by all the oscillators (like
for the phonon case), but since we have also pμ among the quantum operators, the
vacuum must also come with an eigenvalue for it, i.e., with momentum.

Therefore the vacuum state is |0, �k〉, and it satisfies

p+|0, �k〉 = k+|0, �k〉
pi |0, �k〉 = ki |0, �k〉

αi
m |0, �k〉 = 0, (18.52)

A general state is then

|N , �k〉 =
[
D−2∏
i=1

∏
n≥1

(a†in )
Nin√

Nin !

]
|0, �k〉 =

[
D−2∏
i=1

∏
n≥1

(α†i
n )

Nin√
nNin Nin !

]
|0, �k〉. (18.53)

We note that the vacuum is a spacetime scalar |0, �k〉, with M2 = −1/α′, i.e.,
it is a tachyon. This simply says that the potential for this scalar φ has negative
curvature at zero, V ′′(φ = 0) < 0, i.e. the vacuum is unstable. The bosonic string
is therefore actually unstable around the usual vacuum. But there could be some
nonperturbative vacuum at some φ0 �= 0, which is a true minimum, and around
which bosonic string theory is stable. This is not known until now, despite various
tentatives at understanding it.

As we argued before, the next state, a†i1 |0〉, is a vector state corresponding to some
gauge field Aμ, which is massless.

Closed String Spectrum

For the closed string, there are two constraints L0 − a = L̃0 − a = 0, and it turns
out that the constant a is the same a = 1 as before (by a similar argument). Then we
can write the M2 formula in two ways,
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M2 = 4

α′
∑
n≥1

(αi
−nα

i
n − 1) = 4

α′
∑
n≥1

α̃i
−nα̃

i
n − 1) , (18.54)

but we must supplement it with the level-matching condition (matching the levels on
the left and right sectors) L0 = L̃0, which means

∑
n≥1

αi
−nα

i
n =

∑
n≥1

α̃i
−nα̃

i
n. (18.55)

That means that we can write the mass-shell condition also, symmetrically, as

M2 = 2

α′
∑
n≥1

(αi
−nα

i
n + α̃i

−nα̃
i
n) = 2

α′ (N + Ñ − 2) , (18.56)

but supplemented with the level matching condition

N = Ñ . (18.57)

In this case the vacuum is still a tachyon |0, �k〉, but now with M2 = −4/α′. On
the other hand, because of the level-matching condition, the first excited states is the
one with N = Ñ = 1, which is therefore again massless (M2 = 0). This is a state

a†i1 ã
† j
1 |0, �k〉 = αi

−1α̃
j
−1|0, �k〉 ≡ |i j〉. (18.58)

So this is a state with two transverse indices |i j〉, i, j = 1, . . . , D − 2. In terms
of irreducible representations of the Lorentz (SO(D)) group, this splits into the
symmetric traceless state ((i j)), the antisymmetric state [i j] and the trace i i .

String theory started as an attempt to describe hadronic (strong interaction) physics
via the Veneziano amplitude. Only later it was realized that this amplitude comes
from strings, and then it was found that closed strings have this massless symmetric
traceless (spin 2) state in the spectrum. It was however known that there are no
hadronic states that have spin 2 and are massless, so for a while the interest in
string theory waned (also since QCD came along as a very good theory of strong
interactions), until itwas realized (by JohnSchwarz) that this simplymeans that string
theory is a theory of quantum gravity (since it includes a graviton in its spectrum),
and is not a theory of strong interactions.

Now we can therefore say that the massless states of the closed bosonic string are
the graviton gμν , an antisymmetric tensor Bμν and a scalar φ called the dilaton.

We can then self-consistently consider that these massless modes of the string
condense and create a background for the string, like we did in the previous chapter.
But we need the consistency condition that when we do so, the symmetries of the
action are preserved at the quantum level by the introduction of this background. And
we saw in particular that the Polyakov action had conformal invariance. Imposing
conformal invariance at the quantum level for a general background gives some
consistency conditions that imply equations of motion for the spacetime fields.
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Thus, even though we are doing worldsheet string physics, we are in fact able to
obtain spacetime information, just by imposing quantum consistency of the theory
in a general background for the string. We will however not show here how to do
that, since it is a bit complicated.

Important Concepts to Remember

• The Polyakov action in light-cone gauge has conformal invariance, which is invari-
ance under a coordinate transformation that acts on the flat space metric by mul-
tiplication by a common factor.

• The light-cone gauge is X+ = x+ + p+τ and it fixes the longitudinal modes,
leaving only transverse modes.

• The constraints T++ = T−− = 0 give the infinite number of Virasoro modes Ln =∑
m α

μ
n−mα

μ
m = 0 and L̃n = ∑

m α̃
μ
n−mα̃

μ
n−m = 0.

• For the on-shell closed string in conformal gauge, the Hamiltonian is H =
1
2

∑
n(α

μ
−nα

μ
n + ãμ

−nã
μ
n ), and for the on-shell open string we have only the modes

without tilde.
• Under quantization, the open string mass-shell condition is M2 = 2p+ p− − �p2 =

1
α′ (N − a) and the closed string one is M2 = 2p+ p− − �p2 = 2

α′ (N + Ñ − 2a),
supplemented with the level-matching condition N = Ñ .

• The light-cone gauge Hamiltonian is H = p+ defined by themass-shell condition.
• From zeta function regularization of the sum of zero point energies, we obtain
a = (D − 2)/24, and from the consistency of the massless spectrum we obtain
D = 26.

• The strings have a tachyonic (unstable) ground state, and the closedmasslessmodes
are a graviton, antisymmetric tensor and dilaton, meaning that string theory is a
theory of quantum gravity unified with other interactions.

Further reading: See [20, 21] for more details.

Exercises

(1) Write down the most general solution for the open string Xμ(σ, τ ) with one
Neumann (free) boundary condition and one Dirichlet (fixed) boundary condition.
(2) Write down the states of the first 2 massive levels of the bosonic open string and
closed string.
(3) Calculate the algebra satisfied classically by the Lm, L̃m , via Poisson brackets.
(4) Construct a coherent state of the graviton (symmetric traceless massless mode of
the closed string), and show that it can be thought of as a gravitational background.
(5) Write the (naive) generator of theLorentz symmetry Jμν in terms of the oscillators
of the string α

μ
n .



Chapter 19
D-Branes and Gauge Fields

In this chapter we will explore the consequences of having Dirichlet boundary
conditions for open strings. It will imply the existence of objects called D-branes,
that have gauge fields on their “worldvolume”.

The idea of having Dirichlet boundary conditions arose early on, through the
argument we have, of vanishing the boundary term in the variation of the string
action. However, initially it was thought it was a bad idea, since a Dirichlet boundary
condition meant that the endpoints of strings are fixed at one point in spacetime,
which would break translational invariance, one of the most obvious symmetries of
quantum field theory. For a while, the idea of having Dirichlet boundary conditions
in all space and time directions was considered, what is now called a D-instanton,
since this was clearly a type of soliton, and very like a usual instanton.

But then it came to be that other objects were considered. If we have Dirichlet
boundary conditions in D − p − 1 space dimensions and Neumann boundary con-
ditions in p + 1 spacetime dimensions, the open string ends on a p + 1 dimensional
“wall”, a p-brane (a term coined from a generalization of the word membrane), or
more precisely a Dp-brane (the D standing in for Dirichlet). More precisely, each
endpoint of the string can be on the same, or on different Dp-branes. The wall will
be called a “worldvolume”, generalizing the worldline of the particle and the world-
sheet of the string. Note that really, we are assuming that both endpoints of the string
have the same type of boundary conditions for the same coordinates, i.e., that we
have NN or DD boundary conditions, though in principle it is possible to have ND
coordinates as well (and then, the Dp-branes on which the endpoints of the string lie
are of different types).

We will use light-cone coordinates, with worldvolume coordinates {X+, X−, Xa}
for the p + 1NNcoordinates parallel to theD-brane, and {Xi } for theDDcoordinates,
transverse to the D-brane, therefore we split the lightcone transverse coordinates as
X I = (Xa, Xi ). From the point of view of the D-brane, the transverse coordinates
act as scalar fields on the worldvolume, in the same way we saw this happening for
the particle or the string.

The reason that Dp-branes were finally considered as interesting, is that in a
seminal paper in 1989, Dai, Leigh and Polchinski proved that the Dirichlet boundary
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conditions are not simply inert, but rather that this “wall” is a dynamical object,
somewhat like a soliton, the D-brane. The paper proved (through a calculation in
string theory) that spacetime closed string modes can collide with this “wall” and
excite open string modes on it, including the transverse coordinates, thus making it
vibrate.

19.1 The D-Brane Action

If the transverse coordinates are also scalars on the worldvolume, the action for the
D-brane must start with an action minimizing the volume of the D-brane, just like
the action for the string minimizes the surface of the worldsheet, so with

S = −Tp

∫
d p+1ξ

√− det(hab) , (19.1)

where as there, hab is the induced metric on the worldvolume, or “pull-back” of the
spacetime metric,

hab = ∂Xμ

∂ξa
∂Xν

∂ξb
gμν(X). (19.2)

Here Tp is a D-brane tension, generalizing the string tension T , as energy per unit
volume of the worldvolume.

Moreover, also like in the case of the string, we have seen that in string theory gμν

and Bμν are the symmetric and antisymmetric parts of the same field αi
−1α̃

j
−1|0, �k〉,

so actually the action must have them in the combination gμν(X) + α′Bμν(X). That
means that the action for coupling of Xμ to gμν(X) and Bμν(X) is

S = −Tp

∫
d p+1ξ

√
− det

(
∂Xμ

∂ξa
∂Xν

∂ξb
[gμν(X) + α′Bμν(X)]

)
. (19.3)

Like theNambu–Goto action for the string, the actionhas diffeomorphism (general
coordinate, or reparametrization) invariance, which can be fixed using a gauge. In
the case of the string, we have suggested the use of a static gauge, which in this
more general case of D-branes can be made more precise. The static gauge means
identifying the worldvolume coordinates with p + 1 of the spacetime coordinates,
so

Xa = ξa; a = 0, 1, . . . , p , (19.4)

whereas the transverse coordinates are identified with scalar fields φa(ξ) on the
worldvolume through a constant rescaling,

Xi (ξa) = φi (ξa)√
Tp

. (19.5)
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We also expand the spacetime metric in a graviton perturbation,

gμν(X) = ημν + 2κNhμν(X). (19.6)

Firstly, we consider the case of only the scalars being nontrivial, and hμν =
Bμν = 0. Then the action is

S = −Tp

∫
d p+1ξ

√
− det

(
ηab + ∂aφi∂bφi

Tp

)
, (19.7)

and expanding the determinant we obtain

− det

(
ηab + ∂aφ

i∂bφ
i

Tp

)

= − 1

(p + 1)!ε
a1...ap+1εb1...bp+1(ηa1b1 + ∂a1φ

i∂b1φ
i ) . . . (ηap+1bp+1 + ∂ap+1φ

i∂bp+1φ
i )

= − 1

(p + 1)!ε
a1...ap+1εa1...ap+1 − (p + 1)

(p + 1)!ε
a1...apap+1εa1...apbp+1

∂ap+1φ
i∂bp+1φi

Tp
+ · · ·

= 1 + ∂aφ
i∂aφi

Tp
+ · · · (19.8)

Here in the first equality we wrote the definition of the determinant, in the second
equality we dropped the terms containing more than one factor of ∂aφ

i∂bφ
i (if there

is a single φ, since ∂[aφ∂b]φ = 0, there are no such higher order terms), and in the
third we used the equality (easily proved in components)

εa1...akak+1...an εa1...akbk+1...bn = −k!(n − k)!δ[ak+1...an ]
[bk+1...bn ] . (19.9)

Therefore finally, expanding the action in the scalar fields we get

S = −Tp

∫
d p+1ξ

√
1 + ∂a �φ · ∂a �φ

Tp
+ · · ·

� −
∫

d p+1ξ

[
Tp + ∂a �φ · ∂a �φ

2
+ · · ·

]
. (19.10)

Next, considering the action with a graviton hμν in it, and expanding the determi-
nant to first order in the graviton and first order in the scalars φi ,
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− det
(
(ημν + 2κNhμν)(δ

μ
a + ∂aφ

μ)(δν
b + ∂bφ

ν)
)

= − det

(
ηab + 2κNhab + 4κNhai

∂bφ
i√

Tp
+ · · ·

)

= 1 + haa + 4κNhai
∂aφi√
Tp

+ · · · , (19.11)

and ignoring the graviton trace haa (supposing it is zero), we find for the action (and
keeping the leading kinetic term as well)

S � −
∫

d p+1ξ

[
Tp + ∂a �φ · ∂a �φ

2
+ 2κN

√
Tphai∂

aφi + · · ·
]

. (19.12)

From it, we find the vertex for φ j with hai ,

V aj
i = −2κN

√
Tpik

aδ
j
i . (19.13)

This vertex represents a coupling of a graviton hai , which is a closed string mode
(living in the bulk of the spacetime) to φ j , which is an open string mode, living on
the worldvolume of the D-brane (since the endpoints of the open string are restricted
to the D-brane, the open string mode lives on it). Thus this vertex represents exactly
what we discussed before, the fact that a closed string can collide with the D-brane
and excite an open string mode, thus making it vibrate (indeed, φi corresponds to a
fluctuation in the transverse position of the D-brane), as in Fig. 19.1.

By matching with a string theory calculation, coming from a worldsheet with the
topology of a disk, that ends on the D-brane, and contains a very thin tube going to
infinity (as the closed string mode coming from infinity to collide with the D-brane),
we find the same vertex, and we can calculate the tension as a function of string
theory objects,

Tp = 1

(2πα′)2g2p+1

, (19.14)

where gp+1, the coupling of the p + 1 dimensional theory on the Dp-brane, is

g2p+1 = (2π)p−2gsα
′ p−3

2 . (19.15)

We still need to consider the coupling of the D-brane with the last massless mode
of the closed bosonic string, the dilaton φ, which appears as the trace of the same
mode αi

−1α̃
i
−1|0, �k〉 as for the graviton and B-field. But the dilaton gives the string

coupling gs through its VEV, by e〈φ〉 = gs . Indeed, string theory has no dimension-
less parameter (and only one dimensional parameter, α′), so the only dimensionless
parameters come from the vacuum. An action for closed string modes then would be
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Fig. 19.1 Graviton collides
with D-brane and excites the
open string mode living on it,
making it vibrate

graviton colliding

open string mode:

D-brane

expected to have 1/g2s in front, and an action for open string modes, like the D-brane
action is, to have 1/g2o , go being the open string coupling constant.

We can see pictorially that a closed string interaction is the square of an open
string interaction, (closed string) = (open string)2. Indeed, if we cut a basic closed
string interaction, a “pair of pants”, for a closed string splitting into two, we obtain
two identical open string interactions, as in Fig. 19.2, which means that

gs = g2o . (19.16)

Fig. 19.2 Cutting a basic closed string interaction, a “pair of pants”, into two pieces, we obtain
two basic open string interactions
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That means that we expect to find in front of the D-brane action a factor 1
g2o

=
1
gs

= e−〈φ〉. But it follows logically that the full dependence of the D-brane action on
φ must be via a factor of e−φ, as

Sp = −Tp

∫
d p+1ξe−φ

√
− det

(
∂Xμ

∂ξa
∂Xν

∂ξb
[gμν(X) + α′Bμν(X)]

)
. (19.17)

In this way we have shown the coupling of the D-brane with all the massless
modes of the closed bosonic string. But we have only shown how it couples to φi , the
massless scalars on the worldvolume, whereas there are other massless open string
fields. In particular, as we saw in general for Neumann boundary conditions in the last
chapter, there are massless vectors coming from αi

−1|0, �k〉, and on the D-brane we
have the same boundary conditions. The mode Aa should couple gauge invariantly
to the D-brane, i.e., through Fab, and for small fields, we expect to have the usual
Maxwell action − 1

4 FabF
ab. Moreover, it should fit inside the determinant.

Luckily, there is such a simple action, theBorn–Infeld action for electromagnetism
found in the 1930s, as an action without the singularities of the Maxwell action, that
has amaximum electric field (and never reaches infinite values). It amounts to adding
α′Fμν to the metric inside the determinant, so the full Dirac–Born–Infeld (DBI)
action is

SDBI,Dp = −Tp

∫
d p+1ξe−φ

√
− det

[
∂Xμ

∂ξa
∂Xν

∂ξb
(gμν(X) + α′Bμν(X)) + α′Fab

]
.

(19.18)
The action at Bab = Xi = φ = 0 is the Born–Infeld action, and the action for the

scalars Xi ’s written before was defined (and studied) also by Dirac.
To the DBI action one in general needs to add another term, the “Wess–Zumino”

(WZ) term that describes the coupling to antisymmetric tensor fields, calledRamond–
Ramond (RR) fields, that appear for the supersymmetric string. There, the product
of two spinorial (Ramond, or R) modes is decomposed in spacetime antisymmetric
tensors Aμ1...μp+1 .

The coupling to them is of the type current times gauge field, like in elec-
tromagnetism. There, we have the

∫
ddx jμ(�x)Aμ(�x) term, for an electron source

j0(�x) = eδ(3)(�x − �x(τ )), giving
∫
dτ A0(�x(τ )). Now similarly, the “gauge field”

Aμ1...μp+1(x) is sourced by a p + 1 dimensional brane, which gives a source

j01...p(�x) = μpδ
(D−p−1)(�x − �x(ξ)) , (19.19)

so the simplest WZ term is

∫
dDx jμ1...μp+1(�x)Aμ1...μp+1(�x) = μp

∫
d p+1ξA01...p(�x(ξ)). (19.20)
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Here μp is charge density (charge per unit p-dimensional volume) of the
D-brane (in fact μp = Tpeφ−φ0 ). This term is the leading part of the WZ term. In
the supersymmetric theory, on a supersymmetric background, this term gives a +Tp

term that cancels the−Tp constant in the expansion of the DBI term. In fact, through
the presence of the −Tp term in the DBI term we can see the need for another term
in the action for the supersymmetric case, since supersymmetry requires zero energy
for the ground state.

19.2 Chan–Paton Factors and Several D-Branes

We have seen how to write the full action for a D-brane, but we can in fact have more
than one D-brane. We introduce them through so-called Chan–Paton factors. Indeed,
it was noticed that we can add labels |i〉 to each of the open string endpoints, having
thus |i〉| j〉, with i, j = 1, . . . , N . But then one endpoint can be thought of being as in
theN representation ofU (N ), and the other in the N̄ representation, whichmeans that
the string itself can be thought to be in the N × N̄ =adj, the adjoint representation
ofU (N ). Using the basis of adjoint matrices λa

i j , the wavefunctions of the states are

|�k, a〉 =
N∑

i, j=1

|�k, i j〉λa
i j . (19.21)

For the massless vector states, the fact that the Chan–Paton factors give a state in
the adjoint representation means that we have nonabelian gauge fields.

In the case of Neumann and Dirichlet boundary conditions, giving D-branes, the
index labels D-branes, so there are N D-branes, on which lives aU (N ) gauge theory.
At the quadratic level, we have the action (already assuming the cancellation of the
constant term through a supersymmetric WZ term)

S =
∫

d p+1ξ(−2Tp)Tr

[
−1

2
Da �φ · Da �φ − 1

4
FabF

ab

]
. (19.22)

19.3 Quantizing Open Strings on D p-Branes

We consider open string stretching between 2 parallel Dp-branes, situated at trans-
verse positions, xi1 and xi2, i.e., with Dirichlet boundary conditions for the DD direc-
tions

Xi (τ ,σ = 0) = xii ; Xi (τ ,σ = π) = xi2. (19.23)

We first review what we did in the usual case, for NN directions. The Virasoro
constraints were solved in light-cone coordinates by
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Ẋ− ± X ′− = 1

2α′
1

2p+ (Ẋ I ± X ′I )2 = 1

2α′
1

2p+ [(Ẋ i ± X ′i )2 + (Ẋ a ± X ′a)2].
(19.24)

Here we have split the lightcone transverse coordinates as X I = (Xa, Xi ) as
before. But from solving the wave equation for the NN coordinates, expanding the
solution in modes, we found

Ẋ a ± X ′a = √
2α′

∑
n∈Z

αa
ne

−in(τ±σ). (19.25)

Then substituting in the Virasoro constraint above, and expanding in modes, we
found in particular the mass-shell condition from the n = 0 mode of the equation.
The quantization of the modes was

[αa
n,α

b
m] = mηabδm+n,0. (19.26)

We now turn to the DD coordinates and try to find a similar formula. Again, the
wave equation for the Xi coordinates is

∂+∂−Xi = 0. (19.27)

As before, the most general solution is a sum of a general function of τ + σ and
a general function of τ − σ,

Xi = f i (τ + σ) + gi (τ − σ). (19.28)

Imposing the boundary condition at σ = 0, we find that gi (x) = xi1 − f i (x), so

Xi (τ ,σ) = xi1 + f i (τ − σ) − f i (τ − σ). (19.29)

Imposing also the boundary condition at σ = π, we find

f i (τ + π) − f i (τ − π) = xi2 − xi1 ⇒ f i (x + 2π) = f i (x) + xi2 − xi1. (19.30)

This periodicity condition means that we can expand the functions in sines and
cosines, plus a linear term,

f i (x) = xi2 − xi1
π

+
∑
n≥1

( f in (x) sin nσ + f̃ in cos nσ). (19.31)

In turn, we find then the coordinates

Xi (τ ,σ) = xi1 + xi2 − xi1
π

σ +
∑
n≥1

( f in cos nτ − f̃ in sin nτ ) sin nσ. (19.32)
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Redefining the coefficients in order to find e+inτ and e−inτ modes, we find

Xi (τ ,σ) = xi1 + xi2 − xi1
π

σ + √
2α′

∑
n≥0

1

n
αi
ne

−inτ sin nσ. (19.33)

We can include the n = 0 modes in the sum by defining

√
2α′αi

0 = xi2 − xi1
π

. (19.34)

Note that this is different than the NN case, in which case αa
0 were related to the

momenta pa . In the DD case, since the endpoints are fixed, there is no center of mass
momentum for the string, so αi

0 is written instead in terms of the D-brane positions.
With this definition, we find

X ′i ± Ẋ i = √
2α′

∑
n∈Z

αi
ne

−in(τ±σ) , (19.35)

which up to an irrelevant overall sign is the same as we found in the NN case. That
means that replacing in the Virasoro constraint we find the same relation as a function
of αi

n .
Then we can quantize in the same way as for the NN directions, with

[αi
n,α

j
m] = mδi jδm+n,0. (19.36)

Finally, that means that the mass-shell condition, coming from the modes of
the Virasoro constraint, is the same when written in terms of αi

n and αa
n , the only

difference being that αi
0 is now not related to pi = 0. We thus obtain

2p+ p− = 1

α′

[
α′ pa pa + 1

2
αi
0α

i
0 +

∑
n≥1

(αa
−nα

a
n + αi

−nα
i
n) − 1

]
. (19.37)

This can be rewritten as an equation for M2,

M2 ≡ 2p+ p− − pa pa = 1

2α′ α
i
0α

i
0 + 1

α′

[∑
n≥1

(αa
−nα

a
n + αi

−nα
i
n) − 1

]

=
(
xi2 − xi1
2πα′

)2

+ 1

α′ (N
⊥ − 1) , (19.38)

where the transverse number operator is

N⊥ ≡
∑
n≥1

∑
a

naa†n aan +
∑
m≥1

∑
i

mai†m a
i
m . (19.39)
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The extra term in M2 is understood as coming from the string extended between
the 2 D-branes. Since the energy of the string is E = T L , and T = 1/(2πα′) is the
string tension and L is the length of the string, we obtain exactly the extra term.

The ground state of the string is obtained for N⊥ having eigenvalue 0, with
momentum and Chan–Paton factors [ĩ j̃], ĩ, j̃ = 1, 2 for the 2 D-branes,

|p+, pa; [ĩ j̃]〉 , (19.40)

and it has the mass squared of

M2 = − 1

α′ +
(
x12 − xi1
2πα′

)2

. (19.41)

The general state is obtained by acting with creation operators onto it, so has the
form

|ψ〉 =
[∏

n

∏
i

(aa†n )Nan√
Nan !

] [∏
m

∏
a

(ai†m )Nim√
Nim !

]
|p+, pa; [ĩ j̃]〉. (19.42)

We see that the scalar ground state is not necessarily tachyonic anymore, it can
be massless for

|xi2 − xi1| = 2π
√

α′. (19.43)

On the other hand, the next excited states are now

φi[12] ≡ ai†1 |p+, pa; [12]〉 , A[12]
a ≡ aa†1 |p+, pa; [12]〉 , (19.44)

and correspond to the gauge field Aa and the transverse scalars (positions of the
D-brane) φi , with Chan–Paton labels 1, 2 and with

M2 =
(
x12 − xi1
2πα′

)2

. (19.45)

If we consider coincident branes, these excited states are massless, and the vectors

aa†1 |p+, pa; [ĩ j̃]〉 (19.46)

are Yang–Mills fields for aU (N ) group, while the scalars are charged adjoint scalars

ai†1 |p+, pa; [ĩ j̃]〉. (19.47)

Note that the scalars being in the adjoint, there are N 2 of them. But if we separate
the branes, only the diagonal ones remain massless (corresponding to the unbroken
U (1)N gauge group on the N D-branes), and off-diagonal ones get a mass, “eating”
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the corresponding scalars via the Higgs mechanism. In this way, only the N diagonal
scalars, corresponding to the N D-branes positions, remain massless, while the other
ones become massive via the Higgs mechanism.

Butwhen the branes are coincident, we have N 2 “coordinates” for the N D-branes,
which means that classical geometry loses its meaning, and we have some sort of
quantum geometry, where the space becomes matriceal.

Important Concepts to Remember

• D-branes are endpoints of open strings with Dirichlet boundary conditions in
D − p − 1 directions and Neumann boundary conditions in p + 1 directions.

• They are dynamical objects in string theory, with well defined tension and charge.
Their worldvolume modes can be excited by a mode coming in from the bulk of
spacetime.

• Their worldvolume action is the sum of a DBI (Dirac–Born–Infeld) and a WZ
(Wess–Zumino) or CS term.

• The DBI term is SDBI = −Tp
∫
e−φ

√− det(gab + α′Bab + α′Fab), where gab and
Bab are the pullback onto the worldvolume of the spacetime fields, and Fab is the
field strength of the YM fields on the worldvolume.

• In a static gauge, the transverse coordinates become worldvolume scalars φi , and
one can find the couplings of the worldvolume fields Aa,φ

i with the spacetime
fields gμν, Bμν,φ, etc.

• The WZ term has the coupling of the spacetime RR fields with the worldvolume
of the D-brane. At leading order, it is μp

∫
A01...p.

• When we have several D-branes on top of each other, this corresponds to
Chan–Paton factors on the strings, and Yang–Mills massless fields.

• The mass of the open strings stretched between two D-branes has a term involving
the distance between the D-branes, M2 = (�x)2

2πα′ + 1
α′ (N⊥ − 1).

Further reading: See [20, 21] for more details.

Exercises

(1) Consider a Dp-branemoving in a general space (of a doubly-Wick rotated nonex-
tremal Dp-brane), with fields

ds2 = H−1/2
p (r)(−dt2 + d �x2p−1 + f (r)dx2p) + H 1/2

p

(
dr2

f (r)
+ r2d�2

8−p

)

e2φ = g2s H
− p−3

2
p

Cp = 1

gs
H−1

p dt ∧ dx1 ∧ · · · ∧ dx p. (19.48)

Write a general formula for the potential Vp(r) felt by the Dp-brane.
(2) Find the coupling between 2 gauge fields Aa, Ab and a dilaton φ in the D-brane
action.
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(3) Find the first 2 excited states for a string stretching between 2 D-branes situated
at a distance L = 4π

√
α′.

(4) Assuming that the nonabelian version of the DBI action, for X I (transverse
coordinates) and Aa that are N × N matrices, is obtained as a symmetrized trace of
the usual DBI action, but for the nonabelian fields, write down explicitly this action
up to quartic level in the fields (expanding the square root of the determinant). [Note:
up to quartic order in the fields, this action is the correct D-brane action, but not up
to arbitrary order.]



Chapter 20
Electromagnetic Fields on D-Branes
andN = 4 SYM. T-Duality of Closed
Strings

In this chapter we continue the description of the field theory on D-branes, and we
describe an important symmetry of string theory called T-duality, in the closed string
case.

We have seen that the theory on the D-branes involves gauge fields Aa
μ of U (N )

and adjoint scalars φia , with the standard quadratic action

Slin. = − 1

g2p+1

∫
d p+1x(−2)Tr

[
1

2
Dμφ

i Dμφi + 1

4
FμνF

μν

]
(20.1)

Here we have defined the trace with the normalization Tr[TaTb] = −(1/2)δab,
and Dμ = ∂μ + g[Aμ, .].

20.1 Supersymmetric String Theory

Until now, we have considered only the bosonic string, but as we have seen, the
bosonic string has tachyons, so at least perturbatively it is unstable. Because of this,
it is useful to consider a supersymmetric string theory.

There are several ways to obtain it.We are interested in a theory that has supersym-
metry in spacetime, but it is easier to work with a theory with supersymmetry on the
worldsheet. This is the Neveu–Schwarz–Ramond (NSR) formulation, or “spinning
string”. The spectrum turns out to be a truncation (“GSO projection”) of the bosonic
case, plus some superpartners; this truncation removes the tachyon, but keeps the
massless states, and obtains a spacetime supersymmetric spectrum. There is also a
formulation with spacetime supersymmetry, called the Green–Schwarz formulation,
or the superstring; after gauge fixing a certain symmetry (“kappa symmetry”), it
has also a worldsheet supersymmetry. It turns out to have the same spectrum as the
NSR formulation, so is actually the same theory. There is also a formulation involv-
ing “pure spinors” (spinors involving some constraints on them), for the Berkovits
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superstring, introduced in order to quantize covariantly the superstring (string with
spacetime supersymmetry).

In all these formulations, one finds, in an analogous way to what we found in the
bosonic case, that we need to have D = 10 spacetime dimensions in order to have a
sensible quantum theory.

We have seen that the simplest example of on-shell supersymmetry (there is also
off-shell supersymmetry that one can define by introducing some auxiliary fields)
lives in 1+1 dimensions, of one real scalar φ and one Majorana fermion ψ, also with
one on-shell degree of freedom. The free action was

S = −1

2

∫
d2x[(∂μφ)2 + ψ̄∂/ψ] , (20.2)

and it had supersymmetry

δφ = ε̄ψ

δψ = ∂/φε. (20.3)

Here the dimensions were [φ] = 0, [ψ] = 1/2, [ε] = −1/2. The NSR string has
10 scalars Xμ in 1+1 dimensions; the physical modes are the transverse X I , I =
1, . . . , 8 only, so one needs 8 on-shell fermionic degrees of freedom to have on-shell
supersymmetry, but the action is constructed by taking multiples of the above one,
reorganizing the fermions, and adding interactions.

20.2 D3-Brane Action andN = 4 SYM

In superstring theory, the D-branes are supersymmetric (this could be proven by ana-
lyzing the boundary conditions on the open superstring, giving the D-brane theory).
We will focus on D3-branes, since their worldvolume is 3+1 dimensional, so they
are most relevant for us. The D3-branes, like the whole superstring theory, will live
in 10 dimensions.

But as we saw, the gauge theory on them has the gauge fields Aa
μ, with 2

on-shell degrees of freedom, and the 6 scalars φi , i = 1, . . . , 6, corresponding to
the 6 coordinates transverse to the D3-brane, for a total of 8 on-shell bosonic degrees
of freedom. Since in 4 dimensions, a minimal spinor has 2 on-shell degrees of free-
dom (the number of components of a Dirac fermion is 2[D/2], which on-shell gives
for theminimal spinor one real component in 2 dimensions, and two real components
in 4 dimensions), we need to introduce 4 spinors, ψ I , I = 1, . . . , 4. The spinors will
transform under SU (4) acting on the index I . Since SU (4) = SO(6), we can write
the fundamental representation of SO(6), to which φi belongs, as the antisymmet-
ric representation [I J ] of SU (4), thus replacing φi → φ[I J ]. Since a supersymmetry
transforms the gauge field into a spinor, we can guess that the theory will haveN = 4
supersymmetries, each (with a parameter εI ) transforming Aa

μ into a different ψaI .
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It turns out that for theories with spins ≤1 in 4 dimensions, there is a
maximum number of supersymmetries equal to 4. The reason is that for s ≤ 1, we
have maximum helicity +1 and minimum −1, and one supersymmetry changes the
helicity by 1/2. The same argument for spins s ≤ 2, i.e. for supergravity theories, with
helicities ∈ [−2,+2], gives a maximum number of 8 supersymmetries. The gauge
theory withN = 4 supersymmetries, and with a maximum of two derivatives (usual
kinetic terms), is actually unique, so the “linearized” (or more precisely, quadratic
in derivatives) action on the D3-branes is this N = 4 SYM theory.

The supersymmetry transformation rules for the bosons are easy to write down,
based on the basic transformation δφ = ε̄ψ, generalized first to δψ = ε̄Iψ

I for 4
susies, and then to our case, when we just need to match indices (and as a result,
to introduce a gamma function, i.e., a constant matrix with a μ index, for the gauge
field), as

δAa
μ = ε̄Iγμψ

I a

δφ[I J ] = i

2
ε[Iψ J ]. (20.4)

The fermion transformation law is more complicated, and will not be written here.
The action for N = 4 SYM is then

S =
∫

d4x(−2)Tr

[
−1

2
Dμφ[I J ]Dμφ[I J ] − 1

4
FμνF

μν − 1

2
ψ̄I D/ ψ J

−gψ̄ I [φ[I J ],ψ J ] − g2

4
[φ[I J ],φ[K L]][φ[I J ],φ[K L]]

]
. (20.5)

The terms on the first line are just the kinetic terms (for the “quadratic” action),
and the terms on the second line are necessary in order to maintain supersymmetry
once we have introduced the minimal coupling of the gauge fields to the scalars and
fermions. In fact, this action can be simply obtained from the action forN = 1 SYM
in 10 dimensions, which is just the minimally coupled action of a fermion coupled
to a gauge fields,

S =
∫

d10x(−2)Tr

[
−1

4
FMN F

MN − 1

2
ψ̄D/ ψ

]
, (20.6)

under dimensional reduction. Indeed, then the gauge field splits as AM = (Aμ,φi ),
and the field strength as FMN = (Fμν, Fμi = Dμφi , Fi j = g2[φi ,φ j ]), with φi ↔
φ[I J ], and the spinor splits as ψA = ψαI .

We have only shown the action quadratic in derivative on the N D3-branes, namely
SU (N )N = 4 SYM.But while for theU (1) case the nonlinear DBI action is known,
for the non-Abelian case, the full action is not known. For a while there was a
conjecture that the result was the symmetric trace of the nonabelian version of the
DBI action, but it turned out not to be the case beyond a few orders.



240 20 Electromagnetic Fields on D-Branes and N = 4 SYM …

20.3 Nonlinear Born–Infeld Action

We therefore move on to some considerations about the nonlinear U (1) action. In
this case the full nonlinear supersymmetric action is known (it was found by M.
Aganagic, C. Popescu and J. Schwarz), though it is quite complicated, and will not
be reproduced here.

We consider the Born–Infeld action, the action originally found by Born and
Infeld, in terms of only the Maxwell field (electromagnetism), i.e., the DBI action
for eφ = e〈φ〉 = gs , φi = 0, Bμν = 0,

SBI = −T3

∫
d4x

[√− det (ηab + 2πα′Fab) − 1
]

, (20.7)

where 1/gs was absorbed in T3 and we have considered already the −1 coming from
the WZ term. Then we write explicitly in terms of Ei = F0i and Bi = 1

2 εi jk Fjk the
matrix

Mab = ηab + 2πα′Fab =

⎛
⎜⎜⎝

−1 −E1 −E2 −E3

E1 1 B3 −B2

E2 −B3 1 B1

E3 B2 −B1 1

⎞
⎟⎟⎠ , (20.8)

where in the last equality we have put 2πα′ = 1 for simplicity. Taking the determi-
nant, we find

− det Mab = 1 − ( 	E2 − 	B2) − ( 	E · 	B)2 , (20.9)

and on the other hand we have, defining the dual electromagnetic field F̃μν =
1
2 ε

μνρσFρσ,

1

2
( 	E2 − 	B2) = −1

4
FμνF

μν

	E · 	B = −1

8
εμνρσFμνFρσ ≡ −1

4
F̃μνF

μν . (20.10)

The D3-brane action then becomes (reinstating 2πα′)

SBI,D3 = −T3

∫
d4x

⎡
⎣

√
1 + 1

2
(2πα′)2FμνFμν − (2πα′)4

(
1

4
F̃μνFμν

)2

− 1

⎤
⎦ .

(20.11)

We note that by expanding to first nontrivial order, we get an overall factor of
− T3(2πα′)2

4 , to be identified with − 1
4g23+1

as in the linearized action (20.1). Therefore

we obtain the D3-brane tension in terms of the SYM coupling as
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T3 = 1

(2πα′)2g23+1

. (20.12)

The Born–Infeld action for the D3-brane, in terms of electric and magnetic fields
is then

SBI = − 1

(2πα′)2g23+1

∫
d4x

[√
1 − (2πα′)2( 	E2 − 	B2) − (2πα′)4( 	E · 	B)2 − 1

]
.

(20.13)
At zero magnetic field, the purely electric action is

SBI = − 1

(2πα′)2g23+1

∫
d4x

[√
1 − (2πα′)2 	E2 − 1

]
, (20.14)

and we see that it admits a maximum electric field,

| 	E | ≤ 1

2πα′ ≡ Emax. (20.15)

This was part of the motivation of Born and Infeld, who wanted a nonlinear
action for electromagnetism that reduces to the usual Maxwell one for small field,
but doesn’t have singularities. An electron solution in Maxwell electromagnetism
has infinite electric field at the electron source, but in BI electromagnetism we have
only Emax.

20.4 Closed Strings on Compact Spaces

With the purpose of manifesting an important symmetry of string theory, that will be
of use in cosmology, called T-duality, we examine closed strings on compact spaces.

The Circle S1

The simplest compact space is a circle, so consider that X25 is compactified on a
circle, i.e., that we have the identification

X25 ∼ X25 + 2πR. (20.16)

On the other hand, closed strings are periodic in σ, so they obey

Xμ(τ ,σ + 2π) = Xμ(τ ,σ). (20.17)

But because of the nontrivial identification, in the direction X25 we can have
periodicity only up to an identification, i.e.,

X25(τ ,σ + 2π) = X25(τ ,σ) + 2πmR. (20.18)
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The interpretation of this is that the closed string winds m times around the
compact circle direction. We will define the winding

w = mR

α′ . (20.19)

This winding means that the mode expansion of X25 will get modified. As before,
X25 satisfies a wave equation

∂+∂−X25 = 0 , (20.20)

solved by a sum of an arbitrary function of left movers and an arbitrary function of
right movers,

X25(τ ,σ) = X25
L (τ + σ) + X25

R (τ − σ). (20.21)

We define the variables u ≡ τ + σ and v = τ − σ. Then the winding-modified
periodicity condition on X25 becomes

X25
L (u + 2π) + X25

R (v − 2π) = X25
L (u) + X25

R (v) + 2πα′w ⇒
X25

L (u + 2π) − X25
L (u) = X25

R (v) − X25
R (v − 2π) + 2πα′w. (20.22)

But the left hand side is a function of u, and the right hand side is a function of
v, so the solution is periodicity for both X25

L (u) and X25
R (v), which therefore can be

expanded as usual in exponentials, but only up to linear term, i.e.,

X25
L (u) = x250,L +

√
α′

2
α̃25
0 u + i

√
α′

2

∑
n =0

α̃25
n

n
e−inu

X25
R (v) = x250,R +

√
α′

2
α25
0 v + i

√
α′

2

∑
n =0

α25
n

n
e−inv , (20.23)

with the constraint
α̃25
0 − α25

0 = √
2α′w. (20.24)

We have seen that the momentum density was P = Ẋ/(2πα′), so the momentum
in the 25 direction is

p ≡ p25 = 1

2πα′

∫ 2π

0
dσ(Ẋ25

L + Ẋ25
R ). (20.25)

Since u̇ = v̇ = 1, and the nonzero modes integrate to zero, from the explicit
expressions for X25

L and X25
R , we find

p = α25
0 + α̃25

0√
2α′ . (20.26)
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We invert these equations for w and p, to find

α25
0 =

√
α′

2
(p − w); α̃25

0 =
√

α′

2
(p + w). (20.27)

As we saw, w = mR/α′ is written in terms of an integer m, but so is p. Indeed,
on a compact space, eipx must be single valued around the circle, so e2πi Rp = 1, or

p = n

R
. (20.28)

Finally, substituting α25
0 , α̃25

0 in X25, we find

X25(τ , σ) = X25
L (τ + σ) + X25

R (τ − σ) = x250 + α′ pτ + α′wσ +
∑
n =0

e−inτ

n
(α25

n einσ + α̃25
n e−inσ) ,

(20.29)
where

x250 = x250,L + x250,R . (20.30)

Virasoro Constraints and Mass Spectrum on Circle

Now we are in a position to calculate the mass spectrum of closed strings on the
circle, from the Virasoro constraints. We remember that the modes of the Virasoro
constraints are Ln and L̃n , and in the n = 0 case we have L0 − 1 = L̃0 − 1 = 0, and
from these latter ones we obtain the mass spectrum. The only difference with respect
to the calculation in previous chapters is in the form of α25

0 and α̃25
0 , but otherwise

we have the same result. In lightcone coordinates (I, 25) = (+,−, i, 25), we have
as before

L0 = 1

2
(αI

0α
I
0 + α25

0 α25
0 ) + N⊥ = α′

4
(−2p+ p− + pi pi ) + α′

4
(p − w)2 + N⊥

L̃0 = 1

2
(α̃I

0α̃
I
0 + α̃25

0 α̃25
0 ) + Ñ⊥ = α′

4
(−2p+ p− + pi pi ) + α′

4
(p + w)2 + Ñ⊥.

(20.31)

Then, as usual, the Hamiltonian constraint H = L0 + L̃0 − 2 = 0 gives the mass
spectrum, and the (worldsheet) momentum constraint P = L0 − L̃0 gives the level
matching condition.

The worldsheet momentum constraint is now

L0 − L̃0 = −α′ pw + N⊥ − Ñ⊥ − 2 = 0 ⇒ N⊥ − Ñ⊥ = α′ pw = nm , (20.32)

so the new level matching is only up to the integer nm.
The mass spectrum is given by the condition L0 + L̃0 − 2 = 0, or

α′(−2p+ p− + pi pi ) + α′

2
(p2 + w2) + N⊥ + Ñ⊥ − 2 = 0 , (20.33)
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which implies that the mass squared in the compactified space is

M2
compactified ≡ 2p+ p− − pi pi = p2 + w2 + 2

α′ (N
⊥ + Ñ⊥ − 2). (20.34)

The extra term in the spectrum compared to the uncompactified case is the w2 =
(mR/α′)2 term, which comes from the length of the wound string. Indeed, we have
seen in the previous chapter that an open string stretched between two D-branes had
a mass contribution coming from the tension times the length of the string. A similar
thing happens here, since the contribution to the mass is

�M = T�L = 1

2πα′ 2πmR = mR

α′ = w. (20.35)

20.5 T-Duality of Closed Strings

We can write the spectrum in terms of integers as

M2
compactified =

( n

R

)2 +
(
mR

α′

)2

+ 2

α′ (N
⊥ + Ñ⊥ − 2). (20.36)

If we do so, we notice a symmetry of the spectrum, called T-duality, which
exchanges n with m, and R with

R̃ = α′

R
, (20.37)

so also p with w, i.e., momentum with winding. More precisely, we find that

M2
compactified(R; n,m) = M2

compactified(R̃;m, n). (20.38)

This is a symmetry that exists only in string theory, as it exchanges the momentum
modes with winding modes, which only exist for the string. It says that a certain
vacuum, characterized by a value of the radius R, is equivalent with another vacuum,
characterized by another radius R̃. The radius is assumed to be amodulus in this case,
i.e., to have no potential (perturbatively, non-perturbatively there is a potential), so
it costs no energy to change it. Then, effectively, theories with R <

√
α′ ≡ ls (string

length) are equivalent with theories with R > ls , since when the radius becomes
small, while the momenta have increasing gaps between them, the windings become
continuous, just like the momenta are in the decompactified limit.

Exchanging n with m and R with R̃, thus p with w has the effect to act on the
zero mode oscillators as

α̃25
0 ↔ α̃25

0 ; α25
0 ↔ −α25

0 . (20.39)
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But then we note that in fact, the T-duality symmetry of the spectrum is more
general, since we can also exchange the nonzero mode in the same way as the zero
modes, i.e., by

α̃25
n ↔ α̃25

n ; α25
n ↔ −α25

n . (20.40)

Moreover, we can also exchange the constant pieces as

x250,L ↔ x250,L; x250,R ↔ −x250,R , (20.41)

so that finally the whole X25
L and X25

R are changed under the symmetry as

X25
L (τ + σ) ↔ X25

L (τ + σ); X25
R (τ − σ) ↔ −X25

R (τ − σ) , (20.42)

so X25(τ ,σ) is exchanged with

X ′25(τ , σ) = X25
L (τ + σ) − X25

R (τ − σ)

= q250 + α′wτ + α′ pσ + i

√
α′
2

∑
n =0

e−inτ

n
(α̃25

n e−inσ − α25
n einσ) , (20.43)

where
q25
0 = x250,L − x250,R . (20.44)

We have defined T-duality only as a symmetry of the mass spectrum, i.e., of the
free theory, but in fact is a symmetry of the interactions as well, so that in fact is a
symmetry of the full string theory.

As such, it can also be considered as a symmetry of the theory in background
created by the condensation of the string modes, i.e., in supergravity backgrounds.
But then the string theory in some background will be related to a string theory in
another background, related by theBuscher rules. The original Buscher rules, written
for the background of the massless modes of the closed bosonic string, (gμν, Bμν,φ),
are given by (here 0 refers to the T-duality direction, not to time, and i refers to the
other directions)

ĝ00 = 1

g00

ĝ0i = B0i

g00

ĝi j = gi j − g0ig0 j − B0i B0 j

g00

B̂0i = g0i

g00

B̂i j = Bi j + g0i B0 j − g0 j B0i

g00
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φ̂ = φ − 1

2
log g00. (20.45)

Note that the first relation is the usual R̃ = α′/R forα′ = 1, since we can use a 2π
periodicity, but put R2 in themetric as g00, so ĝ00 = 1/g00 corresponds to R̂2 = 1/R2.

T-duality can be generalized also for a general compact space Kn . In particular,
for a torus T n = (S1)n , we have T-duality on each circle.

Important Concepts to Remember

• Superstring theory has several formulations: Green–Schwarz has supersymmetry
in spacetime and κ symmetry on worldsheet, which when gauge-fixed leads to
worldsheet supersymmetry. Neveu–Schwarz–Ramond has supersymmetry on the
worldvolume (“spinning string”). And Berkovits’s “pure spinor” formulation is a
way to covariantly quantize the string with spacetime supersymmetry.

• Supersymmetry can be defined on-shell or off-shell, and relates bosons with
fermions, and degree of freedom with degree of freedom.

• The superstring lives in 10 dimensions, though a modification of the argument
from the previous chapter about 26 dimensions for the bosonic string.

• D3-branes have a 3+1 dimensional worldvolume, on which the maximum number
of supersymmetries (actually realized) for spins ≤1 is 4. The uniqueN = 4 SYM
theory is the linearized theory on the worldvolume of the D3-branes.

• TheN = 4 SYM has 6 scalars transforming in SO(6) = SU (4), a gauge field and
4 fermions in the fundamental of SU (4).

• There is a maximum electric field on the D3-brane, Emax = 1/(2π/α′).
• Closed strings on compact spaces have not just momentum p = n/R but also
winding w = mR/α′.

• The mass spectrum of closed strings on a circle has T-duality, M2
compactified

(R; n,m) = M2
compactified(R̃;m, n), where R̃ = α′/R.

• The T-duality relation exchanges momentumwith winding, n withm, and changes
the sign of XR , while leaving XR invariant.

• T-duality has an action on themasslessmodes of the string,which implies a relation
on the supergravity background fields, the Buscher rules.

Further reading: See [20–22] on string theory, as well as the more specialized [23]
on D-branes.

Exercises

(1) Is there amaximummagneticfield on the brane? PerformLorentz transformations
and show consistency with a maximum electric field.
(2) Consider the closed string spectrum for compactification on the torus T 6 of type
II string theory. Write down the mass formula for the string, and specialize it to
Ri = √

α′.
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(3) Calculate the solution T-dual (on X1) to

ds2 = dx21 + dx22 + dx23
eφ = eφ0

B12 = mx3 (20.46)

using the Buscher rules.
(4) Show explicitly that the action ofN = 4 SYM in 4 dimensions is the dimensional
reduction of the action for N = 1 SYM in 10 dimensions.



Chapter 21
T-Duality of Open Strings. M-Theory
and the Duality Web

In the last chapter, we considered T-duality for closed strings. Now we start off by
considering T-duality for open strings, and see that it will lead to D-branes. Then, we
define the low energy supergravity limits of string theory, the strong coupling limit
of string theory known asM-theory, and finally show that all the various incarnations
of string theory are related into a single duality web, as facets of the same unique
theory.

21.1 T-Duality of Open Strings

We consider open strings with free endpoints, i.e., with Neumann boundary condi-
tions on both endpoints (NN strings) for the compact direction X25. Then the mode
expansion for X25 is the one we already found for NN strings,

X25(τ ,σ) = x250 + √
2α′α25

0 + i
√
2α′

∑
n �=0

α25
n

n
e−inτ cos nσ , (21.1)

just that the zero mode α25
0 , still expressible in terms of the momentum in the 25th

direction, is now quantized,

α25
0 = √

2α′ p = √
2α′ n

R
. (21.2)

Note that the strings are open and free, so there is no winding mode.
As before, the above formula can be actually found by splitting X25 into left-

and right-movers, and then seeing that for the boundary condition we need to have
α25
n = α̃25

n . In any case, we can split X25 as

X25(τ ,σ) = X25
L (τ + σ) + X25

R (τ − σ) , (21.3)
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where each of the modes is given by the free closed string expansion,

X25
L = x250 + q25

0

2
+

√
α′

2
α25
0 (τ + σ) + i

√
α′

2

∑
n �=0

α25
n

n
e−inτe−inσ

X25
R = x250 − q25

0

2
+

√
α′

2
α25
0 (τ − σ) + i

√
α′

2

∑
n �=0

α25
n

n
e−inτe+inσ , (21.4)

where we have introduced a q25
0 , since the zero modes of XL and XR are in principle

independent.
Nowwe can do the same T-duality transformation that we did in the case of closed

strings, i.e., replace X25(τ ,σ) with

X ′25(τ ,σ) = X25
L (τ + σ) − X25

R (τ − σ) = q250 + √
2α′α25

0 σ + √
2α′ ∑

n �=0

α25
n

n
e−inτ sin nσ.

(21.5)

But now we notice that this is the same as the expansion for an open string
stretching between 2 D-branes, just with

α25
0 = √

2α′ n
R

= 1√
2α′

x252 − x251
π

. (21.6)

This means that the distance between the possible D-branes is

X ′25(τ ,σ = π) − X ′25(τ ,σ = 0) = 2α′ n
R

= 2π R̃n , (21.7)

where in the last equality we have used the radius of the T-dual space, R̃ = α′/R.
And we can also say that

X ′25(τ ,σ = 0) = q25
0 , (21.8)

which can be therefore identified with the position of the D-brane on the T-dual
circle. The difference of 2π R̃n means that the T-dual string winds n times around
the T-dual circle, and then comes back to the same D-brane at q25

0 .
We see then that under T-duality, aD25-brane (freeNeumann boundary conditions

for the whole space) turned into a D24-brane.
Moreover, the boundary conditions are interchanged (Neumann with Dirichlet),

since

∂σX
25(τ ,σ) = dX25

L (u = τ + σ)

du
− dX25

R

du
(u = τ − σ) = ∂τ X

′25(τ ,σ)

∂τ X
25(τ ,σ) = dX25

L (u = τ + σ)

du
+ dX25

R

du
(u = τ − σ) = ∂σX

′25(τ ,σ) ,

(21.9)
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which means that Neumann conditions become Dirichlet, and Dirichlet become
Neumann,

∂σX
25(τ ,σ) = 0 → ∂τ X

25(τ ,σ) = 0

∂τ X
25(τ ,σ) = 0 → ∂σX

25(τ ,σ) = 0. (21.10)

Then we can say more generally, that if we take a Dp-brane and make a T-duality
along a parallel direction to the brane, we turn the Dp into D(p − 1)-brane, and
if we make a T-duality along a transverse direction to the brane, we turn it into a
D(p + 1)-brane. Either way, the dimensionality of the brane changes.

21.2 T-Duality with Chan–Paton Factors: Several D-Branes

We have seen what happens when we perform T-duality on a empty space with a
single open string: we obtain a D-brane. But we want to ask what happens when we
perform T-duality on an open string with Chan–Paton factors for a group U (N ).

We need to introduce the concept of Wilson line, or loop (for a closed one)
associated with a path in spacetime. For a closed path C and an abelian (U (1))
group, it is

W ≡ eiq
∮
C dx Ax ≡ eiw. (21.11)

Here we have concentrated on a single coordinate x , which will be moreover
chosen to be compact, and the contour C to wrap around it. In general, we would
have

∫
C dxμAμ in the exponent.

The Wilson loop is gauge invariant. Indeed, consider gauge transformations

Ax → Ax + ∂xλ , (21.12)

and a periodic gauge parameter, modulo 2πm/q,

qλ(x + 2πR) = qλ(x) + 2πm. (21.13)

Then the gauge transformation U = eiqλ = 1, and the variation in the exponent
of the Wilson loop is

δq
∮
C
dx Ax =

∮
dx∂xλ = λ(2πR) − λ(0) = 2πm , (21.14)

which means that the Wilson loop is invariant,

W → W · e2πim = W. (21.15)
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Moreover, because of the periodicity,

w ≡ q
∮

dx Ax ≡ θ ∈ [0, 2π] (21.16)

is an angle.
Given a value for the the Wilson loop, it can be realized in the simplest way by a

constant Ax , namely

q Ax = θ

2πR
. (21.17)

But when adding a gauge coupling q Aμ to a particle, the momentum is changed
to the gauge invariant form,

pμ → pμ − q Aμ , (21.18)

so in our case

p25 → p25 − q A25 ⇒ n

R
→ n

R
− θ

2πR
. (21.19)

Consider now an open stringwithU (N )Chan–Paton factors, and a generalWilson
loop. It can be realized by a constant U (N ) matrix A25, which can therefore be
diagonalized by gauge transformations, to a form

A25 = 1

2πR
diag(θ1, . . . , θN ). (21.20)

By its presence, we break the U (N ) invariance to only U (1)N . But then the
Chan–Paton state |i j〉 has charge+1 underU (1)i and charge−1 underU (1) j (since
we can think of one end other string as belonging to the fundamental representation,
and the other to the antifundamental; when considering a U (1) subgroup, one cor-
responds to +1 charge, the other −1 charge). That means that the gauge invariant
form of the momentum is now

2πn + θi − θ j

2πR
= 1

2πα′ R̃(2πn + θi − θ j ). (21.21)

Substituting this into the usual open string spectrum, we now find

M2 =
(
2πn − (θ j − θi )

2πR

)2

+ 1

α′ (N
⊥ − 1). (21.22)

We see then that now R̃θi plays the role of position of an i th D-brane in X ′25
(which has radius R̃), and the T-dual picture is one where we have N D24-branes,
at the locations θi , as in Fig. 21.1. Moreover, we can now consider
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Fig. 21.1 The T-dual of
Wilson lines is a set of
D-branes at positions
Rθi , Rθ j in the compact
dimension, in between which
we have open strings

i

j

θi
θj

X ′25(τ ,σ = π) − X ′25(τ ,σ = 0) =
∫ π

0
dσ∂σX

′25 =
∫ π

0
dσ∂τ X

25 = 2πα′ p

= 2πα′
(
n

R
+ �θ

2πR

)
= R̃(2πn + �θ) , (21.23)

so indeed the string stretches between two D-branes at θi and θ j , after winding n
times around the circle.

21.3 Supergravity Actions

We want to study supersymmetric string theory, i.e., superstring theory, which lives
in D = 10 dimensions for consistency, as we saw.Moreover, it hasN = 2 supersym-
metry, which is the maximal possible in order to have spins s ≤ 2 in 4 dimensions,
since as we argued that implied N ≤ 8 in 4 dimensions, and one 10 dimensional
minimal spinor has the same number of degrees of freedom as 8 spinors in 4 dimen-
sions, i.e., 16. But if there are two supersymmetries, and each one relating the bosons
to a different fermion, there are two fermions as well, which means that there are
two types of theories, depending on the chirality (eigenvalue of �D+1 = �1 . . . �D)
of the spinors,

�11ψi = ±ψi . (21.24)

• If the spinors have the same chirality,

�11ψi = +ψi , i = 1, 2 , (21.25)

we have the type IIB theory, and
• If the spinors have opposite chirality,

�11ψi = (−1)iψi , i = 1, 2 , (21.26)

we have type IIA theory.



254 21 T-Duality of Open Strings. M-Theory and the Duality Web

At low energies, i.e., for E � 1/
√

α′ (since the unique energy scale of string
theory is made from α′ in this way), the string theory turns into a supersymmetric
theory that involves gμν (since as we saw the closed string massless modes contain
gμν, Bμν,φ), i.e., supergravity. Correspondingly, at low energy we have type IIA
supergravity or type IIB supergravity.

In terms of the superstringmodes,which aswe saidwere composed of the products
(for left- and right-movers) of either the bosonic Neveu–Schwarz (NS) sector or the
fermionic Ramond (R) sector, we have the fields

• The NS-NS modes are bosons, and the massless modes are the same as the modes
of the closed bosonic string, (gμν, Bμν,φ). They are common to the IIA and IIB
theories.

• The NS-R and the R-NS sectors are fermions, but we will not study their massless
modes.

• The R-R modes are also bosons, but their massless modes differ between the IIA
and IIB theories. Due to the fact that they are constructed, they are associated to
objects of the type ψ̄�μ1...μp+1χ, whereψ,χ are fermions, so they are antisymmetric
tensor fields A(p+1).
type IIA. In type IIA theory, we have odd form potentials: A(1) or Aμ, a usual gauge
field, with field strength F(2) or Fμν = ∂μAν − ∂ν Aμ, which couples electrically to
sources =D0-branes (“D-particles”). In general as we saw, Dp-branes have aWZ
term that includes the electric-type coupling μp

∫
A(p+1), so D-particles couple

to gauge fields in the usual way. We also have a A(3), or Aμνρ, with field strength
Fμ1...μ4 = 3∂[μ1 Aμ2μ3μ4], and coupling electrically to D2-branes. We also have D4-
branes, coupling magnetically (i.e., through the 5-form dual to A(3), A(5) = ∗A(3))
to A(3), and D6-branes, coupling magnetically to A(1).
type IIB. In type IIB theory, we have even form potentials: the (pseudo)scalar
(axion) a with field strength F(1) or Fμ = ∂μa, coupling electrically to a D(-1)-
brane, or “D-instanton”. This is an object with Dirichlet boundary conditions in all
space and time directions. We also have a 2-form A(2) or Aμνρ with field strength
F(3) or Fμνρ and coupling electrically to D1-branes (“D-strings”), and a self-dual
4-form A+

(4) or A
+
μνρσ, with field strength F+

μ1...μ5
(F+

(5)) that is self dual,

F+
μ1...μ5

= 1

5!εμ1...μ5
μ6...μ10Fμ6...μ10 , (21.27)

and that couples to a D3-brane. Note that we impose the self-duality condition in
order to obtain an irreducible representation (if not, we can reduce the represen-
tation into self-dual and anti-self-dual parts). We also have D5-branes, coupling
magnetically to A(2), and D7-branes, coupling magnetically to a. There is no mag-
netic D3-brane, since the D3-brane is self-dual (so both electric and magnetic).

We nowwrite supergravity actions, in the so-called “string frame”, which means that
we consider instead of the “Einstein metric” G(E)

μν , for which the gravity action is the

Einstein–Hilbert term 1
2κ2

N

∫
dDx

√−GR, the action 1
2κ2

N

∫
dDx

√−G(S)e−2φR. This
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is what one naturally obtains in string theory, since the e−2φ factor has as a VEV
e−2〈φ〉 ≡ 1/g2s , as expected from a (closed) string action.

In the string frame, the bosonic type IIA supergravity action is

SboseI I A = 1

2κ2
10

∫
d10x

{√−G

[
e−2�

(
R + 4∂μ�∂μ� − 1

2
|H3|2

)

−1

2
|F2|2 − 1

2
|F̃4|2

]

−1

2
B2 ∧ F4 ∧ F4

}
, (21.28)

where

F̃4 ≡ d A3 − A1 ∧ F3∫
dDx

√−G|Fp|2 ≡
∫

dDx
√−G

1

p!G
M1N1 . . .GMpNp FM1...Mp FN1...Np ,

(21.29)

and the terms on the first line in the action, with e−2�, are the NS-NS terms (common
to IIA and IIB), the terms on the second line are the R-R terms (just for IIA) and the
term on the third line is a CS term.

The bosonic type IIB supergravity action in string frame has a caveat. Since the
field A+

(4) is self-dual, there is no covariant 2-derivative action. One has either to write
an action without the self-duality and make the self-duality condition a constraint
to be added to the equations of motion, or one breaks explicit Lorentz covariance,
or one introduces auxiliary fields. It is customary to present the first form, which is
what we will do here. The action is then

SboseI I B = 1

2κ2
10

∫
d10x

{√−G

[
e−2�

(
R + 4∂μ�∂μ� − 1

2
|H3|2

)

−1

2
|F1|2 − 1

2
|F̃3|2 − 1

4
|F̃5|2

]

−1

2
A4 ∧ H3 ∧ F3

}
, (21.30)

where

F̃3 ≡ d A2 − A0 ∧ H3

F̃5 ≡ F5 − 1

2
A2 ∧ H3 + 1

2
B2 ∧ F3. (21.31)

The self-duality of F̃5 is imposed as a constraint, in addition to the equations of
motion,
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F̃5 = ∗F̃5. (21.32)

Note that the extra factor of 1/2 in front of the kinetic action for F̃5 is due to the
fact that in the action we have not imposed the self-duality constraint, so we have
twice as many degrees of freedom as we should.

S-Duality of Type IIB Theory

We now describe an important duality symmetry of type IIB theory. We start with
the IIB supergravity action, which is invariant under Sl(2,R). To write the action in
an invariant way, we first define the combination of the axion (pseudo)scalar C0 and
the scalar dilaton

τ ≡ C0 + ie−� , (21.33)

and then out of it, the matrix

Mi j ≡ 1

Imτ

( |τ |2 −Reτ
−Reτ 1

)
. (21.34)

We also define the column vector of the NS-NS and R-R field strengths

Fi
3 =

(
H3

F3

)
. (21.35)

We then write the action in the Einstein frame, i.e. in terms of the Einstein metric
G(E)

μν , as

SboseI I B = 1

2κ2
10

∫
d10x

√−GE

[
RE − ∂μτ̄∂μτ

2(Imτ )2
− Mi j

2
Fi
3F

j
3 − 1

4
|F̃5|2

]

− εi j

8κ2
10

∫
d10x A4 ∧ Fi

3 ∧ F j
3 . (21.36)

In this way, the action is manifestly invariant under the Sl(2,R) group transfor-
mation (

a b
c d

)
, (21.37)

(with determinant one, ad − bc = 1) acting on τ by

τ → τ ′ = aτ + b

cτ + d
, (21.38)

and on Fi
3 by the rearranged matrix

�i
j ≡

(
d c
b a

)
, (21.39)
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as
Fi
3 = �i

j F
j
3 . (21.40)

Under this transformation, the matrix Mi j transforms as

M → M′ = (�−1)TM�−1 , (21.41)

making the Fi
3 kinetic term invariant. Also F5 and G(E)

μν are invariant.
In this way, the type IIB supergravity action is invariant, or rather the equations

of motion are, since we need to impose the self-duality constraint on them. But in
the full quantum string theory, only a Sl(2,Z) subgroup (with integer coefficients)
survives as full quantum duality symmetry of string theory.

Included in this Sl(2,Z) transformations is the important transformation with
matrix (

a b
c d

)
=

(
0 −1
1 0

)
∈ Sl(2,Z) , (21.42)

which gives the transformation

τ ′ = −1

τ
. (21.43)

If C0 = 0, this transformation becomes

�′ = −� ⇒ g′
s = 1

gs
, (21.44)

which means that this is a nonperturbative duality that exchanges weak and strong

coupling. Since now � =
(
0 1
−1 0

)
, the transformation exchanges NS-NS and R-R

fields,
H ′

3 = F3, F ′
3 = −H3. (21.45)

The 5-form field is invariant F ′
5 = F5, and also the Einstein metric is invariant.

21.4 M-Theory

It turns out that type IIA string theory at strong coupling, gs = e〈φ〉 → ∞, becomes
11 dimensional, and is called M-theory. This was proven by Ed Witten in a 1995
paper (“String theory in various dimensions”), inwhich itwas also proven that various
string theories are related by dualities, and thus in fact there is a single unified theory,
as we will see at the end of the chapter.

We don’t know too much about M-theory, in particular we don’t have a quantum
formulation, not even a perturbative one like in the case of string theory. The one
thing that we know is about the low energy theory, i.e., in the limit of energies much
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smaller than the11dimensional Planck scale, the theory canonlybe a supersymmetric
field theory including gravity, so it must be the unique 11 dimensional supergravity.
The theory has bosonic fields the metric GMN and a 3-form antisymmetric tensor
AMNP = A(3), with field strength

FM1...M4 = 24∂[M1 AM2M3M4] : F(4). (21.46)

The fermionic field is the gravitino ψμα, but we will not need it in the following.
We consider only the bosonic action, which is

Sbose11 = 1

2κ2
11

∫
d11x

√−G

(
R − 1

2
|F4|2

)
− 1

6κ2
11

∫
d11x A(3) ∧ F(4) ∧ F(4).

(21.47)
Under dimensional reduction, the theory must reduce to type II supergravity (the

low energy limit of superstring theory). Specifically, since the 11 dimensional spinor
splits into two 10 dimensional spinors of opposite chirality, it must be type IIA
supergravity. The dimensional reduction ansatz for the metric is

ds211 = G(11)
MNdx

MdxN

= e− 2�
3 Gs,(10)

μν dxμdxν + e
4�
3 (dx10 + Aμdx

μ)2 , (21.48)

and the reduction ansatz for the 3-form AMNP = (Aμνρ, Aμν10) is that Aμν10 = BI I A
μν

is the NS-NS B-field, whereas Aμνρ = AI I A
μνρ is the R-R 3-form, completing the

bosonic fields of type IIA supergravity.

Relation Among Parameters

In the dimensional reduction metric, the coefficient of (dx10)2 must be the radius
squared in Planck units, (R/ lP)2, but it is actually e4�/3. which means that

(
R

lP

)2

= e
4〈�〉
3 = g4/3s ⇒ R = lP g

4/3
s . (21.49)

Here lP is the 11 dimensional Planck length, so 2κ2
11 = (2π)8l9P . Dimensionally

reducing the 11 dimensional Einstein–Hilbert term, we get

2πR

2κ2
11

∫
d10xe−2�R = 1

2κ2
10

∫
d10xe−2(�−〈�〉)R , (21.50)

where 2κ2
10 = g2s (2π)7(

√
α′)8. Identifying the two sides, we get

(2π)7l9P = Rg2s (
√

α′)8(2π)7 ⇒ lP = g1/3s

√
α′. (21.51)
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Combining with the previous relation, R = lP g
2/3
s . we get

R = gs
√

α′ , (21.52)

i.e., the radius is the string coupling in string units, as we had advertised.

21.5 The String Duality Web

We have seen that under T-duality, Dp-branes change to D(p + 1)-branes or D(p −
1)-branes, and that type IIA string theory has even Dp-branes, whereas type IIB has
odd Dp-branes. We can prove moreover that in fact the full type IIA string theory
maps to type IIB string theory under T-duality.We also saw that type IIB string theory
is invariant under S-duality.

Besides type II string theories, we also have type I and heterotic string theories,
both of which reduce at low energies toN = 1 supergravity, coupled toN = 1 gauge
theories for gauge groups SO(32) (for both type I and heterotic) and E8 × E8 (only
for heterotic).

In fact, as we mentioned, it was proven by Witten that there is only one theory,
and the various string theories and M-theory are connected to it, making a duality
web. We try to describe here these dualities.

• S duality applied to the type I SO(32) theory gives the SO(32) heterotic theory,
giving

�I = −�h ⇒ gI
s = 1

gheterotics

. (21.53)

The Einstein metric is invariant, GE,I
μν = GE,h

μν , the gauge fields also, AI
(1) = Ah

(1),

and the 3-forms are identified, F̃ I
(3) = H̃ h

(3).
• T-duality applied to the E8 × E8 heterotic string (on S1) gives the SO(32) heterotic
string.

• T-duality of type I SO(32) string theory on S1 gives type IIA string theory on
the interval S1/Z2 (obtained by identifying the circle under x ↔ −x), which is
M-theory on S1 × (S1/Z2).

• The strong coupling limit of the E8 × E8 heterotic string isM-theory on the interval
S1/Z2, with “M9-branes” (10 dimensional walls in 11 dimensions, similar to the
D-branes in string theory, havinggaugefields on theworldvolume) at the endpoints.
Each M9-brane carries a group E8 on its worldvolume, for a total of E8 × E8.

The relations above then connect all possible string theories, together with
M-theory, in a “duality web”, so that all are in fact corners in moduli space of
the same (unknown) theory. Indeed, under S-duality, two theories are equivalent, but
when one is perturbative, the other is nonperturbative, so only one is a good (cal-
culable) description at any point. Similarly, under T-duality, among the equivalent
theories only one (with R >

√
α′) is a good perturbative description.
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Important Concepts to Remember

• T-duality for open strings changes X = XL + XR into X ′ = XL − XR , and the
open string now stretches between two D-branes.

• Thus T-duality exchanges Neumann with Dirichlet boundary conditions, and turns
a Dp-brane into a D(p + 1)-brane (for T-duality on a transverse direction) or
D(p − 1)-brane (for T-duality on a parallel direction)

• T-duality with Chan–Paton factors, i.e., with nonabelian gauge fields, in the pres-
ence of Wilson lines, leads to D-branes in the nonabelian gauge group.

• For a Wilson loop breaking U (N ) → U (1)N by A = diag(θ1, . . . , θN ), the D-
branes are at different positions θ1, . . . , θN .

• We thus have a quantum geometry, with “positions” for N D-branes that are now
N × N matrices.

• Low energy superstring theory in 10 dimensions gives type II supergravity, specif-
ically IIA if the spinors have opposite chiralities, and IIB if they have different
chiralities.

• The field content of supergravity is the NS-NS sector, (gμν, Bμν,φ), common with
the bosonic string, the fermionic NS-R and R-NS sectors, and the antisymmetric
tensors in the R-R sector: odd p-form potentials in type IIA, even in type IIB.

• The type IIB supergravity action can only be written covariantly (and without aux-
iliary fields) by imposing the self-duality constraint for the 5-form field strength,
F5 = ∗F5, by hand.

• The IIB action has S-duality, Sl(2,R) invariance of the equations of motion and
Sl(2,Z) restriction at the quantum level, acting on τ = C0 + ie−φ. In it, we have
the transformation τ ′ = −1/τ that inverts the string coupling and changes the RR
with the NS-NS form fields.

• Type IIA string theory at strong coupling becomes 11 dimensional M-theory, with
the 11th dimension being the string coupling, R = gs

√
α′, or R = g2/3s lP .

• The 11 dimensional supergravity, the low energy limit of M-theory, KK reduces
on a circle to the 10 dimensional type IIA supergravity.

• All string theories, type IIA, IIB, type I, heterotic E8 × E8 and SO(32), as well
as M-theory, are related in a string duality web by T-duality, S-duality and dimen-
sional reduction.

Further reading: See [21] for more details.

Exercises

(1) (Buscher T-duality)
Consider the string Polyakov action for Bμν = 0, φ = φ0,

SP = − 1

4πα′

∫
d2σ

√−γγabgμν∂a X
μ∂bX

ν , (21.54)

with gμν split into (gi j , gi0, g00), and 0 is a T-duality direction.
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Find a first order form for X0 by replacing it with a Va = ∂a X0 variable and
adding a Lagrange multiplier. By solving for X0, find the dual action in terms of the
Lagrange multipliers X̂0.
(2) Check that under KK dimensional reduction of 11 dimensional supergravity, the
terms involving A(3) reduce to the type IIA supergravity terms involving B(2) and
A(3).
(3) Prove that “D0-branes” (“D-particles”) in type IIA string theory, objects charged
under the type IIA Aμ field, with masses Mn = |n|

gs
√

α′ , n ∈ Z, are momentum modes
in the 11 dimensional supergravity on a circle.
(4) Show that both type IIB and type IIA supergravity bosonic actions give the same
action by dimensional reduction on a circle to 9 dimensions.
(5) Consider D-branes situated at �θ distance between them. When do we find
massless modes for the strings between them, and when these modes are the ground
state (“tachyons”)?



Chapter 22
String Theory and Particle Physics

In this next to last chapter of part II of this book, we finally consider how to obtain
particle physics from string theory. Indeed, string theory is supposed to describe the
real world, and since moreover we want to describe cosmology, we need to check
whether what we obtain is consistent with the particle physics that we know, i.e., the
Standard Model.

–The standard way to obtain particle physics is via dimensional reduction on the
compact space.

–The alternative is to consider a braneworld in the string theory context, i.e., the
particle physics lives on a brane in some curved space, whereas gravity can live in
the bulk of spacetime. In the context of string theory, the brane refers to a D-brane,
or more precisely for the intersection of D-branes.

22.1 Dimensional Reduction on Compact Spaces

We start the analysis with the standard case, with KK dimensional reduction. In 10
dimensional superstring theory, we consider the standard set-up, M10 = M4 × K6.
Moreover, we want to obtainN = 1 supersymmetry in 4 dimensions after compact-
ification.

The reason is that in 4 dimensions it is very hard to break N > 1 to N = 1
only, and we need only N = 1 for phenomenological reasons: N = 2 and higher
supermultiplets come in chiral pairs (non-complex representation), whereas in the
real world we have chiral fermions. The only other possibility is no supersymmetry
at all (N = 0), but then, what is the point of string theory, if we don’t even use
supersymmetry to solve the standard problems of particle physics?

N = 1 unbroken susy means that the vacuum |ψ〉 is invariant under the susy, i.e.,

Q|ψ〉 = 0 , (22.1)

which on the fields means that
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δQfields = 0. (22.2)

But since δ bosons = fermions, and fermions have zero VEV, in vacuum the
variation of the bosons is automatically satisfied, and we only need to impose as a
constraint

δQfermions = 0. (22.3)

The most popular string theory for compactifications leading to Standard Model-
like theories, and also the first to be well established, is the N = 1 heterotic super-
string, which in the supergravity limit has the fermion variations

δψM = 1

κN
DMη + κN

2g2φ

(
�M

N P Q − 8δN
M�P Q

)
ηHN P Q + (fermi)2η

δχa = − 1

4g
√

φ
�M N Fa

M N η + (fermi)2η

δλ = 1√
φ

(� · ∂φ)η + κN

6
√
2g2φ

�N P QηHN P Q + (fermi)2. (22.4)

Here ψM is the gravitino (superpartner of the graviton), χa is the gluino (super-
partner of the gauge fields) and λ is the dilatino, and H = d B is the field strength
of the NS-NS B-field. For supersymmetry, we need to put to zero all three variations
(of the gravitino, gluino and dilatino). We have not written explicitly the fermion
squared terms, since in the vacuum (as VEV) they must vanish.

The standard way to solve the vanishing of all 3 variations (but by no means the
only one; recent models obtaining the Standard Model spectrum violate this simple
case) is via H = dφ = 0. In this case, we can easily see that the solution of the
equations is

Diη = 0
�i j Fi jη = 0 , (22.5)

where i, j are indices in K6, the compact space (on M4, the equations are trivial
in the vacuum). Since we want a single supersymmetry, we need to have a single
covariantly constant spinor in K6.

Holonomy and Calabi–Yau Spaces

We can define parallel transport of a spinor along a curve in curved spacetime by
the condition of vanishing covariant derivative (covariantly constant spinor),

Diη = 0 ⇒ η(x + dx) = (1 + ω · dx)η(x) , (22.6)

which leads to the finite form

ηα → Uα
βηβ

U (γ ) = P exp
∫

γ

ω · dx . (22.7)
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Here ω · dx = ωμdxμ = ωab
μ

1
4�

abdxμ is given by the spin connection.
On a closed path γ , we call U the holonomy for the spinor. Since ωab

μ ∈ SO(n)

(is in the Local Lorentz group), then generically U ∈ SO(n). That means that the
holonomy group, the group formed by all possible holonomies of the space, is ⊆
SO(n).

We can define a complex manifold by the statement that there is a matrix J i
j such

that J 2 = − 1l (this technically means an almost complex manifold), plus an extra
condition (involving the so-called Nijenhuis tensor). The statement is that locally,
around a point, we can define the notion of i , and thus write complex coordinates.

We can further define a Kähler manifold, as the case that the holonomy group is
⊆ U (N ), where N = n/2 is the complex dimension of the manifold. In that case,
J i

j is covariantly constant. An equivalent definition of the Kähler manifold is as
a complex manifold where we can locally define a function K , called the Kähler
potential, such that

gi j̄ = ∂i∂ j̄ K . (22.8)

In that case, after dimensional reduction on the manifold, we will obtain N = 1
supersymmetry, where we have the same Kähler potential for the scalars correspond-
ing to the compact coordinates, so the name is not a coincidence.

In the case of a Kähler manifold, the spin connection is in U (N ) � SU (N ) ×
U (1) (modulo topological issues). But if the holonomy group is actually SU (N ), it
means that theU (1) part is topologically trivial (pure gauge, with zero field strength),
or mathematically we say that the first Chern class of the manifold K is zero,
c1(K ) = 0.

But Calabi and Yau proved a theorem saying that having a Kähler manifold with
vanishing first Chern class c1(K ) = 0 is⇔ having a unique Kähler metric of SU (N )

holonomy. Such a space is then called a Calabi–Yau manifold.
On a Calabi–Yau manifold, there is a unique covariantly constant spinor η,

Diη = 0. But then,
[Di , D j̄ ]η = 0 ⇒ Ri j̄ = 0 , (22.9)

so the manifold is Ricci-flat (the commutator of two covariant derivatives is propor-
tional to the field strength, and for ω the field strength Ri j (ω) is proportional to the
Ricci tensor).

So if we take a Calabi–Yau space when compactifying string theory, we not only
get a unique covariantly constant spinor, guaranteeing N = 1 supersymmetry in 4
dimensions, but we also satisfy the Einstein equation in the compact space, since
Ri j̄ = 0.

If η is the unique covariantly constant spinor, then

ki j = η̄�i jη (22.10)

is the Kähler form, such that when contracted with the metric it gives the complex
structure,
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J i
j = gikkk j . (22.11)

If moreover we consider a 3-dimensional Calabi–Yau CY3, we also have a holo-
morphic 3-form

�i jk = η̄�i jkη. (22.12)

On CYn , we will have a holomorphic n-form.

Moduli Space of CY3

A modulus is a scalar that has no perturbative potential, so it costs no energy to
change it. In the case of KK compactifications, parameters that don’t have a potential
become moduli. For CY3, we ask also that they don’t change the CY3 structure; then,
we have a number of such deformations corresponding to moduli, that fall within
two categories:

–complex structure moduli are moduli than deform the shape of the space. The
simplest example of a Calabi–Yau space is an even torus, and the simplest example
of that is T 2. In this case, there is one complex structure modulus, the ratio of radii,
R2/R1.More precisely, since themodulus needs to be a complex, the “ratio” includes
an angle for the periodicities of the identified directions on the plane that give the
torus, and is the modular parameter τ of the torus.

–Kähler structure moduli are moduli that deform the size of the space. In the case
of T 2, the only size modulus is the volume, R1R2, or more precisely a complexified
version that includes a B-field on the torus.

The moduli (deformations of the CY, which in particular is Kähler) will form a
scalar space with no (perturbative) potential, but with nontrivial kinetic term. In fact,
they will also form a Kähler space, which is why their kinetic term is written in terms
of a Kähler potential, gi j̄∂μφi∂μφ j̄ , with gi j̄ = ∂i∂ j̄ K .

Moreover, it is an important result, due to Strominger, that while the Calabi–
Yau compactification preserversN = 1 supersymmetry, the moduli preserveN = 2
supersymmetry, and they fall into N = 2 multiplets, in particular N = 2 vector
multiplets (made up ofN = 1 scalar (WZ) and vector multiplets) andN = 2 hyper-
multiplets (made up of two N = 1 scalar, or WZ, multiplets).

22.2 Calabi–Yau Compactification of String Theories

Type IIB String Theory on CY3

In this case, the low energy theory has the following N = 2 supermultiplets: the
N = 2 supergravity multiplet, nv = b3 (here b3 is the “third Betti number”, a topo-
logical quantity that characterizes the manifold) vector multiplets containing the
complex structure moduli, and nh = b2 + 1 hypermultiplets (b2 is the second Betti
number, also a topological number) containing Kähler structure moduli. There is
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also an extra complex structure modulus, the complex scalar τ made up of the axion
a and the dilaton φ by

τ = a + ie−φ. (22.13)

Type IIB string theory by itself is not phenomenologically interesting, and the
interest in it only arose once people started to introduce G-fluxes, which mean the
nonzero integral over a cycle in the geometry of an antisymmetric tensor G defined
as

G = FRR − τ HNS−NS. (22.14)

Here H is the field strength of the NS-NS B-field, and F is the field strength of the
RR 2-form. The case of theories with G-flux was defined by Giddings, Kachru and
Polchinski, and then Gukov, Vafa and Witten calculated the resulting superpotential
in 4 dimensions, and found it to be

W =
∫

K6

� ∧ G , (22.15)

where � is the holomorphic 3-form.
Always there is at least one Kähler modulus, the complexified volume ρ. We also

have at least a complex structure τ , as we saw, and the rest are called τα . In this case,
the Kähler potential is

K (ρ, τ, τα) = K (ρ) + K (τ, τα)

K (ρ) = −3 ln[−i(ρ − ρ̄)]
K (τ, τα) = − ln[−i(τ − τ̄ )] − ln

[
−i

∫
K6

� ∧ �̄

]
. (22.16)

Heterotic E8 × E8 String Theory on CY3

Thefirst compactificationmodel to becomepopularwas the heterotic E8 × E8 model,
specifically onCY3. We have seen the general conditions forN = 1 susy in 4 dimen-
sions. But the NS-NS field strength has an anomalous Bianchi identity. Instead of
d H = 0 (since H = d B), in the heterotic E8 × E8 model we have in fact

d H = Tr(F ∧ F) − Tr(R ∧ R) , (22.17)

where in the first term, the trace refers to the E8 × E8 YM group, for F AB
i j , and in

the second term, the trace refers to the local Lorentz group, for Rab
i j . We have seen

that the simplest model we considered had H = 0, which means from the above that
we must have Tr(F ∧ F) = Tr(R ∧ R). The simplest way to satisfy this is using
“F = R”. Specifically, this can be done by “embedding the spin connection into the
gauge group,” i.e., identifying the 4 dimensional fields coming from the gauge field
Ai and the metric gi j (or more precisely the spin connection ωab

i ), by (here A, B are
SO(16) ⊂ E8 indices)
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AAB
i =

(
0 0
0 ωab

i

)
. (22.18)

This is a common thing in KK compactifications, as we said: the various fields
with the same index structure (same spin) mix up, and thus here the two fields in Ai

and gi j have the same lower dimensional field in their ansatz. For this embedding,
the gauge group is broken to the subgroup of E8 commuting with the ansatz (i.e.,
with the SO(6) of the spin connection), namely SO(10).

One can also consider nontrivial Wilson loops in the geometry, i.e.,

Uγ ≡ P exp
∮

γ

A · dx = 0 (22.19)

for someγ .Aswe said also in the previous chapter, this breaks the gaugegroup further
(for a general Wilson line, this would break U (N ) to U (1)N , but in specific cases,
we can break it less), towards the Standard Model group, SU (3) × SU (2) × U (1).

This concludes our analysis of KK compactification models. There is also the
possibility of string theory near some special singularities, but we will not study that.
Then there is only the idea of braneworld.

22.3 Intersecting D-Branes: Braneworld

In this construction, within string theory, the Standard Model of particle physics is
supposed to live on the intersection of D-branes, whereas gravity exists everywhere.
This seems to have a chance of working, since the Standard Model gauge group is
SU (3) × SU (2) × U (1), and on N coincident braneswe have anU (N ) � SU (N ) ×
U (1) group, where the U (1) multiplet contains the scalar parametrizing the center
of mass motion of the N D-branes.

Sincewewant to obtain the StandardModel in 3+1 dimensions on the intersection
of branes, we need to have Dp-branes with p > 3. In fact, it turns out that the most
flexible case is p = 6, since then we have more possibilities. Thus the intersecting
D6-branes models are the most popular.

As a simple exercise (not even remotely phenomenologically correct), we consider
D6-brane on the torus T 6, and even more specifically, we consider two D6-branes,
D6 and D6’. In reality, we will have some discrete identification of T 6 directions
(using maybe Zn identifications), and usually more D-branes, for a more realistic
case. Splitting the T 6 into 3 tori for coordinates (x4, x5), (x6, x7) and (x8, x9), we
consider the directions filled by D6 and D6’ to be denoted with a cross,

0 1 2 3 4 5 6 7 8 9
D6 × × × × × 0 × 0 × 0
D6′ × × × × 0 × 0 × 0 × (22.20)

and the D6 and D6’ intersect in each T 2 in the middle of the square torus.
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More generally, we can consider intersections of D6-branes at angles, defined by
some integers. For instance, the D-brane with l = (3, 1) is identified over 3 funda-
mental domains in the x direction and one domain in the y direction.

When D-branes intersect, there are extra massless open string states that appear
at the intersection. Indeed, when we stretch open strings between D-branes i and
j we have a mass Mi j = 1

2πα′ ri j , so if the distance ri j = 0, also Mi j = 0. Thus
indeed, at the intersection (and only there), where ri j = 0 between the intersecting
branes, we have massless states. However, for D-branes at angles different than
π/2, the bifundamental scalars coming from ri j are generically massive, whereas
the bifundamental fermions are always massless. If i ∈ SU (m) (for m coincident
branes on the left) and j ∈ SU (q) (for q coincident branes on the right), the state
(i j) is bifundamental in SU (m) × SU (q). If for instance, we manage to “freeze” the
SU (q) gauge fields, so that SU (q) becomes a global symmetry and SU (p) remains
local, then this matter is really like the quark matter in the Standard Model, with one
local and one global index.

22.4 Moduli Stabilization

Wehave seen that in string theorywe havemanymoduli, i.e., scalars that aremassless
or nearly massless perturbatively. But experimentally, we know there aren’t any, at
least on the scales of the Earth, since otherwise we would detect a fifth force. There
could be such scalars on cosmological scales, hidden from Earth experiments, in the
so called chameleon theories, that will be studied later on, but certainly there aren’t
on Earth scales.

That means that we need to “stabilize” these moduli, by introducing some nonper-
turbative potentials. But in string theory, that is obviously difficult, as we will discuss
in part III of the book, since we only have a perturbative definition of string theory,
and nonperturbative quantitieswe can compute are few, like ones found through dual-
ities, or nonperturbative contributions to the superpotential coming from wrapped
branes (since the D-brane action is proportional to 1/gs , by having terms of the ei S

type, we get nonperturbative contributions).
The moduli we need to stabilize are:

• shape and size moduli, i.e., complex and Kähler structure moduli.
• the dilaton is a special case, since it defines the string coupling constant, and is
usually considered separately.

• if we have D-branes, they come with their own moduli, for instance for their
positions.

• if we have fluxes, the fluxes usually have integers values, but sometimes they also
lead to moduli.

Generically, it is very hard to stabilize all the moduli. Usually, the last modulus
to stabilize turns out to be difficult to do so.
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Important Concepts to Remember

• Particle physics is obtained from string theory either byKKdimensional reduction,
or in a braneworld scenario.

• For phenomenological reasons we need N = 1 supersymmetry in 4 dimensions,
which means that we need to put to zero the supersymmetry variation of the
fermions in the vacuum, δψ = 0.

• For heterotic supergravity, the standardway is to use H = dφ = 0, giving Diη = 0
and Fi j�

i jη = 0.
• A Kähler manifold is a complex manifold that has holonomy inside U (N ).
• If the holonomy is actually SU (N ), so c1(K ) = 0 (first Chern class of K is zero),
then there is a unique Kähler metric of SU (N ) holonomy, and the space is called
Calabi–Yau manifold.

• On a Calabi–Yaumanifold, there is a unique covariantly constant spinor, Diη = 0,
sowe obtainN = 1 supersymmetry in 4 dimensions, and Ri j̄ = 0, so themanifold
is Ricci-flat.

• Calabi–Yau spaces have complex structure moduli, that deform the shape, and
Kähler structure, that deform the size.

• For type IIB on CY3 we can introduce G-flux, for G = FR−R − τ HNS−NS, with
superpotential W = ∫

� ∧ G, where� is the unique holomorphic 3-form onCY3.
• For heterotic E8 × E8 string theory on CY3, we can embed the spin connection
in the gauge group, and put Wilson lines, to break the gauge group to SU (3) ×
SU (2) × U (1) or a GUT group.

• A braneworld model can be obtained for instance by intersecting D6-branes in the
compact space.

• The moduli must be stabilized for phenomenological reasons.

Further reading: See [20–22] for more details.

Exercises

(1) If HM N P = RεM N P , and we are on a sphere, write down the condition for the
spinor η that preserves susy.
(2) Assuming that (in type IIB on CY3)

∫
K6

� ∧ �̄ = 0 ,

∫
K6

� ∧ G = ρeaρ , (22.21)

calculate the scalar potential (the above is not a very realistic case).
(3) In the model with D6, D6’-brane on T 6, calculate the open string spectrum on
the common intersection.
(4) Show that by “embedding the spin connection in the gauge group”, which as we
said leads to the group SO(10), we can neatly fit the Standard Model particles, plus
a right-handed neutrino, into a single representation of the unbroken gauge group.
(5) Is a sphere a Calabi–Yau space? Why?



Chapter 23
Holography and the AdS/CFT
Correspondence

In this chapter,wewill describe theAdS/CFT correspondence,which relates a gravity
theory, usually in an Anti-de Sitter (AdS) d + 1 dimensional background to a field
theory with conformal invariance (CFT) in d dimensions, living at a boundary of
the space. Therefore the correspondence is an example of a holographic relation,
the gravitational physics in the bulk being described holographically (“projected”
without losing information) onto the non-gravitational boundary of one dimension
less. The AdS/CFT correspondence will be used later on, in part III, for constructing
cosmological models. In order to understand that, we will describe the AdS/CFT
map for fields and observables.

23.1 AdS Space and Its Holography

In cosmology, the relevant gravitational spacetimes, besides flat space and the generic
FLRW metric, are de Sitter space, approximated during the inflationary period, and
its deformations, perhaps relevant for today’s accelerated expansion, in the case of a
cosmological constant. The cosmological constant, both for inflation, and for today’s
accelerated expansion, is positive.

However, one could consider also a negative cosmological constant,� < 0, lead-
ing to an Anti-de Sitter space. This would not be relevant as a cosmological model,
but it turns out to be relevant in string theory, and to lead to an application of string
theory not as a fundamental theory of Nature, but as a mathematical tool to solve
difficult, i.e., strong coupling, field theory problems.

Anti-de Sitter space in d dimensions (AdSd ) is a maximally symmetric, homoge-
nous and isotropic, gravitational space of constant negative curvature. In Euclidean
signature, the maximally symmetric spaces, besides flat space, are the sphere Sd ,
which is a space of constant positive curvature R > 0, and the Lobachevsky space,
which is a space of constant negative curvature R < 0.

© Springer Nature Switzerland AG 2019
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The sphere is defined via embedding in d + 1 dimensional Euclidean space

ds2 = dX2
1 + · · · + dX2

d + dX2
d+1 (23.1)

by the constraint with the same SO(d + 1) symmetry,

(X1)
2 + · · · (Xd)

2 + (Xd+1)
2 = R2. (23.2)

Lobachevsky space is defined similarly, but by embedding in d + 1 dimensional
Minkowski space (despite having Euclidean signature)

ds2 = dX2
1 + · · · + dX2

d − dX2
d+1 (23.3)

by the constraint with the same SO(d, 1) symmetry,

(X1)
2 + · · · (Xd)

2 − (Xd+1)
2 = −R2. (23.4)

Moving on toMinkowski signature spaces, the sphere becomes de Sitter space, as
the space of constant positive curvature (so constant cosmological constant), defined
by embedding in d + 1 dimensional Minkowski space

ds2 = −dX2
0 + dX2

1 + · · · dX2
d−1 + dX2

d+1 (23.5)

by the constraint with the same SO(d, 1) symmetry,

− (X0)
2 + (X1)

2 + · · · (Xd−1)
2 + (Xd+1)

2 = R2. (23.6)

Thus the isometry of de Sitter is SO(d, 1), and “Euclidean de Sitter” is the sphere,
EdSd = Sd .

Then Lobachevsky space becomesAnti-de Sitter, as the space of constant negative
curvature (so negative cosmological constant), defined by embedding in a d + 1
dimensional space with two “times”,

ds2 = −dX2
0 + dX2

1 + · · · dX2
d−1 − dX2

d+1 (23.7)

by the constraint with the same SO(d − 1, 2) symmetry,

− (X0)
2 + (X1)

2 + · · · (Xd−1)
2 − (Xd+1)

2 = −R2. (23.8)

That means that AdS space has SO(d − 1, 2) isometry, and “Euclidean Anti-de
Sitter” E AdSd is Lobachevsky space.

Besides the implicit metric obtained by solving, say for Xd+1 in terms of the
others, there are other forms of the AdS metric. One relevant one is the Poincaré
metric,
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ds2 = R2

x20

(
−dt2 +

d−2∑
i=1

dx2i + dx20

)
. (23.9)

Here t, xi ∈ R and 0 < x0 < +∞, yet this metric only covers part of AdS space,
the “Poincaré patch”. Another form of the Poincaré metric is obtained by x0/R =
e−y , giving

ds2 = e2y
(

−dt2 +
d−2∑
i=1

dx2i

)
+ R2dy2. (23.10)

The boundary of the space (or rather, of the Poincaré patch) is at y → ∞, i.e.,
at x0 = 0. But it takes a finite time for light (moving on ds2 = 0) to reach it from a
finite point, since then

t = R
∫ ∞

y0

e−ydy = Re−y0 < ∞. (23.11)

That means that the boundary of the Poincaré patch is a finite time away.
Coordinates that cover the whole of AdS space are the “global coordinates”, with

metric
ds2 = R2(− cosh2 ρ dτ 2 + dρ2 + sinh2 ρd�2

d−2). (23.12)

The further coordinate transformation tan θ = sinh ρ leads to another form for the
global coordinate metric,

ds2 = R2

cos2 θ
(−dτ 2 + dθ2 + sin2 θd�2

d−2) , (23.13)

and the range of the coordinates is 0 ≤ θ ≤ π/2 and arbitrary τ .
To understand this space, we construct the Penrose diagram,which encodes causal

and topological information. For it, we can drop conformal factors, obtaining Ein-
stein’s static Universe

ds2 = −dτ 2 + dθ2 + sin2 θd�2
d−2. (23.14)

Thus the Penrose diagram is an infinite strip, Rτ × [0,π/2], rotated around the
sphere directions, giving a cylinder. The Poincaré patch is just a triangle region of
the infinite strip, with the base at θ = 0, see Fig. 23.1.

In this form, it is obvious that the boundary of space is the surface of the cylinder,
at θ = π/2,

ds2 = −dτ 2 + d�2
d−2. (23.15)

The time it takes light to go from a finite point at θ = θ0 to the boundary of space
θ = π/2 in global coordinates is now again finite,
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Fig. 23.1 Penrose diagram
for global AdS, with the
triangle corresponding to the
Poincaré patch on it. The
diagram is a cylinder of
revolution

θ = π/2

θ = 0

τ

τ = π

2
− θ0. (23.16)

Since the boundary of AdSd space is a finite time away, light can go the boundary
and back in finite time, which means that logically there is the possibility that we
can project holographically the physics in the bulk of the space onto the boundary,
which isRτ × Sd−2 in global coordinates andR4 in Poincaré coordinates. These two
spaces are related by a conformal factor in Euclidean signature, since

ds2 =
d∑

i=1

(dxi )
2 = dρ̃2 + ρ̃2d�2

d−1 = ρ̃2

(
dρ̃2

ρ̃2
+ �2

d−1

)
= e−2y(dy2 + d�2

d−1) ,

(23.17)
where in the last step we wrote ρ̃ = e−y .

Moreover, we saw that the isometry group of AdSd space is SO(d − 1, 2), and
it will turn out that this is the conformal symmetry group in d − 1 dimensions,
suggesting that the holographic theory on the boundary of AdS space is a conformal
field theory.

23.2 Conformal Field Theories

To understand the relation, we need to understand conformal field theories.
Conformal transformations are generalizations of scale transformations of flat space,
x ′μ = λxμ, which relate metrics as

ds2 = (dx ′μ)2 = λ2(dxμ)2. (23.18)



23.2 Conformal Field Theories 275

For conformal transformations, the constant conformal factorλ2 above is replaced
by a local conformal factor. Thus conformal transformations are coordinate trans-
formations xμ → x ′μ(xν) of flat space, such that the flat space metric gets a local
conformal factor

ds2 = (dx ′μ)2 = [�(x)]2(dxμ)2. (23.19)

It turns out that most, if not all, theories with scale invariance at the quantum
level have also conformal invariance. In fact, a characteristic of conformal invariant
theories is that there are no parameters with mass scales in them (they are massless
theories). The other observation is that conformal invariance is an invariance of flat
space. So, even though a conformal transformation is part of general coordinate
transformations, conformal invariance means that the flat space action, after the
conformal transformation, is still a flat space action (it is independent of the conformal
factor, so it is still written with the flat space metric).

Conformal field theories in d = 2 spacetime dimensions are special, since in 2
dimensions, any holomorphic transformation, z → z′ = f (z), where z = x1 + i x2,
is conformal:

ds2 = dz′dz̄′ = | f ′(z)|2dzdz̄. (23.20)

That amounts to an infinitely dimensional conformal group of transformations,
which highly restricts possible theories.

But we will be interested in dimensions other than 2, d > 2, in which case the
conformal group (group of conformal transformations) is finite dimensional. For
an infinitesimal transformation x ′μ = xμ + vμ(x), with an infinitesimal�(x) � 1 −
σv(x), we obtain

∂μvν + ∂νvμ = 2σvδμν ⇒ σv(x) = ∂μvμ/d. (23.21)

In d > 2, the most general solution of this equation is

vμ(x) = aμ + ωμνxν + λxμ + bμx
2 − 2xμb · x , (23.22)

giving σv(x) = λ − 2b · x . Here λ is a scale transformation, corresponding to a
dilatation generator D, aμ is a translation, corresponding to the generator Pμ, the
antisymmetric ωμν corresponding to Jμν , and bμ corresponds to a new type of trans-
formation, a “special conformal transformation”, for a generator Kμ. Together, the
parameters fit into an antisymmetric matrix �MN , with M = (μ, d + 1, d + 2), cor-
responding to generators of SO(d, 2)

J̄MN =
⎛
⎝ Jμν J̄μ,d+1 J̄μ,d+2

− J̄μ,d+1 0 D
− J̄μ,d+2 −D 0

⎞
⎠ . (23.23)
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Here D = J̄d+1,d+2 and

J̄μ,d+1 = Kμ − Pμ

2
, J̄μ,d+2 = Kμ + Pμ

2
. (23.24)

Thus indeed, as we have already reported, the isometry of AdSd+1 is the same as
the conformal group in d flat spacetime dimensions, SO(d, 2).

23.3 AdS/CFT Motivation (Heuristic Derivation)

TheAdS/CFTcorrespondencewas “motivated” (heuristically derived) byMaldacena
in 1997 based on equating two descriptions of a large number ofD-branes, in a certain
decoupling limit that we will define.

We consider a near-extremal (i.e., only slightly non-extremal, mass only slightly
larger than the charge) system of (a large number) N D-branes. As it was proven by
comparing thermodynamic quantities, the temperature and entropy, given amass and
charge, first by Strominger and Vafa, then by Callan and Maldacena (both in early
1996), this system of D-branes describe the gravitational system of a near-extremal
black hole.

But then in late 1996 Maldacena and Strominger go further, and prove explicitly
that the Hawking radiation spectrum obtained from the near-extremal black hole
matches the emission spectrum of the near-extremal large N system of D-branes,
which means that at least in this toy model case, the Hawking radiation is unitary,
specifically coming from a unitary string process happening on the D-branes. We
can therefore understand this process of Hawking radiation from string theory as
follows: two open strings, ending on a D-brane, collide, form a closed string, which
can then move off the D-brane, as in Fig. 23.2. The closed string mode is a particle
radiated by the black hole.

Then in his famous 1997 paper, Maldacena realized that by thinking of the two
descriptions of this Hawking radiation, one gravitational, the other one in terms of
D-branes, and taking a decoupling limit, we find the equivalence of a field theory
living on the D-brane with a gravitational theory living near it. We present here the
two points of view, and the equivalence resulting from it.

Point of View nr. 1: D-Branes, i.e., Open-String Endpoints

Thinking of Hawking radiation of the near-extremal D-branes as an open string
process, the action describing the system is

S = Sbulk + Sbrane + Sinteraction. (23.25)

On the brane we have open strings, in the bulk we have closed strings, and the two
are coupled by an interaction that gives the Hawking radiation decay process. This
interaction (for a closed string to go into two open strings) is of order gs , the closed
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Fig. 23.2 Hawking
radiation as a string process
on a D-brane: two open
strings on the D-brane join
and move off the D-brane as
a closed string, giving
Hawking radiation

string coupling constant. But this is a gravitational interaction, proportional to the
10 dimensional Newton constant κN , which is proportional to gs and to α′2 (since in
10 dimensions 2κ2

N has dimension−8, andα′ has dimension−2). But thatmeans that
the interaction vanishes, in the “decoupling limit” α′ → 0 (which means α′E2 → 0
for relevant energies E), when moreover κN → 0, so we obtain free (super)gravity,
and also the D-brane action becomes just N = 4 SYM.

Thus in this point of view, in the decoupling limit α′E2 → 0 (where E is some
relevant energy in the field theory) we have:

• free 10 dimensional gravity in the bulk, far from the branes (at δr → ∞).
• N = 4 SYM in 4 dimensions on the boundary.

Point of View nr. 2: (Near-)Extremal p-Brane Solutions, i.e., Black Holes

Now, replacing the N D-branes with the gravitational space curved by them, namely
the type IIB supergravity solution

ds2 = H−1/2(r)d 	x2|| + H 1/2(r)(dr2 + r2d�2
5)

F5 = (1 + ∗)(dt ∧ dx1 ∧ dx2 ∧ dx3 ∧ (dH−1))

H(r) = 1 + R4

r4

R = 4πgs Nα′2 , Q = gs N , (23.26)
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we have only a gravitational system, but it contains several regions. We consider the
decoupling limit α′E2 → 0, or E

√
α′ → 0 but, since we are in gravitational theory,

we need to keep the energy at a point p in the bulk, of radius r , fixed. Considering
E as the energy measured at r → ∞, the two are related as

Ep ∼ d

dτ
= 1√−g00

d

dt
∼ E√−g00

, (23.27)

which, since at r → 0, H(r) ∼ R4/r4 ∝ α′2/r4, means

√
α′E ∼ (

√
α′H−1/4)Ep ∼ r Ep → 0 (23.28)

happens for r → 0 if Ep is fixed.
So the decoupling limit is a limit of low energy at infinity, and then at infinity

(for δr → ∞) we get free gravity (since κN ∝ α′2 → 0, as before), but now also at
r → 0 we get E → 0. That means that now we also have two decoupled systems:

• free gravity in the bulk at δr → ∞
• low energy gravity excitations for r → 0.

AdS/CFT Correspondence in Decoupling Limit

Identifying the two free systems in the two points of view, we see that one is the
same (free gravity at δr → ∞), which means the others must be identified:

N = 4 SYMwith gauge group SU (N ) = gravitational theory in theD3-brane
background at r → 0 and α′ → 0.

We now interpret (23.28) at r → 0 as

E ∝ (Ep

√
α′)r

α′ (23.29)

and, now identifying E with the energy of the SYM theory instead of the energy at
infinity in the gravity description,we consider that, for the purposes of the comparison
of SYM with gravity, we must keep fixed both the SYM energy E and the energy in
the gravity (string) description in string units, so

√
α′Ep, leading to

U = r

α′ (23.30)

fixed in the r → 0,α′ → 0 limit.
In this limit, H ∼ R4/r4, so we obtain

ds2 � r2

R2
(−dt2 + d 	x23 ) + R2

r2
dr2 + R2d�2

5 , (23.31)

or, with the change of variables r/R = R/x0,
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ds2 = R2 −dt2 + d 	x23 + dx20
x20

+ R2d�2
5 , (23.32)

corresponding to the space AdS5 × S5 of radius R. Writing it in terms of the variable
U = r/α′ ∝ E/(Ep

√
α′), thus identified with the energy scale in SYM given a fixed

energy in gravity, we obtain

ds2 = α′
[

U 2

√
4πgs N

(−dt2 + d 	x23 ) + √
4πgs N

(
dU 2

U 2
+ d�2

5

)]
. (23.33)

In this form, there is a vanishing overall factor α′, but the rest is finite. One can
show that the string coupling gs is related to the SYM coupling gYM by

4πgs = g2YM . (23.34)

The proportionality comes becomes two basic open string interactions (propor-
tional to gopen, i.e., gYM ) can be glued into a basic closed string interaction, or “pair
of pants” (proportional to gclosed, i.e., gs), and the proportionality constant can be
calculated.

In thisway, the AdS5 × S5 metric iswritten in terms of SYMvariables N , gYM and
U . The SYM field theory in some sense lives at the boundary of AdS5 × S5, which
is R4 (the S5 shrinks to zero when going to the boundary of AdS5), and happens as
we saw for x0 → 0, or r → ∞. Thus the AdS/CFT correspondence is holographic.

23.4 AdS/CFT Definition and Limits

We have obtained the AdS/CFT correspondence as an equality betweenN = 4 SYM
and string theory in the AdS5 × S5 background given in (23.33), where N is either
the rank of SU (N ), or the brane charge, and 4πgs = g2YM .

One could say that is all, and that is in fact the most general understanding of
the AdS/CFT correspondence, currently believed to be correct. But as things stand,
there are some approximations that put the heuristic derivation above on a stronger
footing. Namely, we should be able to use the gravitational limit of string theory,
which means that α′ corrections and gs corrections should be small.

Having small α′, or string worldsheet, corrections has the invariant meaning of
having large curvatures with respect to the string length

√
α′, i.e., α′/R2 � 1. For

the AdS5 × S5 space, that becomes

R2

α′ = √
4πgs N =

√
g2YM N � 1 , (23.35)

which therefore translates in the SYM theory into a very large ’t Hooft coupling,
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λ ≡ g2YM N � 1. (23.36)

Indeed, ’tHooft showed that for an SU (N )gauge theory the effective loopparame-
ter isλ, so perturbation theory corresponds toλ � 1. Thatmeans that the perturbative
gravity limit is an ultra-nonperturbative limit in SYM. Then the AdS/CFT correspon-
dence is an example of duality, that relates strong coupling to weak coupling and
vice versa.

The next condition is that quantum string corrections are small, which amounts
to gs small, gs � 1.

Putting together the two conditions,weobtain N → ∞,whichmeans that the limit
is really the one considered by ’t Hooft, N → ∞, gYM → 0, but with λ = g2YM N
fixed but very large (�1). This ’t Hooft limit corresponds in the string side of the
correspondence to the gravity limit of string theory.

In terms of the SYM variables, small string corrections correspond to

α′

R2
= 1√

λ
� 1 , 4πgs = λ

N
� 1. (23.37)

In principle, we have 3 possibilities for the AdS/CFT correspondence:

• (weakest) Matching between the two sides only in the α′/R2 → 0, gs → 0 limit.
• (stronger) α′/R2 corrections match, but gs corrections don’t.
• (strongest) both α′/R2 and gs corrections match, so matching of the two sides is
at the full string theory level, or equivalently for any N and gYM .

As we said, the strongest form of the correspondence is actually believed to be
correct, and the matching is at the full string level. Many α′ and gs corrections have
been calculated and found to match.

23.5 Operator/State Map and GKPW Construction

Having been described what the equivalence is, we now proceed to describe the
mapping of objects between the two sides.

The first observation is that the symmetries of the gravitational AdS5 × S5 back-
ground and of the N = 4 SYM CFT match between the two sides: the SO(4, 2)
isometry group of AdS5 becomes the conformal group in (3, 1) flat Minkowski
dimensions, and the SO(6) isometry group of S5 becomes the SO(6) global
“R-symmetry” group of the N = 4 SYM theory.

Then the fields in AdS5, in the KK expansion on the compact space S5, thus in
representations of the isometry group SO(6), should correspond to gauge invariant
operators O in the SYM, in the same representation of the global symmetry group
SO(6). More precisely, KK expanding scalar fields as
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φ(x, y) =
∑
n

∑
In

φIn
(n)(x)Y

In
(n)(y) , (23.38)

where Y In
(n)(y) are spherical harmonics on S5 in the representation In of SO(6), with

level n, measuring the eigenvalue of � on S5, the fields φIn
(n)(x) in AdS5, of mass m,

correspond to the operators O In
n , with conformal dimension

� = d

2
+

√
d2

4
+ m2R2 (23.39)

and d is the dimension of the CFT, for us d = 4. For p-form fields in AdSd+1, we
have the relation

(� − p)(� + p − d) = m2R2 , (23.40)

solved by

� = d

2
+

√
d2

4
+ m2R2 + p(p − d). (23.41)

For m = 0, we obtain

� = d

2
+ d − 2p

2
= d − p. (23.42)

One important observation is that in AdS space,m2 need not be just positive as in
flat space, which is a condition from normalizability at infinity of localized excita-
tions: eik·x = eimt+··· = e+t

√−m2+··· gives m2 ≥ 0. In AdS space, normalizability of
localized excitations gives the so-called Breitenlohner–Freedman bound, which for
scalars is

m2R2 ≥ −d2

4
. (23.43)

Among the possible field-operator pairs, two will be of importance to us:

• A Noether current Jμ for a global symmetry group G corresponds to a gauge field
Aμ for the same symmetry group in the dual gravitational background, just that
now it is local. From the above general analysis for p = 1 (one-form field), we
see that a massless gauge field corresponds to a current Jμ of dimension d − 1,
as it should be. Gauging a global symmetry involves adding a coupling term∫
ddx Jμ(x)Aμ(x), so this is a consistent choice.

• An important particular case of the above is the case of the energy-momentum
tensor Tμν , the Noether current for translations, with generator Pμ. The gauge
field for them, making locally translation invariant fields, i.e., general coordinate
transformation invariant ones, is known to be the metric gμν . Indeed, making a
translationally invariant theory into a general coordinate invariant one involves
adding a term − 1

2

∫
dd x

√−gTμν(x)δgμν(x), justifying the mapping.
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Having described the map from SYM operators to gravitational states (fields),
we should describe how to relate observables on the two sides. This was done by
Gubser, Klebanov, Polyakov, and separately by Witten, thus we call it the GKPW
construction. Or, since the map described here is the one ofWitten, simply theWitten
map.

A massless field in AdS space, φ(	x, x0), can be shown to go to a constant at the
boundary x0 → 0, φ0(	x), which means that the natural interpretation of φ0(	x) is as a
source for the boundary operator O that couples to it. Indeed, we saw above that on
the boundary, gauging a symmetry meant adding a term

∫
ddx Jμ(x)Aμ(x), where

Aμ is the source for the current Jμ, and also the boundary value of the field in the
dual gravitational background. For massive fields, and other types of fields (general
p-forms, fermions, etc.), the analysis is a bit more complicated, but it is similarly
done.

In order to define observables in theN = 4 SYM,we are led to define the partition
function for the operator O, with a source φ0 for it, which in Euclidean signature is

ZO[φ0] =
∫

D[SYM fields]e−SSYM+∫
dd xO(x)φ0(x). (23.44)

The correlation functions of O are found from it by differentiation,

〈O(x1) . . .O(xn)〉 = δn

δφ0(x1) . . . δφ0(xn)
ZO[φ0]

∣∣∣∣
φ0=0

. (23.45)

Since AdS/CFT relates the CFT theory with the AdS one, it is natural to propose
that the partition function above is the same as the partition function in AdS space,
with boundary value φ0(	x) for the fields φ(	x, x0), i.e.,

ZCFT
O [φ0] = ZAdS

string[φ[φ0]]. (23.46)

This should be valid generally in the string theory case, but in particular in the
supergravity limit of string theory (for α′ → 0, gs → 0), the string partition function
should become just the exponent of the supergravity action, on-shell for the fields φ
as a function of their boundary values φ0, thus for φ = φ[φ0], that is,

ZAdS
string[φ[φ0]] → e−Ssupergravity[φ[φ0]]. (23.47)

Finally then, the Witten map in the supergravity limit is

ZCFT
O [φ0] = ZAdS

string[φ[φ0]] = e−Ssupergravity[φ[φ0]]. (23.48)
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23.6 Generalization to Non-conformal Theories:
Gauge/Gravity Duality

We will be interested in a somewhat more general set-up than the one of AdS5 × S5

versusN = 4 SYM, which have conformal symmetry and maximal supersymmetry,
so we must generalize for other cases.

First, we note that there are other cases, for other dimensions, with conformal
symmetry and (near) maximal supersymmetry: the “ABJM model”, a 2+1 dimen-
sional model with N = 6 supersymmetry and an SU (N ) × SU (N ) gauge group
versus string theory in AdS4 × CP

3; the “(0, 2) theory” (named after the amounts
of supersymmetry) in 6 dimensions versus M-theory in AdS4 × S7 background. But
then it was realized that we can consider more general cases, with either less super-
symmetry, or with no conformal symmetry, and still a version of the correspondence
is valid, under the new name of the “gauge/gravity duality”, the gravitational back-
ground being called the “gravity dual”.

Some relevant properties of these gravity duals that will be of use are:

(1) The gauge theory lives at the boundary of the gravity dual, usually reduced
on a compact space Xd , giving a holographic duality, between a d + 1 dimensional
gravity theory and a d dimensional gauge theory.

(2) The map is a duality, relating a strongly coupled theory on one side of the
duality with a weakly coupled one on the other. In particular, we must have a large
N (rank of the gauge group) gauge theory, corresponding to a gs → 0 theory, and a
large λ = g2YM N theory, corresponding to an α′ → 0 limit.

(3) The symmetries must match, so global symmetries of the field theory match
the local symmetries in the gravity dual, which usually come, via KK expansion,
from the global symmetries of the compact space.

(4) The energy scale in the field theory is U = r/α′, where r is the holographic
coordinate in the gravity dual. Therefore one geometrizes motion in energy (RG
flow) as motion in an extra coordinate.

(5) Supergravity fields in the gravity dual correspond to gauge invariant field
theory operators made up from adjoint fields, i.e., “glueball” type operators.

(6) The mass spectrum of a tower of glueballs associated with an operator O
correspond to the mass spectrum of the wave equation for the supergravity field φ
coupling to O in the gravity dual.

Important Concepts to Remember

• Anti-de Sitter (AdS) space is a maximally symmetric, homogenous and isotropic
space of constant negative curvature, with negative cosmological constant.

• Lobachevsky space is the Euclidean signature space equivalent to the sphere,
but embedded in Minkowski space. de Sitter space is the Minkowskian signature
equivalent of the sphere, and Anti-de Sitter space is the Minkowskian signature
equivalent of Lobachevsky space.

• AdS space has a Poincaré metric, with boundary Poincaré symmetry, that only
covers a Poincaré patch, and a global metric, that covers the whole space.
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• The boundary of AdS space, in both Poincaré and global metrics, is a finite time
away (by a light signal).

• The boundary of Poincaré AdS is flatR4, and of global AdS is S3 × Rt , which are
related by a conformal factor in Euclidean signature.

• Conformal transformations are transformations of flat space that change themetric
by a position-dependent scale factor, d 	x ′2 = �2(x)d 	x2. In 2 dimensions, they form
an infinite group, but in d > 2 Minkowski space, they form the group SO(d, 2).

• The first observation leading to AdS/CFT is the holographic property of AdS
space, and the fact that the symmetry group of AdSd+1, SO(d, 2), is the same as
the conformal group in d dimensions.

• We derive AdS/CFT heuristically, by considering two points of view for D-branes:
as the endpoints of open strings, and as gravitational objects that curve space.

• In the decoupling limit α′ → 0 and r → 0, we obtain the equivalence of N =
4 SYM in 3+1 dimensions, with the gauge group SU (N ), to string theory in
AdS5 × S5 background, with N the charge in the background, and 4πgs = g2YM .• The general proposal, found until now to be true, is that the equality is valid at all
N and gYM , but initially it was thought that it is true only for small gs and α′, that
is, in the classical supergravity limit, corresponding to N → ∞, gs → 0, with λ =
g2YM N � 1 and fixed. The correspondence is α′/R2 = 1/

√
λ and 4πgs = λ/N .

• Gauge invariant operators inN = 4 SYM correspond to fields in AdS (KK dimen-
sionally reduced on S5), with the same symmetry, and dimension � related to the
mass squared m2R2 of the dual field.

• A Noether current corresponds to a gauge field for the same symmetry group, and
the energy-momentum tensor to the gravity field (metric).

• The CFT path integral for operators O with sources φ0 corresponds to the string
path integralwith boundary valueφ0 for thefieldφdual toO, ZO[φ0] = ZAdS

string[φ0].
In the supergravity limit, we obtain e−Ssugra[φ[φ0]]. Correlators are obtained by dif-
ferentiation with respect to φ0.

• AdS/CFT is generalized to gauge/gravity duality, for dual pairs of a field theory
and a gravitational background.

Further reading: The AdS/CFT correspondence was defined by Maldacena in [24].
The prescription for calculating correlation functions was defined by Gubser, Kle-
banov and Polyakov in [25] and by Witten in [26]. For a review of the AdS/CFT
correspondence, see the books [27, 28].

Exercises

(1) Show that the coordinate transformation

X0 = R cosh ρ cos θ

Xi = R sinh ρ�i

Xd+1 = R cosh ρ sin τ (23.49)
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is an embedding of the AdS space in global coordinates (23.12) inside the flat space
embedding in signature (d − 1, 2).
(2) Show that the coordinate transformation x ′

μ = xμ + vμ of flat space, with vμ in
(23.22), is a conformal transformation with � = 1 − σv(x), where σv = ∂μv

μ/d.
(3) Solve the KG equation (� − m2)φ = 0 in Poincaré coordinates of AdSd+1, near
its boundary at x0 = 0, and show that the two independent solutions are ∼x2h±

0 , with

2h± = d

2
±

√
d2

4
+ m2R2. (23.50)

(4) Consider the supergravity solution for N extremal M5-branes,

ds2 = f −1/3
5 (r)[−dt2 + d 	x25 ] + f 2/35 (r)[dr2 + r2d�2

4]
f5(r) = 1 + πNl3P

r3

F4 = ∗(dt ∧ dx1 ∧ · · · ∧ dx5 ∧ d f −1
5 ). (23.51)

Show that the decoupling limit r → 0, lP → 0, with U 2 ≡ r/ l3P fixed gives an
AdS/CFT duality, with an AdS7 × S4 metric and constant F4. Calculate RS4 and
RAdS7 .
(5) Consider the classical solution for a scalar φi in AdSd+1 space in Poincaré coor-
dinates, written as a function of the boundary value φ0i as

φi (z0, 	z) =
∫

ddzKB,�i (z0, 	z; 	x)φ0i (	x). (23.52)

Use the Witten (GKPW) prescription in the classical supergravity limit, in order
to show that, if we have 3 scalars φ1,φ2,φ3 with interaction term Lint = λφ1φ2φ3,
the 3-point correlator for the operators dual to it is

〈O1(x1)O(x2)O(x3)〉 = −λ

∫
dd zdz0

zd+1
0

KB,�1 (z0, 	z; 	x1)KB,�2 (z0, 	z; 	x2)KB,�3 (z0, 	z; 	x3).
(23.53)
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Chapter 24
Problems of String Inflation

We now move on to the study of string cosmology, i.e., applications of string theory
to cosmology. We have to start, of course, with trying to obtain the most popular
cosmological model, inflation. But it turns out that strictly speaking (applying the
fully top-downmentality of deriving everything from string theory), we have no good
model of string inflation yet. That is to say, there are models that when we consider
some approximations seem to give inflation, but in the end, corrections not taken into
account can spoil the nice features. Therefore in this chapter we will examine the
problems that appear when we try to apply string theory to find inflationary models.

The first question to ask is, why do we want to obtain string inflation? Of course,
inflation being the most popular cosmological model we need to see whether it
needs to be embedded into something else. It turns out that in fact, inflation is quite
UV sensitive. We will review in more detail the relevant argument when discussing
the Brandenberger-Vafa “string gas cosmology”, but the crux of it is that, for a
sufficiently large number of e-folds of inflation, the last scales to re-enter the horizon
(the CMBR scales) spent a large part of the early history (before going outside the
horizon and being frozen-in) being sub-Planckian, hence they must have necessarily
been influenced by trans-Planckian physics, i.e., quantum gravity. While this does
not happen for models with only 50–60 e-folds of inflation, it points out the UV
sensitivity of inflation, hence the need to have it at the very least embedded into a
consistent theory of quantum gravity.

Inflation is an effective field theory description, which means one needs to inte-
grate out all modes of the string higher than a cut-off scale. In phenomenological
effective field theory, one writes all the operators consistent with symmetries, valid
below a cut-off, and puts arbitrary coefficients for them, to be fixed by experiments,
but in a top-down approach like the string theory one, one must integrate out higher
modes, and obtain the correct coefficients in the effective field theory.

What do we need to have in order to obtain inflation? Inflation was presented
as a more general paradigm, for accelerated expansion governed by evolution in a
certain field, but the most popular incarnation is in terms of a scalar field that slowly
rolls down a flat potential. Therefore, we need to obtain a scalar with a nearly flat
potential.
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But the problem in string theory is not to obtain such a scalar, but rather that
we have too many, coming from the various parameters of compactification. These
are moduli, i.e., scalars that perturbatively have no potential (it takes no energy to
deform the compactification along these directions), but could have a nonperturbative
potential.

24.1 Moduli of Type IIB String Compactifications on CY3

In particular, for a popular concrete example, we will consider type IIB theory com-
pactified on a CY3 space. We will not describe the most general topological descrip-
tion of the Calabi-Yau spaces. We will just say some things that we need.

The CY3 space has a number of topologically nontrivial 3-dimensional surfaces,
or 3-cycles, the number of independent ones being given by b3, the “third Betti num-
ber”, characterizing homology (the nontrivial way in which surfaces interesect). A
homology basis for 3-cycles is given by (AI , BJ ), where I, J = 1, . . . , b3/2.We can
define the intersection number of surfaces as the number of nontrivial “encirclings”
of one surface by the other. It is defined as an antisymmetric function of surfaces,
and then we have (for the so-called A-cycles and B-cycles)

AI ∩ BJ = −BJ ∩ AI = δ J
I ; AI ∩ AJ = 0 = BI ∩ BJ . (24.1)

The basis is unique up to symplectic transformations with integer coefficients act-
ing on the cycles (AI , BJ ), i.e., Sp(b3,Z) transformations, that leave invariant the
intersection numbers.

The homology basis above is dual to s basis of 3-forms on the space, for the
cohomology group H 3(X,R), given by (αI ,β

J ), such that

∫
AI

β J = δ J
I ; etc. (24.2)

Complex Structure Moduli

Then the complex structuremoduli, or shapemoduli (in the case of the square 2-torus
T 2, the complex structure modulus is R2/R1) are obtained as integrals of the unique
holomorphic 3-form � on the homology basis (AI , BJ ), i.e.,

FI =
∫
AI

�; Z J =
∫
BJ

�. (24.3)

However, since the normalization of� is irrelevant, we actually have h2,1 = b3 −
1 independent complex structure moduli (there are some more nontrivial topological
numbers called Hodge numbers h p,q that will not be explained here).
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Kähler Structure Moduli

The Kähler structure moduli, or size moduli (in the case of the square 2-torus T 2,
the Kähler structure modulus is the volume R1R2) are obtained in a similar way, but
by integrating a unique 2-form on a basis of 2-cycles.

On a Calabi-Yau space there is a unique covariantly constant spinor η, as we saw
in the last chapter, and from it we can construct the Kähler form

Ki j = η̄�i jη, (24.4)

and in turn the complex structure

J i j = gik Kk j , (24.5)

or sometimes written as a 2-form (since it is antisymmetric)

J = gi j̄ dz
i ∧ dz j̄ . (24.6)

But then in string theory we also the NS-NS 2-form field Bμν , so we can define
the complexified Kähler class

K = J + i B. (24.7)

We can define also the homology of 2-cycles, by finding the basis of topologically
nontrivial 2-dimensional surfaces (2-cycles) (A′

I ′ , B ′J ′
), I ′, J ′ = 1, . . . , b2/2, with

orthonormal intersection numbers

A′
I ′ ∩ B ′J ′ = δ J ′

I ′ , A′
I ′ ∩ A′

J ′ = 0 = B ′I ′ ∩ B ′J ′
. (24.8)

Here there are b2 = h1,1 2-cycles, where b2 is the second Betti number (and h1,1

is a Hodge number).
Then as before, theKähler structuremoduli are given by the integrals of the 2-form

K over the basis of 2-cycles,

XI ′ =
∫
AI ′

K , X J ′ =
∫
BJ ′

K . (24.9)

These 2 types of modulis exist for whateverCY3 construction, but in more general
cases we can have other types of moduli as well, like:

• D-brane moduli, coming from the fields on the worldvolume of D-branes. The
most obvious one is the position X0 of the D-brane in the transverse space, but in
general there could be others as well. For instance, a D-brane can wrap a variable
cycle in the geometry, parametrized by some scalar field.

• axions, coming from fluxes of antisymmetric tensor fields on cycles in the geom-
etry.

• there can be also other moduli in more complicated cases.



292 24 Problems of String Inflation

Example

One interesting example is provided by the type IIB flux compactification, with
G-flux.

We define the complex scalar made up from the RR axionic scalar a and the
dilaton φ,

τ = a + ie−φ. (24.10)

The G-flux refers then to the combination of the NS-NS 3-form field strength
HNS−NS and the R-R 3-form field strength FR−R ,

G = FR−R − τHNS−NS . (24.11)

In the case that the G-flux is nontrivial on cycles, we have theGVWsuperpotential

W =
∫
CY3

� ∧ G , (24.12)

where � is the holomorphic 3-form.
We see that we have very many scalar moduli in a string compactification, in

fact too many. In fact, we have not observed a single light scalar in the real world,
which means that we need to stabilize the string moduli, by a nonperturbative (super)
potential.

Since today we don’t see any light scalars, it means that today all the moduli need
to be stabilized. There is one possibility around that will be explored towards the
end of the book, in the form of so-called chameleon scalars. They arose out of the
observation that in fact, we only know that there are no light scalars here on Earth
(where we can perform fifth force search experiments, and see that there is none),
or in the Solar System (the motion of the planets follows from Newtonian theory,
without the need for a fifth force). Butwe could still have a scalar (like the chameleon)
that is light on cosmological scales and massive on Earth and Solar System scales.

But at early stages, we still want one of the scalars to be not stabilized, namely the
inflaton. In fact, in the usual picture of new inflation, we would have a flat plateau,
and after a drop, we have a minimum of large mass, stabilizing it now.

However, note that this presents a problem, because we want to have all the mod-
uli stabilized, and moreover stabilized at zero potential (no cosmological constant),
whereas without the stabilization, the extra moduli would have no potential, that
means that we should extend the inflaton potential trivially in all extra moduli direc-
tions. But that means that generically the quantum corrections must introduce steep
drops (followed by stabilization) in transverse directions, invalidating the flatness
of the potential needed for inflation, since the evolution in field space is along the
steepest path.

To check whether the above happens, or the potential continues to have flat val-
leys, we would need to have the full nonperturbative moduli potential (since stabi-
lization is nonperturbative), which would in effect mean that we have to solve the full
nonperturbative string theory in some sector, which is clearly impossible. That is why
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we don’t have a good model of string inflation yet: to stabilize moduli we need non-
perturbative corrections, so gs is large(ish), but then we must consider all possible
corrections, since without it we are not sure whether we are in a true valley, or on
top of a hill with a flat narrow top.

24.2 Approximations for String Calculations
of the Potential

In doing actual calculations for the potential, one usually does a combination of ap-
proximations. The most important approximations, well established in the literature
over many years, are as follows.

(1) The α′ expansion, needed in order to have a perturbative string worldsheet. In
this context, it is an expansion in

α′/R2 � 1 , (24.13)

whereR is the scale of variation of the various background fields. It is usually hard
to satisfy.

(2) The string loop expansion, in gs � 1, in order not to have the full nonpetur-
bative quantum string theory. However, as said above, we need to at least partially
contradict it for moduli stabilization. This presents a problem, since we must invoke
some nonperturbative contributions that stabilize the moduli, yet we cannot calculate
the full nonperturbative potential.

(3) The probe approximation for D-branes. When treating D-branes, usually one
considers them as probes, i.e., they do not backreact on the background. They are
only fixed at some point, or wrapping some cycles, in the compact manifold. But
often times, the approximation is, or must be, violated.

(4)Anopposite approximation is also possible, considering a large charge approx-
imation, N � 1, for the number of branes, which means that the branes drastically
curve the background, and one usually ends up in a near-horizon geometry, like in
the case of large N number of D3-branes, when we obtain the AdS5 × S5 geometry.

(5) The smeared approximation. One other possibility to deal with branes, in the
case that it is difficult to find the dependence on one of the coordinates, x , is to
consider the brane charge to be uniformly distributed, or smeared in that direction,
such that the fields are independent of x .

(6) The adiabatic approximation amounts to a slow motion of branes, done such
as not to change the background.

(7) More of a subset of number 6 is the moduli space approximation, a general
procedure in the case of solitonic objects. When a static configuration of solitons
(or here, D-branes) is stable (has no potential), it means that the various positions
are moduli (this can be generalized to other kinds of moduli). But if we give a
small (relative) velocity to the moduli (i.e., make them time dependent), we don’t
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have anymore a solution. Instead, one must re-solve the equations of motion and
introduce first order corrections in the velocities (time dependence), and one can find
an effective Lagrangian on the moduli space, of the type

L = gi j Ẋ
i Ẋ j − V (Xk) , (24.14)

where Xi are the moduli and gi j is the moduli space metric.
(8) Mode truncation (for instance, truncation of KK modes).
What usually happens is that at least one of the above approximations contradicts

the needed regime of parameters, so we cannot trust the result.

24.3 Eta Problem in String Theory

The problem is that the stabilization of moduli doesn’t decouple from inflation.
One considers a model of “string inflation” that works, in the absence of moduli
stabilization, but after stabilizing the moduli, we create terms that spoil the flatness
of the potential. The “eta problem” is the fact that the corrections introduced this way,
or perhaps by quantum corrections (see later) spoil the smallness of the inflationary
parameter η (which needs to be � 1 for slow roll).

Example

Consider open strings stretched between two sets of branes, D-brane sector A and
sector B. As we already said, to obtain the effective field theory of inflation, we must
integrate out the string modes above a cut-off. Integrating out the open string, of
mass MAB , we obtain terms of the type

O(�1)
A O(�2)

B

M�1+�2−4
AB

, (24.15)

such as to give a dimension 4 operator. Here OA is an operator for fields in the
D-brane sector A, of dimension �1 and OB in D-brane sector B, of dimension �2.

For instance, consider OA to be a constant (independent of the inflaton, rather)
V0, and OB to be a mass term for the inflaton, φ2. Since MAB = �X/(2πα′), and if
�X <

√
α′ we need string corrections, we must instead consider �x >

√
α′, which

means that MAB ∼ MPl is natural, leading to a term in the effective field theory of
type

∼ O4
φ2

M2
Pl

. (24.16)

Then then η parameter of inflation is

η ≡ M2
Pl
V ′′

V
∼ M2

Pl

φ2
. (24.17)
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This is generically > 1, but moreover, usually one has also independently O4, so
that in total

O4

(
1 + φ2

M2
Pl

)
, (24.18)

which gives η = 1, or more generally η ∼ O(1).
This is the eta problem, at the classical level (from the point of view of the

effective field theory). However, there are also (perhaps even more importantly)
quantum corrections, that will be analyzed later.

24.4 Energy Scales for Most Controlled Approximations

In practice, we need to have some sort of control over the approximations made in
order to calculate (so that we can trust them). In that case, several energy scales
appear, in a particular order, that I will explain in the following.

• In general, we have the Planck scale larger than the string scale, MPl > Ms =
1/

√
α′. This is generic for perturbative string theory, i.e., with gs � 1, which

as we said is needed for the absence of large quantum string corrections. The
4 dimensional Planck scale appears from the coefficient of the Einstein action
in 4 dimensions, M2

Pl/2. But that arises from KK dimensional reduction from 10
dimensions of the same term,with coefficient 1/(g2s 2κ

2
N ,10). The 1/g

2
s is there since

this is a closed string action, and so must have this overall coefficient (gs is the
closed string coupling), and the 1/2κ2

N ,10 is the standard gravity coupling,which by
dimensional analysis must equal M8

s /2. KK dimensional reduction means that we
get the volume of the 6 dimensional compact space V (6)

compact = M−6
KK as a prefactor.

Here we have defined a KK scale (scale of masses of KK modes) by analogy with
the one-dimensional (circle) case, where R = 1/MKK. Finally, that gives

M2
Pl = 1

κ2
N ,10

1

g2s
V (6)
compact ⇒ MPl = Ms

gs

(
Ms

MKK

)3

. (24.19)

We see that gs � 1 and Ms ∼ MKK indeed implies Ms � MPl. In a natural com-
pactification, indeed MKK ∼ Ms (since the compact space would become compact
due to string effects). But if one tries to obtain large extra dimensions, we would
have R � √

α′, or Ms � MKK, which would mean that Ms is even smaller than
MPl. The only issue is whether we can have MKK > Ms , but that is both unlikely
in a general quantum gravity scenario, and also in particular in string theory, we
have T-duality equating large and small volume physics, so in that case we can
take it as excluding an equivalent scenario.

• Therefore we have also Ms > MKK, or V
(6)
compact � M−6

s = α′3. Note that this large
volume in string units will also imply smallα′ corrections, so it is actually a needed
condition in order to avoid string worldsheet corrections.
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• The energy scale of inflation is the Hubble scale Hi during inflation. For the
validity of inflation as an effective field theory, we must have the cut-off scale be
larger. In this case, the cut-off refers to MKK, beyond which we must consider the
whole infinite tower of KK modes, or equivalently the full 10 dimensional theory.
Therefore we must have Hi < MKK.

• Finally, we usually need to use supersymmetry during inflation, if we are to trust
quantum corrections calculated (without susy, there is not much control over quan-
tum corrections). But that means that we must have the scale of susy breaking in
4 dimensions (of the breaking of theN = 1 susy to MSSM) be less than the scale
of inflation, Msusy br. < Hi .

All in all, we have the needed hierarchy

Msusy br. < Hi < MKK < Ms < MPl. (24.20)

Quantum Eta Problem Redux

We now can explain the quantum eta problem better, as something akin to the hi-
erarchy problem in the Standard Model, namely that the mass of some scalar (in
the case of the Standard Model, the Higgs, in the case of inflation, the inflaton) is
naively taken by quantum corrections in a generic effective field theory to the scale
of the UV cut-off, �cut−off . For that not to happen, we need something drastic like
supersymmetry that prevents various quantum corrections.

But the effective field theory of inflation is usually only valid in a very small
window, since Hi ∈ (Msusy br., MKK), and as we saw, at MKK we break most of the
susy, being left with the N = 1 needed for phenomenology. Yet nevertheless, one
obtains usually susy breaking of the remaining N = 1 at a scale smaller, but not
much smaller than MKK. That means that we have

�cut−off � Hi , (24.21)

which in turn means that the quantum corrections for the inflaton mass (loops of
other fields inserted into the inflaton propagator) give a mass at this cut-off scale, i.e.

�mφ ∼ H. (24.22)

Since moreover the constant part of the potential O4 = V0 defines the Hubble
scale during inflation by V0 = 3M2

PlH
2
i , we have the inflaton potential

V ∼ O4 + �m2
φ

φ2

2
= 3M2

PlH
2
i + �m2

φ

φ2

2
, (24.23)

leading to

�η = �m2
φ

3H 2
∼ 1. (24.24)
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Again, to seewhether or not this happens at the quantum level (in the effective field
theory of inflation, itself obtain by integrating out massive modes beyond �cut−off ),
we would need to have the full quantum effective potential. But getting that would
be equivalent to solve the full nonperturbative string theory, an impossible task. We
would have to be very lucky to have a model where we could calculate everything in
a controlled approximation.

24.5 Large Field Inflation

Another issue that can appear in string theory models for inflation is a generic one
to most approaches, related to the Lyth bound, found in Chap.11 (of part I). We saw
then that, for a tensor to scalar ratio of perturbations r and a number of e-folds of
inflation Ne, we have a minimum inflaton field excursion

�φ�Ne ≥ MPl
√
r
�Ne√

8
. (24.25)

This would become a problem if we see a large(ish) r (as of this moment, we have
not observed tensor modes, only scalar modes), since it would imply that we need
to have a �φ that is trans-Planckian.

The first problem with that is that it might not be kinematically allowed. In fact, a
typical string compactification (with string scale extra dimensions) usually doesn’t
allow it.

In something like large extra dimensions this would be allowed. In fact, large
extra dimensions means that the scalar representing the volume in string units is
(by definition) trans-Planckian. But some models are extremely constrained (see for
instance my papers with Khoury and Hinterbichler, and Khoury, Hinterbichler and
Rosenfeld), to the point that it is not clear that there is a good model compatible with
experiments.

But moreover, even if one has a kinematically allowed trans-Planckian �φ, that
wouldmean that we need to control dynamically the flatness of the inflaton over these
large excursions. But in a generic effective field theory, we would expect corrections
to the operator of dimension four (the potential) O4, of the order of

O4

(
φ

MPl

)n

, (24.26)

which would naively blow up. So unless they are suppressed by unknown quantum
gravity (string theory)mechanisms, thesewouldmake any calculation of the potential
unreliable.

One set of models that has become popular recently (to be considered later on
in the book) is called axion monodromy inflation, and is the only known consistent
string model with trans-Planckian field excursion where it seems like the quantum
corrections are under control.
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Important Concepts to Remember

• For string inflation one of the scalar moduli of string theory is the inflaton.
• In string theory, we have complex structure moduli, Kähler moduli, D-brane mod-
uli, axions, etc. Any of them could be the inflaton, with the other ones stabilized.

• But that means that we need an almost flat direction, that cannot have a steep
drop in any transverse direction, which is what would generically happen when
we stabilize the transverse directions.

• Among approximations that one must use in string theory in order to be able to
calculate the potential, we have the α′ and gs string expansions, either the probe or
large charge approximation for branes, the smeared approximation, the adiabatic
approximation, the moduli space approximation, and KK mode truncations.

• The eta problem in string theory is that quantum corrections to η are of order
one, since generic quantum corrections to the potential are of order one in Planck
units. They also appear when we try to stabilize the moduli (which is, necessarily,
nonperturbative).

• In order to control the appoximations, we need the hierarchy of scales Msusybr. <

Hi < MKK < Ms < MPl.
• The cut-off scale for quantum corrections must obey �cut−off � Hi , leading to

�mφ ∼ H , so δη ∼ 1.
• The Lyth bound says that if the tensor to scalar ratio of fluctuations r is found to
be large, and �Ne is also large, we will have a large field excursion �φ.

• That is hard to obtain in string models, and also can generate large quantum
corrections, leading to the η problem, so we would need to explain why that
doesn’t happen.

Further reading: See the string inflation reviews [29, 30], as well as Sects. 4.1, 4.2
in [31] (arXiv review containing part of the book [32]).

Exercises

(1) Consider anN = 1 susy model with chiral superfield�, canonical Kähler poten-
tial K = �†� and superpotential W = A�3 coupled to supergravity, with |A| � 1.
Does it have a classical η problem?
(2) Assuming that we see an r (tensor to scalar ratio of perturbations) at the current
limit, r  0.10, and we have 60 e-folds of inflation, what is the reduction needed
from generic quantum corrections to operators O4?
(3) Consider compactification on the CY3 space (T2)⊗3 (a product of 3 tori), and no
D-branes or fluxes. How many moduli there are?
(4) Consider an axion, which is a scalar field with a potential of the type

V (φ) = V0[1 − cos(φ/ f )]. (24.27)

Does it have a classical eta problem? If we see a tensor to scalar perturbation ratio
r , what is the bound on the constant f such that we don’t have transplanckian (large
field) quantum corrections?



Chapter 25
Problems of the Supergravity
Approximation to String Inflation

Because string theory itself is not very calculable, there are few truly stringy models
of cosmology. Therefore, one mostly considers the low energy limit of string the-
ory, supergravity, as an effective field theory, and in this chapter we want to note
the problems we encounter when we try to obtain inflation in this effective field
theory. As usual, for phenomenological reasons we only considerN = 1 supersym-
metry, considering that the rest has been lost at a high scale. InN = 1 supersymme-
try, besides the supergravity multiplet, we have the chiral multiplet � and the vector
multiplet V a .

25.1 Supergravity Plus Chiral Multiplet

We start by themost standard case, ofN = 1 supergravity coupled to a scalar (chiral)
multiplet �. As we saw in part II, the potential for supergravity coupled to chiral
superfields �i is

V = eK/M2
Pl

[
gi j̄ DiW DjW − 3

M2
Pl

|W |2
]

. (25.1)

Here K (�i , �̄i ) is the Kähler potential, giving the kinetic term, andW (�i ) is the
superpotential, which is a holomorphic function of its arguments, and the covariant
derivative is

DiW = ∂iW + ∂i K

M2
Pl

W. (25.2)

In the following, we will only consider a single chiral superfield �.
The simplest assumption is to consider the Kähler potential to be Taylor expand-

able around zero, and write

K (�, �̄) = K0 + ∂�∂�̄K |0��̄ + · · · (25.3)
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Note that this expansion is not the most general one.We have ignored the possible
linear term � + �̄ in the expansion, on the grounds that it gives zero metric on field
space, but in principle it can be there, and we will see at the end that an important
special case has such a nonzero term.

With the above Kähler potential, we obtain the scalar kinetic term

− (∂φ∂φ̄K )∂μφ∂μφ̄ , (25.4)

and the scalar potential has the terms

V = V0

(
1 + gφφ̄

φφ̄

M2
Pl

+ · · ·
)

+ · · · , (25.5)

coming from the exponential prefactor eK/M2
Pl independently of the superpotentialW .

But these terms by themselves will give a �η = gφφ̄ ∼ O(1), i.e., a superpotential
independent order one contribution to η, as we can easily see. Here

V0 = eK0

[
(∂φ∂φ̄K )−1DφWDφW − 3

M2
Pl

|W |2
]∣∣∣∣

φ=0

. (25.6)

But moreover, in the low energy limit of string theory (supergravity limit), it is
natural to assume that we get a superpotential that, if it can be Taylor expanded, gives

W = M3
Pl

∑
p

cp

(
φ

MPl

)p

, (25.7)

with cp ∼ O(1). That in turn, will generically give also contributions of order one
to η, at least if we have, together with the first nonzero coefficient, cp, also the
coefficient cp+2 to be nonzero (if cp+2 is zero, we get a field-dependent η, which can
be made to be small; if not, we get a constant that is what it is). Of course, these will
interfere with each other in the potential V and with the above generic contribution
coming from K , so it could be that they cancel the total contribution to η, but this
would then involve some fine tuning.

This problemcouldperhaps be circumvented if there is no simpleTaylor expansion
for K . For instance, for the volumemodulus ρ of theCY3, a complex Kähler modulus
combining the volume and another scalar, the Kähler potential is

K (ρ, ρ̄) = −3M2
Pl ln[ρ + ρ̄]. (25.8)

Then indeed, there is no Taylor expansion around zero. Moreover, if we introduce
D3-branes in the CY3, at positions zα, α = 1, 2, 3 in CY3, we obtain a modification
inside the log,

K = −3 ln[ρ + ρ̄ − �k(zα, z̄α)] , (25.9)
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and we will see later that in a popular model (the KKLMMT model), the position of
a D3-brane in the compact space acts as the inflation.

However, as we have said previous chapter, we actually need to take care to
stabilize the remaining moduli, so ρ must in particular be stabilized, by the inclusion
of a nonperturbative superpotential. That means that ρ gains a large mass around its
minimum. But then from K , this will imply a mass for zα as well.

This is an example of the eta problem in string theory: we have a good inflationary
model, but when we remember to stabilize the non-inflaton moduli, we generate too
large a mass for the inflaton, destroying inflation.

One could argue that we need some softly broken symmetry to guarantee the
near-flatness of the potential. The obvious one is a shift symmetry,

φ → φ + const. , (25.10)

softly broken by small power law terms in the potential, i.e., with Lagrangian

L = −1

2
(∂μφ)2 − λp

φp

M p−4
Pl

, (25.11)

with λp � 1. Then at λp = 0 we have an exact shift symmetry, but the potential
breaks it softly. However, note that this is really parametrizing what we want to
obtain, not really “explaining” anything, so one needs a deeper reason behind the
smallness of the coefficients.

25.2 D-Term Inflation

We now move on to the other possibility, of having also an abelian vector superfield
V a , with auxiliary field Da . Here a is an index in the adjoint representation of the
gauge group. The scalar potential in this case is given by solving for the auxiliary
field, and replacing it in the “D-term” potential, which for a standard YM kinetic
term −(1/4g2)Fa

μνF
aμν is

VD = g2DaDa

2
, (25.12)

that is to be added to the F-term considered previously (in rigid susy, the potential
for the chiral superfield is given by Fi Fi/2, with Fi the auxiliary field in the chiral
multiplet).

If we have a coupling of the vector and chiral multiplets �i , with a canonical
kinetic term for �i , by solving the equation of motion of the auxiliary field Da we
get

Da = �†T a� ≡ �†i (T a)i
j
� j . (25.13)
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More generally, for a general gauge kinetic term −(1/4g2a) fa(φ)Fa
μνF

aμν , we
obtain the D-term in the potential

VD =
∑
a

[Re fa(φ)]−1 g2a D
2
a

2
, (25.14)

and the auxiliary field solution is

Da = �i (Ta)
i
j
∂K

∂� j
. (25.15)

We can also add to the Lagrangian the Fayet-Iliopoulos (FI) term defined by a FI
parameter ξa , ∫

d2θd2θ̄ξaV a , (25.16)

which effectively replaces
Da → Da + ξa (25.17)

in the D-term. The presence of the FI term means that we can have a spontaneous
breaking of susy, by having a nonzero ground state energy (in a susy theory the
energy of the -supersymmetric- vacuummust be zero, since the susy algebra contains
{Q, Q} ∼ H + · · · , and so Q|ψ〉 = 0 implies H |ψ〉 = 0), or at least a nonzero local
extremum of the potential.

Example: Fayet-Iliopoulos Model

The original FI model provides a simple example. Consider an Abelian vector multi-
plet, coupled with two chiral multiplets ofU (1) charges±1, and with superpotential

W = m�+�−. (25.18)

For standard kinetic terms, we obtain the potential

V = m2|φ+|2 + m2|φ−|2 + (ξ + e2|φ+|2 − e2|φ−|2)2. (25.19)

From its equations of motion, we find that the only extremum is at φ+ = φ− = 0,
which gives V0 = ξ2 �= 0. That means that we have spontaneous susy breaking, but
since the VEVs of the scalars vanish, we don’t have a Higgs mechanism, and the
U (1) is unbroken.

One can in fact generalize this mechanism to inflation, and consider the N = 1
supergravitymultiplet coupled to the vectormultiplet and 3 chiralmultiplets, a neutral
one S, and the two charges ones �±, with superpotential

W = S�+�− , (25.20)
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and Kähler potential
K = |S|2 + |�+|2 + |�−|2. (25.21)

However one finds that one cannot fix all the constraints on the model. It is left
as an exercise to find the potential and its equations of motion.

25.3 Field Redefinitions

We saw that we have only a restricted set of possibilities that give inflation. We willl
restrict that further, but here we note that in fact we also have some equivalences. In
fact, there is a transformation of the Kähler potential, called Kähler transformations,
that preserves the metric on the field space gφφ̄ = ∂φ∂φ̄K ,

K → K + f1(φ) + f2(φ̄) , (25.22)

where f1 and f2 are arbitrary functions. If we want to maintain K real, we need to
have f1 = f2 ≡ f , but it is not really needed, we only need observables to be real.
In rigid susy, this transformation of K is a symmetry of the scalar potential, however
in rigid symmetry we have the eK/M2

Pl prefactor. We can in fact transform also the
superpotential, in the real case f1 = f2 = f , by

W → e− f/M2
PlW , (25.23)

such that the scalar potential is still invariant. These redefinitions, being actions on
the supersymmetric objects K and W , preserve the supersymmetry of the theory.

We can also make redefinitions of just the scalar fields in the multilplets, for
instance by going to a canonical kinetic term for the scalars,

− gi j̄∂μφ
i∂μφ̄ j̄ ≡ −∂μφ̃

i∂μ ¯̃φ j , (25.24)

but this transformation doesn’t extend at the level of K and W , so this is a non-
supersymmetric transformation (it is actually not a transformation of the superfield
� either).

25.4 Example with ε,η � 1

Until now we have shown various things that don’t work, but we should also show
something that does work, and one can have ε, η � 1. Consider a canonical Kähler
potential

K = �̄� (25.25)
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and the simplest nontrivial superpotential, a linear term

W = A�. (25.26)

Then the scalar field metric is trivial, gφφ̄ = 1, and we obtain

DW = a

(
1 + �̄�

M2
Pl

)
. (25.27)

The scalar potential is therefore

V = e
φ̄φ

M2
Pl

⎡
⎣|a|2

∣∣∣∣∣1 + φ̄φ

M2
Pl

∣∣∣∣∣
2

− 3|a|2
M2

Pl

|φ|2
⎤
⎦

= |a|2e
φ̄φ

M2
Pl

[
1 − |φ|2

M2
Pl

+ |φ|4
M2

Pl

]
. (25.28)

Considering small fields, |φ| � MPl, the mass term for φ cancels between the
bracket and the prefactor coming from K , and we obtain

V � |a|2
[
1 + 1

2

|φ|4
M4

Pl

+ O
( |φ|6
M6

Pl

)]
. (25.29)

Considering the inflaton to be the real part of φ, σ ≡ Reφ, the inflationary param-
eters are now field dependent,

ε �
(

σ

MPl

)6

η � 6σ2

M2
Pl

, (25.30)

so can be put to be � 1 by having σ � MPl.
However, note that, despite having small ε and η, we don’t have new inflation,

since we have no end of inflation. Indeed, we see that the potential contains a plateau,
as needed for new inflation, but it increases away from zero, instead of decreasing
(so that inflation can end, when the decrease becomes drastic).

Modified Example

We can in fact modify this example to a correct one, by adding a subleading term to
the superpotential, to have

W = a�
(
1 − b�n

)
, (25.31)

where n ≥ 3, and keeping the canonical K . We obtain now



25.4 Example with ε, η � 1 305

DW = a

[
1 − (n + 1)b�n + �̄�

M2
Pl

(1 − b�n)

]
, (25.32)

leading to a scalar potential

V = e
φ̄φ

M2
Pl |a|2

[∣∣∣∣1 − (n + 1)b�n + �̄�

M2
Pl

(1 − b�n)

∣∣∣∣
2

− 3|φ|2
M2

Pl

|1 − bφn|2
]

.

(25.33)
Again considering only small fields, we now get

V � |a|2e
|φ|2
M2
Pl

[
1 − |φ|2

M2
Pl

− (n + 1)b(φn + φ̄n) + |φ|4
M4

Pl

+ O
(

φ5

M2
Pl

)]
. (25.34)

If n = 3 and the inflaton is σ =Re φ , we get

V � |a|2
[
1 − 8b

σ3

M3
Pl

+ O
(

σ4

M4
Pl

)]
, (25.35)

and if n = 4 we get

V � |a|2
[
1 −

(
10b − 1

2

)
σ4

M4
Pl

+ O
(

σ5

M5
Pl

)]
. (25.36)

In both cases, we see that we still have no mass term, so we can get ε, η � 1, but
now we also have the leading term in the potential going down, not up. That means
that we can arrange to have new inflation, with a plateau followed by a drop to a
minimum. This model was introduced by Yzawa and Yanagida.

As we have shown in [33], these are the only possibilities for canonical Kähler
potential and small field inflation.

Until now we have assumed the existence of a Taylor or Laurent expansion for K
and W , but this is not the only possibility. We can also have a singularity at φ = 0
that is not of the form of a finite order pole, but rather is an essential singularity.

In general, such a case is hard to obtain in string theory, but the exception is the
case of a log Kähler potential, discussed before,

K = −3 ln[� + �̄] , (25.37)

when the inflaton is the real part of φ, σ = Re φ. This is obtained as follows. In the
case of a general KK compactification, the compact space metric must be redefined
by a volume field,

ḡmn(x, y) = e2u(x)gmn(y) , (25.38)

and this field u(x) can be written in the general form
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Reφ = ecu(x) , (25.39)

with c a number. Then one obtains the kinetic term

+ α

(φ + φ̄)2
∂μφ∂μφ̄ , (25.40)

which is obtained from the Kähler potential

K = −α ln[� + �̄]. (25.41)

For the case of a CY3, α = 3.
However, in this case, we find that we cannot obtain inflation, unless we modify

K by adding terms inside the log, like in the D3-brane moduli case.

25.5 Special Embedding of Inflationary Potentials
in Supergravity

However, it turns out that there is a special embedding of (almost) any inflationary
potential inside N = 1 supergravity plus a chiral superfield, at the expense of an
unusual Kähler potential,

K = −3M2
Pl ln

(
1 + φ + φ̄√

3MPl

)
. (25.42)

Note that by expanding in a Taylor series around zero, we obtain

K � −√
3MPl(� + �̄) + 1

2
(� + �̄)2 + · · · � �̄� +

[
1

2
�2 − √

3MPl�

]

+
[
1

2
�̄2 − √

3MPl�̄

]
+ · · · .

(25.43)

Then by a Kähler transformation, at this order we can remove the extra terms, and
be left with only the canonical potential. But of course, the point is that we do have
the linear term (not considered before) before the Kähler transformation, and the
Taylor series continues ad infinitum, which was essential to the fact that this model
was excluded from the previous analysis of a Taylor expansion.

Despite what one might think, the choice of the inflaton is not the real part of
φ, appearing in the Kähler potential, but rather the imaginary part. The canonically
normalized inflaton is

φcan = √
2 Imφ. (25.44)
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Note then that if we would substitute from the beginning in K having just φcan

(just the imaginary part), we would get K = 0. Of course, the correct thing to do is
to first take the derivatives, and then put the real part to zero. Thus, the kinetic term
for φ is

− ∂φ∂φ̄K∂μφ∂μφ̄ = − ∂μφ∂μφ̄(
1 + φ+φ̄√

3

)2

= −1

2
∂μφcan∂

μφcan , (25.45)

where in the last equality, we have put the real part of φ to zero.
Then we find

DW = ∂φW +
√
2

1 + φ+φ̄√
3

W

MPl
, (25.46)

and if we put the real part of φ to zero, we find

DW |φcan = W ′
(√

2iImφ
)

+
√
3

MPl
W

(√
2iImφ

)
. (25.47)

Note that, if W is a real function (with real coefficients), the first term is imaginary,
while the second is real, so in the scalar potential the |W |2 terms cancel, giving (for
imaginary φ, gφφ̄ = 1 and K = 0)

V = e
K
M2
Pl

[
|DW |2 − 3

M2
Pl

|W |2
]∣∣∣∣

φcan

= |W ′(
√
2iImφ)|2 ≡ Ŵ ′(φcan)

2 , (25.48)

where we have defined the real function Ŵ by

W (�) = 1√
2
Ŵ (−√

2iφ). (25.49)

It follows that we can embed any positive single scalar inflationary potential into
the N = 1 supergravity plus chiral superfield scenario. Indeed, if V ≥ 0, we can
take the square root and find Ŵ ′, and from it, W . In this way, we can embed new
inflation, chaotic inflation (with V = λφp), and a lot of other examples.

However, the problem is that the form of K , while looking somewhat simple,
is difficult to obtain in string theory, and in this chapter we were not looking at
phenomenological supergravity, but rather at the possibility to have a low energy
string theory model, via supergravity. From this point of view, the special embedding
above is not very good.
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Important Concepts to Remember

• Generic Kähler potential and superpotential terms give order one contributions
to η.

• The Kähler potential for the volume modulus in KK compactification has the
form, for 6 compact dimensions, K = −3M2

Pl ln[ρ + ρ̄], which avoids the above
constraint.

• Generically, stabilizing the moduli generates quantum corrections that give �η ∼
O(1), thus destroying inflation.

• With a vector superfield, we can have D-term inflation, for instance by introducing
a FI term to break susy spontaneously.

• One can use field redefinitions and Kähler transformations to restrict the form of
possible inflationary models.

• With a canonical Kähler potential K = �̄� and a linear superpotential W = a�

we can obtain small ε, η, but no end to inflation.
• By adding a subleading term�n+1, n ≥ 3 toW , we get the Izawa-Yanagida model
of small field inflation, but here � is restricted to remain small.

• Wecan embed anypositive definite potential in supergravitywith a chiral superfield
using the special embedding with a real function W .

Further reading: See the string inflation reviews [29, 30], and the paper [33].

Exercises

(1) Calculate the inflationary parameters ε and η forN = 1 supergravity coupled to
a chiral superfield �, with Kähler potential

K = −3 ln(� + �̄) (25.50)

and superpotential
W = Aρ. (25.51)

(2) Calculate the potential and its equations of motion for the model of N = 1
supergravity coupled to a Super-Maxwell multiplet and 3 chiral superfields �±, S,
with Fayet-Iliopoulos term ξaV a and superpotential

W = S�+�− , (25.52)

and Kähler potential
K = |S|2 + |�+|2 + |�−|2. (25.53)

Here S is Maxwell-neutral and �± have charges ±1.
(3) Embed chaotic inflation, with V = λφp, intoN = 1 supergravity coupled to one
chiral superfield, via the special embedding.
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(4) Consider theN = 1 chiral superfield model with canonical Kähler potential and
superpotential

K = a�(1 − b�n). (25.54)

Calculate the potential exactly, and then expand it in σ = Re φ to find, in the
n = 3 and n = 4 cases, (25.35) and (25.36), as well as the n = 1 and n = 2 cases.
Repeat the exercise for the Kähler potential K = −3 ln(� + �̄).



Chapter 26
Brane (-Antibrane) Inflation

In this chapter we will examine the possibility that we have inflation due to branes,
or perhaps a brane-antibrane system. In string theory, we have branes as we saw, in
particular Dp-branes. They move in a higher dimensional space (usually 10 dimen-
sions), and then from the point of view of their worldvolume, the positions in the
extra dimensions behave as scalars. If moreover we adopt a point of view that our 3+1
dimensional world lives on the worldvolume of these branes (a scenario known as
“braneworld”), then the extra dimensions are 3+1 dimensional scalars. It is therefore
natural to ask whether one of them, X (ξa), can be the inflaton.

26.1 Brane Probe Inflation

If we consider a single brane in flat space, and a single transverse coordinate, the
DBI+WZ action takes the form

SDBI+WZ = −Tp

∫
d p+1ξ

(√
1 + (∂μX)2 − 1

)
, (26.1)

where the −1 is the effect of the WZ term in a supersymmetric configuration. As we
saw, if we have more than one scalar, the determinant inside the square root can give
more terms, but for a single scalar this is all. Expanding at small fields or energies,
we find

SDBI+WZ � Tp

∫
d p+1ξ

[
−1

2
(∂μX)2 + 1

8
[(∂μX)2]2 + ...

]
, (26.2)

so the action has no potential, but besides the canonical kinetic term, has terms with
higher derivatives. This case then doesn’t give the standard type of inflation. But a
similar case can give inflation from higher derivative kinetic terms, also known as
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k-inflation (after a paper by Armendariz-Picon, Damour and Mukhanov in 1999), as
shown in the case of D-branes for instance by Silverstein and Tong in 2003.

However, in a more general background, we can have a potential. In general, the
Dp−brane action is

Sp = −Tp

∫
d p+1ξe−φ

√
− det

(
∂a Xμ∂bXν [gμν(X) + α′Bμν(X)]) + μp

∫
Vp+1

C(p+1).

(26.3)

For the supersymmetric brane probe, like is the case of the Dp-brane, we have
μp = ±Tp, with the sign distinguishing D-branes from anti-D-branes (the sign is
anyway relative to a background C(p+1)). We need some sort of breaking of super-
symmetry in order to have a potential, otherwise the brane probe will not feel a
potential. This can be obtained for instance by putting an antibrane in a brane back-
ground, or a brane in a background that is not made up only of branes. In those
cases, the WZ term will not completely compensate the DBI term, and we will get a
potential.

Example

One example is a Dp-brane moving in the background of a doubly-Wick rotated
nonextremal Dp-brane (or branes, rather). A nonextremal brane background can be
thought of as an extremal brane background (made up of N branes), with added
D-brane-anti-D-brane pairs. Indeed, a brane has mass an charge, but in a D-brane-
anti-D-brane pair the charges sum up to zero, so we are left with only mass. Then
the non-extremal brane background can be thought of as adding mass, i.e., the
D-brane-anti-D-brane pairs, to the extremal (D-brane) background.

We make an extremal background with harmonic function Hp(r) nonextremal,
by adding a blackening factor (function) f p(r) as −dt2 → − f p(r)dt2 and +dr2 →
+dr2/ f p(r). But moreover, double Wick rotation means that we exchange the roles
of t and another worldvolume coordinate xp, so − f p(r)dt2 + dx2p becomes −dt2 +
f p(r)dx2p.
That means that the solution is

ds2 = H−1/2
p (r)(−dt2 + d �x2p−1 + f p(r)dx

2
p) + H+1/2

p (r)

(
dr2

f p(r)
+ r2d�2

8−p

)

e2φ = g2s H
3−p
2

p ; Bμν = 0

C(p+1) = 1

gs
H−1

p dt ∧ dx1 ∧ . . . ∧ dx p

f p(r) = 1 −
(rH
r

)7−p

Hp(r) = 1 + αp

(rp
r

)7−p
. (26.4)

Note that f p(r) and Hp(r) are harmonic function of the transverse space (r,�8−p),
as it should be.
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We moreover consider the standard static gauge,

X0 = ξ0, Xi = ξi , r = r(ξi ) = r(Xi ). (26.5)

Then the induced metric is

ds2induced = H−1/2
p

[
−(dξ0)2 +

(
δi j + Hp(r)

f p(r)
∂i r∂ j r

)
dξi dξ j + f p(r)dξ2p

]
.

(26.6)
Substituting in the action, we find

S = −Tp

gs

∫
d p+1ξH−1

p (r)

[√
f p

(
1 + Hp(r)

f p(r)
∂i r∂i r

)
− 1

]
. (26.7)

Specialize now to the case p = 4, and consider the coordinate xp = x4 as a KK
dimensional reduction coordinate (nothing depends on it), and

∫
dxp = 2πR. Then,

by expanding the square root, we obtain the kinetic term

− T4(2πR)

gs

∫
d3+1ξ

1

2
√

f4(r)
∂i r∂i r , (26.8)

and the potential

V4(r) = T42πR

gs
H−1
4 (r)[√ f4(r) − 1] = +T42πR

gs

1

1 + α4
( r4
r

)3
⎡
⎣

√
1 − r3H

r3
− 1

⎤
⎦ < 0.

(26.9)

Here

r34 = πgs Nα′3/2

α4 =
√
1 +

(
r3H
2r34

)2

− r3H
2r34

. (26.10)

Note that the potential is negative definite.
We will concentrate in the near extremal case, when rH � r4, so α4 � 1.
It is easy to see that the potential increases monotonically (show that V ′

p(r) > 0),
from r = rH , where

V (rH ) = −T42πR

gs

1

1 + α4

(
r4
rH

)3 � −T42πR

gs

(
rH
r4

)3

, (26.11)

where in the last equality I used r = rH � r4, and where also
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V ′(rH ) = +∞ , (26.12)

to r = ∞, where V (r = ∞) = 0.
For distances r 
 rH , we find

V (r) � −T42πR

2gs

(rH
r

)3 1 + 1
4

( rH
r

)3
1 + α4

( r4
r

)3 . (26.13)

If moreover r4 
 r 
 rH , we find

V (r) � −T42πR

2gsα4

(rH
r

)3
[
r3H
4r3

− r3

α4r34

]
. (26.14)

This potential is approximately constant, and it will give inflation in this region.
It is left as an exercise to show that we can satisfy the slow roll conditions.

In conclusion, in this model we have obtained inflation out of the motion of a
single D-brane in a nonsupersymmetric background. Other cases of brane motion in
backgrounds, without supersymmetry can also result in inflation.

The end of inflation is due to the rapid drop in the potential. As we said in part
I, inflation can end either with an oscillation around a minimum, leading to the
usual reheating, or with a rapid drop in potential, leading to the nonperturbative
preheating. This later case is what happens here, since as we saw V ′(rH ) = +∞.
As we have described it, it is not obvious, but inflation can end with the inflaton
disappearing during this preheating phase. It will become more obvious in the case
of brane-antibrane inflation.

26.2 Brane-Antibrane Inflation: Flat Space Approximation

Instead of a single brane moving in a background, we can consider a brane and an
antibrane attracting each other, and finally annihilating after their collision. In this
case, the inflaton will be their relative position,

� ∝ y

α′ ; ym = (x1 − x2)
m . (26.15)

The Dp-brane tension can be expressed as

Tp = α′Mp+1
s e−φ , (26.16)

where Ms is the string mass 1/
√

α′. The DBI term in the D-brane action is expanded
as

SDBI = −
∫

d p+1x
√−γ[Tp + . . .] , (26.17)
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and when considering the brane and antibrane together, the two WZ terms
±μp

∫
C(p+1) will cancel out, and the DBI terms will add up to

S = −
∫

d p+1x
√−γTp

[
2 + 1

4
gmnγ

ab∂a y
m∂b y

n + . . .

]
. (26.18)

If the total dimension is written as D = 4 + n, the potential energy of the brane-
antibrane system per p-dimensional volume is found to be

E

Vp
= −β

(
e2φ

M2+n
s

)
T 2
p

yn+1−p
, (26.19)

where the calculation (which can be found in the book by Polchiski or in the book
by Clifford Johnson on D-branes) gives

β = −π− n+1−p
2 �

(
n − p + 3

2

)
. (26.20)

Define the volume of space in the extra dimensions along the branes

V|| = r p−3
|| , (26.21)

and the volume of the coordinates transverse to the branes

V⊥ = rn−p−3
⊥ , (26.22)

we find the Planck scale by identifying the coefficient of the Einstein action in
3+1 dimensions, M2

P/2, with the coefficient of the D-dimensional Einstein action in
string theory, e−2φM2+n

s /2 (so that the Einstein action has the right dimension) after
integrating out the extra dimensions, so

M2
P = e−2φM2+n

s V⊥V||. (26.23)

In order to trust the calculation, we need to have small α′ corrections, which
amounts to the volumes V|| and V⊥ be large in string units, or

Msr⊥ 
 1, Msr|| 
 1 , (26.24)

which means
1

r⊥
,
1

r||
� Ms < MP . (26.25)
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Given the kinetic action (26.18), the canonically normalized inflaton is

� = y

√
TpV||
2

= yMsMP

√
α′eφ

2(Msr⊥)n+3−p
. (26.26)

We then find the inflaton potential given by the constant piece in (26.18) and the
potential energy (26.19), giving

V (y) = A − B

yn+1−p
, (26.27)

where

A = 2TpV|| = 2α′eφ

(Msr⊥)n+3−p
M2

s M
2
P

B = βe2φ

M2+n
s

T 2
p V|| = α2βeφM2

P

M2(n−p+1)
s rn−p+3

⊥
. (26.28)

On the other hand, the distance y must be much larger than the string scale, so
that we don’t have string corrections, but it must also be much smaller than the
size of the compact directions r⊥, so that the effect of compactification is small
(compactification means that we must impose periodicity on the r⊥ scale, which
contradicts the assumptions taken here), thus

√
α′ = Ms � y � r⊥. (26.29)

For this potential, we can easily find that

|ε| � |η| , (26.30)

and moreover the expression for η is

η � −β(n − p + 2)(n − p + 1)

(
r⊥
y

)n−p+3

. (26.31)

Therefore, in order to have small roll inflation, we need |η| � 1, which implies
(given that n, p are of order one)

y 
 r⊥. (26.32)

But that contradicts the assumption under which we have calculated the potential,
so we cannot trust the calculation.
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26.3 Brane-Antibrane Inflation in Compact Space

In order to obtain inflation, we must then consider a situation with several branes and
one antibrane, or more precisely we consider the correct compactification situation:
imposing periodicity in the compact directions means also considering the image
branes under the periodicity. The effect is to consider several branes and one antibrane
(when the constant piece of the potential is the same, coming from the tension of the
probe antibrane) so

V (�r) = A −
∑
i

B

|�r − �ri |n+1−p
. (26.33)

But we find, not surprisingly, that in order to obtain inflation we must be at a
special point in the transverse space, namely near an extremum.

Square Torus (R/Z)n+3−p

We consider now the simplest possibility, of a square (equal radii, and 900 angles)
torus in all extra directions. Then by putting the images of a brane in order to take care
of the periodicity and obtain the torus from the hyperplane, we find a hyper-cubic
lattice, with the hyper-cubic unit cell. The extremum is the center of the hyper-cubic
cell. It turns out that at the center, we can put to zero not only the first derivatives of
the potential (since it is an extremum, obviously), but also the second derivatives,

∂V

∂ra

∣∣∣∣�r=�r0
= (n + 1 − p)

∑
i

B(r0 − ri )a
|�r − �ri |n+3−p

= 0

∂2V

∂ra∂rb

∣∣∣∣∣�r=�r0
= (n + 1 − p)

∑
i

B

|�r0 − �ri |n+3−p

[
δab − (n + 3 − p)

(r0 − ri )a(r0 − ri )b
|�r0 − �ri |2

]
= 0.

(26.34)

Moreover, just by symmetry, since we are at the center of the cell, wemust have all
the odd powers of derivatives (giving odd powers of the deviation in the potential) are
zero. That means the third derivative terms are also zero, and finally, for z = r − r0,

V � A − 1

4
Cz4 , (26.35)

where
C = γM−(2+n)

s e2φT 2
p V||r

−(n+5−p)
⊥ . (26.36)

Here γ is a number of order one, and the parametric dependence can be figured
out without a precise calculation.

Then one finds (we leave it as an exercise) the slow-roll parameter

η � −3γ

(
z

r⊥

)2

. (26.37)
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Moreover, defining z∗ as the z when the scale in the CMBR exits the horizon (and
is frozen in), we find

z∗ = r⊥√
2γNe

, (26.38)

where Ne is the corresponding number of e-folds. Then moreover, one gets the
relations

ns − 1 = − 3

Ne
; dn

d ln k
= − 3

N 2
e

. (26.39)

But the inflaton�, considered here to be in the regimewhere y 
 √
α′, eventually

reaches the string scale, where the preheating happens, and then we have to deal with
the fact that the interbrane separation (between D-brane and anti-D-brane) gives also
rise to a tachyon T in open string theory. This open string tachyon T has the mass
squared

M2
T = y2

(2πα′)2
− 2

α′ , (26.40)

so it becomes tachyonic when y ∼ √
α′. That signals an instability, which is the fact

thatwhen theD-brane and the anti-D-brane collide, theywill annihilate (similar to the
annihilation of solitons likemonopoles, that can be described in terms of annihilation
of fundamental particles, with disappearence of charge, but not ofmass). In fact, there
is a branch of mathematics called K-theory, relevant for these annihilations, which
says that one can in fact obtain a brane of lower dimensionality in this annihilation,
namely p → p − 2, so that we are consistent with the existence of only odd p in type
IIB and even p in type IIA, which is kind of a vortex solution of the worldvolume
theory. But the point is that the p-brane charge disappears and mass remains, and
can be transferred as energy to various modes.

This generates the reheating (in its preheating form), and it involves many degrees
of freedom. In principle, we would need the potential V (y, T ), but we know only
that at y large T has a large mass, localizing it at T = 0 and making it irrelevant, and
at small y (in particular y = 0), the tachyon dominates instead. But the truncation of
the action to the tachyon and specifically the terms with two derivatives, reduced to
4 dimensions, is conjectured to be (supported by many evidences)

ST = −M2
s M

2
P

∫
d4xe−|T |2

[
1 + κ1

(
2 + κ2|T |2

M2
s

)
|∂T |2

]
. (26.41)

When canonically normalized, we obtain a Higgs-type potential, and the false
vacuum at T = 0 is replaced by the true vacuum, of the energy well equal to the
tension of the brane (according to a much tested conjecture by Sen). The branes
can either result in vacuum, or a D(p − 2)-brane, if the tachyon field has a vortex
number.

In principle, we can use this action to calculate better (nonperturbatively) the
reheating temperature. But a very crude estimate amounts to saying that all the
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initial energy of the tachyon will be converted into (reheating) temperature of the
modes it gives them to, i.e., that

T 4
RH � A ⇒ TRH =

[
2α′eφ

(Msr⊥)n+3−p

]1/4 √
MsMP . (26.42)

We treated here only the example of the antibrane at the center of a square torus
with branes, but other examples can be found for antibranes at special points in the
transverse space relative to branes. But always, in order to obtain inflation, we must
choose a special point, in order to avoid having a quadratic potential (coming from
a nonzero second derivative), which would lead to the usual eta problem of string
theory. That amounts to a level of fine-tuning of the initial conditions that is hard to
explain reasonably, so is is not a very good model.

Important Concepts to Remember

• We get get inflation on a D-brane probe, either of the k-inflation type (only deriva-
tives in the action), or the usual one with a potential.

• An example is a Dp-brane probe in a doubly-Wick rotated background of a nonex-
tremal Dp-brane solution. Inflation ends in preheating, due to a rapid drop in the
potential.

• Brane-antibrane inflation in flat space is impossible, meaning that the potential for
the brane and antibrane is too steep (cannot be made to inflate).

• In a compact space, considering the infinite number of mirrors for the branes, we
obtain a lattice. Starting at a special, extremum, point on the lattice, we can have
inflation: the potential is a quartic deviation from a plateau, V = A − Cz4/4.

• Preheating, for the brane-antibrane annihilation, is described by a p-brane action
with vortex solutions, describing the K theory process of the annihilation giving a
(p − 2)-brane.

Further reading: See the original paper on brane-antibrane inflation [34], the exam-
ple of brane inflation in [35].

Exercises

(1) Repeat the calculation of the potential of a Dp-brane probe in a doubly-Wick
rotated nonextremal Dp-brane for a Dp′-brane probe, for p′ < p and p′ > p. How
does the result change?
(2) Find the conditions for slow roll inflation coming out of the 4-brane in doubly-
Wick rotated nonextremal background.
(3) For the case of multi-brane inflation scenario, prove that

η � −γ

(
z

r+

)2

, (26.43)
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and
z∗ = r⊥√

2γNe
. (26.44)

(4) For the tachyon action in (26.41), find the canonical potential, and write a tachyon
vortex ansatz.



Chapter 27
Braneworld Cosmology and the Israel
Junction Conditions

In this chapter we will consider the general scenario of a brane moving in an extra
dimension, and the generic cosmology it implies. This is a “BraneUniverse” scenario,
or more properly, braneworld cosmology. It is based on the general idea introduced
by ADD of large extra dimensions, or by Randall-Sundrum (versions I and II), where
the matter (i.e., particle physics) resides on a brane, whereas gravity is the only field
that feels the extra dimension. In this scenario, the cosmology is induced by the
motion of the brane in the gravitational spacetime with an extra dimension. This is
different than the previous incarnation, where the position of a brane acted as a field
on the worldvolume (also containing our real 3+1 dimensional world), identified
with the inflaton. Here we are mostly interested in “late time” cosmology, in the era
that we have radiation and matter.

There are in principle two ways of describing the cosmology:

• from the point of view of the brane: the brane formalism, and
• from the point of view of the bulk: the bulk formalism.

They are in fact equivalent, so in this chapter I will concentrate on the brane
formalism. There is in fact a debate on whether the cosmology described here makes
sense, but I will not enter into this discussion, I will only present the tools necessary to
understand the models. Although in principle one can consider more dimensions, the
analysis becomes very complicated, so we will restrict to a 5 dimensional embedding
space. Also, althoughwe are interested in string theory, I should say that this scenario
is very general: we only need a branemoving in some higher dimensional space, with
a large direction and a negative cosmological constant. However, the details of the
construction are not so easy to rigorously obtain in string theory, as is the case for
the Randall-Sundrum constructions (I and II).
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27.1 Braneworld Cosmology in the Brane Formalism

We will start with a general 5 dimensional gravity theory with some matter,

S = − 1

2κ2
(5)

∫
d5x

√
−G(5)R(5) + Smatter. (27.1)

Here κ2
(5) = M−3

(5) , where M(5) is the 5-dimensional Planck constant.
We will use a block-diagonal ansatz,

ds2 = GABdx
Adx B = gμνdx

μdxν + b2dy2 , (27.2)

or more generally a induced metric on the brane

g(4)
μν = G(5)

μν − nμnν , (27.3)

or more precisely,
g(4)

μν = GAB − nAnB , (27.4)

since the components with A = 5 vanish. Here nμ is the normal to the brane.
In the brane formalism adopted here, we will find the Gauss–Codazzi equations

and the Israel junction conditions, giving the Einstein’s equations on the brane. The
same result would be obtained in the bulk formalism, by having a brane moving
in a bulk. The latter is usually called “mirage cosmology”, which comes from the
popular interpretation of “mirage” (which is really an image from something far
away) as “something that is not really there, despite appearances”. Namely, we have
an “illusion of an expanding Universe” generated by the motion of a brane in a
geometry. However, both formalisms give the same result.

The principal dynamical tool at our disposal is the 5 dimensional Einstein equa-
tions (equations of motion for gravity),

R(5)
AB − 1

2
g(5)
AB R

(5) = κ2
5TAB . (27.5)

Besides it, we need to construct the kinematics of the embedding of the brane.
The most important object is the extrinsic curvature,

Kμν ≡ g(4)
μ

α
g(4)

ν

β∇αnb , (27.6)

where ∇μ is the 5 dimensional covariant derivative, as opposed to Dμ, which is the
4 dimensional one. We can also define the trace of the extrinsic curvature,

K = K μ
μ. (27.7)
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Whereas the intrinsic curvature of an embedded manifold needs no embedding to
be defined, the extrinsic one needs it, since it is defined in terms of the normal nμ and
its 5-dimensional covariant derivative. The extrinsic curvature appears also in the
Gibbons-Hawking boundary term for the gravitational action, but here we consider
a surface inside the manifold.

27.2 Embedding Theory

To describe the embedding of aworldvolume {ξa}, a = 0, 1, 2, 3 into a 5 dimensional
spacetime X A, by Xμ = Xμ(ξa), μ = 0, 1, 2, 3, we will write down the Gauss–
Codazzi equations for the embedding.

They are composed of the Gauss equation, which in the 5 → 4 case is

(4)Rα
βγδ = (5)Rμ

νρσg(4)
μ

α
g(4)

β

ν
g(4)

γ

ρ
g(4)

δ

σ + K α
γKβδ − K α

δKβγ , (27.8)

and the Codazzi equation, which in the 5 → 4 is

Dν(Kμ
ν − K δν

μ) = DνKμ
ν − DμK = (5)Rρσn

σg(4)
μ

ρ
, (27.9)

and also the equation

R − K 2 + KμνK
μν = −2

(
R(5)

μν − 1

2
G(5)

μν R
(5)

)
nμnν , (27.10)

which however we will not use.
For the metric embedding, we can use (27.3), or rather (27.4). The usual induced

metric is defined as

g(4)
ab = G(5)

AB∂a X
A∂bX

b → G(5)
μν ∂a X

μ∂bX
ν , (27.11)

where in the second form we assumed that X5 is fixed (∂a X5 = 0). We can also
define

V A
a = ∂a X

A → V μ
a = ∂a X

μ , (27.12)

and in the case X5 fixed we can choose the normal vector to be

nA = (0, 0, 0, 0, 1) , (27.13)

such that (valid in general)
G(5)

ABn
AnB = 1 , (27.14)
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and
G(5)

ABn
AV B

a = 0. (27.15)

Then the four dimensional metric with one up and one down index can be written
in alternative forms,

g(4)
ν

α = G(5)μαg(4)
μν = δα

ν − nαnν = V α
a Vaν . (27.16)

Substituting this embedding formalism into the 5 dimensional Einstein tensor, we
find the relation of the Einstein tensors in 4 and 5 dimensions as

(4)Rμν − 1

2
g
(4)
μν

(4)R =
(

(5)Rρσ − 1

2
g
(5)
ρσ

(5)R

)
g
(4)
μ

ρ
g
(4)
ν

σ + (5)Rρσn
ρnσg

(4)
μν

+KKμν − Kμ
ρKνρ − 1

2
g
(4)
μν (K 2 − KαβKαβ) − Ẽμν , (27.17)

where
Ẽμν = (5)Rα

βρσnαn
ρg(4)

μ

β
g(4)

ν

σ
. (27.18)

This is left as an exercise to prove.
Next we decompose the 5 dimensional Riemann tensor into a Ricci part (tensor

and scalar) and Weyl tensor. The Weyl tensor is an object that is invariant under
conformal rescalings (rescalings of the metric by a conformal factor). That means
that in particular, it is zero in the case of conformally flat metrics, like the AdS case.
This will be useful, since as we will see, the bulk will in fact be of the AdS type, so
only fluctuations away from it will have nonzero Weyl tensor.

The definition of the Weyl tensor in a general dimension D is given by

(D)Cαβγδ = (D)Rαβγδ − 2

D − 2

(
gα[γ (D)Rδ]β − gβ[γ (D)Rδ]α

)
+ 2

(D − 1)(D − 2)
(D)Rgα[γgδ]β .

(27.19)

Inverting this relation in 5 dimensions, we write

(5)Rαβγδ = (5)Cαβγδ + 2

3

(
Gα[γ (5)Rδ]β − Gβ[γ (5)Rδ]α

) + 1

6
(5)RGα[γGδ]β . (27.20)

Substituting this decomposition into the above relation for the 4 dimensional
Einstein tensor in terms of the 5 dimensional Einstein tensor, and using the 5 dimen-
sional Einstein’s equations (27.5), we find

(4)Rμν − 1

2
g
(4)
μν

(4)R =
2κ2

(5)

3

[
Tρσg

(4)
μ

ρ
g
(4)
ν

σ +
(
Tρσn

ρnσ − 1

4
T ρ

ρ

)
g
(4)
μν

]

+KKμν − Kμ
σKνσ − 1

2
g
(4)
μν (K 2 − KαβKαβ) − Eμν , (27.21)
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where now Eμν is a traceless object depending only on the Weyl tensor, so vanishing
in pure AdS space

Eμν ≡ (5)Cα
βρσnαn

ρg(4)
μ

β
g(4)

ν

σ; Eμ
μ = 0. (27.22)

From the Codazzi equation (27.9) and the 5 dimensional Einstein’s equations
(27.5), we find

DνKμ
ν − DμK = κ2

(5)Tρσn
σg(4)

μ

ρ
. (27.23)

27.3 Braneworld and Cosmology

In order to describe braneworld cosmology, we will assume that the energy-
momentum tensor has a component on the brane, and a bulk component that is
simply a (negative) bulk cosmological constant, namely

Tμν = −�gμν + Sμν
δ(y)

b
. (27.24)

Moreover, we will assume that the brane energy-momentum tensor has also a
brane cosmological constant component λ, and a matter component τμν , so

Sμν ≡ −λg(4)
μν + τμν . (27.25)

It is important that we have λ �= 0. In fact, in the first paper on the subject, λ was
not considered, and then one obtained the non-traditional Friedman equation

H 2 =
(

ρt

6M3
(5)

)2

+ �bulk

6M3
(5)

, (27.26)

which does not reduce to the usual cosmology, since there we have H 2 ∝ ρ instead.
Here ρt is the total energy density. It was quickly realized however what the solution
is. Consider that the energy density has a cosmological constant component that
cancels the bulk one, i.e., that

ρt = λ + ρ , (27.27)

and that

�bulk = − λ2

6M3
(5)

. (27.28)
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Then, one gets the Friedmann equation

H 2 = ± ρ±
3M2

Pl,(4)

(
1 ± ρ±

M2
Pl(4)

16M6
(5)

)
, (27.29)

which is just the usual one, H 2 ∝ ρ, just with a ρ2 correction term.
Note that this is all in the case that the matter component of the brane energy-

momentum tensor is the usual diagonal form,

τμν = diag(−ρ, P, P, P) ⇒ Tμν,brane = δ(y)

b
diag(−ρ, P, P, P). (27.30)

For a static fifth dimension, the radius of the extra dimenion, b, is constant, ḃ = 0,
so we can choose b = 1. Note that b, appearing asG55 = b2, is the radius of the extra
dimension, or in terms of the 4 dimensional field theory, a radion. This condition of
ḃ = 0 means that the radion is stabilized. This is in fact needed, since otherwise we
would observe a fifth scalar force; this is the same argument we used to say that all
the moduli of the string compactification must be stabilized.

But for the radion of a fifth dimension, there is a very simple mechanism for
stabilization that was found by Goldberger andWise. One adds a scalar field �, with
bulk action

Sbulk =
∫

d5x
√−G

(
−1

2
GAB∂A�∂B� − m2

2
�2

)
, (27.31)

as well as a potential term on the brane, of the usual Higgs (Mexican hat) type,

Sbrane = −
∫

d4x
√

−g(4)λ(�2 − v2)2. (27.32)

This is in fact enough to stabilize the radion (the radius of the fifth -extra-
dimension), so ḃ = 0.

27.4 Israel Junction Conditions

The Israel junction conditions are the equivalent of the Einstein’s equations on the
brane. In fact, even though strictly speaking they are postulated, they canbe argued for
(“derived”) by considering the (second order) Einstein’s equations with a delta func-
tion in the source (energy-momentum tensor), and integrating them in an infinitesimal
region around the brane. We can use then Codazzi’s equation and the Einstein equa-
tions to obtain the Israel conditions. This is a familiar trick: When having some
second order differential equation with a delta function term (for instance, for the
Schrödinger equation in one dimension, with a delta function potential), we integrate
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the equations, and obtain a relation for the “jump” in the first derivative, with respect
to the coefficient of the delta function term.

Using the notation

[ f (x)] ≡ lim
ε→0

[ f (x + ε) − f (x − ε)] ≡ lim
x→0+ f (x) − lim

x→0− f (x) ≡ f + − f − ,

(27.33)
the Israel junction conditions are

[g(4)
μν ] = 0 , (27.34)

i.e., the 4 dimensional metric is continuous across the surface, and

[Kν
μ − K δμ

ν ] = −κ2
(5)S

μ
ν . (27.35)

The latter can be rewritten as (taking the trace and replacing)

[Kμν] = −κ2
(5)

(
Sμν − 1

3
g(4)

μν S

)
(27.36)

Moreover, we can make a standard assumption in braneworld physics, used to
simplify the models, namely the assumption of Z2 symmetry of the physics with
respect to the brane, which gives

K+
μν = −K−

μν = −κ2
(5)

2

(
Sμν − 1

3
g(4)

μν S

)
. (27.37)

Then, substituting (27.37) into (27.21), we obtain the gravitational (Einstein’s)
equations on the 3-brane, in the form

(4)Rμν − 1

2
g(4)

μν
(4)R = −�4g

(4)
μν + 8πGN τμν + κ2

(5)πμν − Eμν , (27.38)

where

�4 = κ2
(5)

2

(
� + κ2

(5)λ
2

6

)
(27.39)

is the residual (4 dimensional) cosmological constant, if the bulk� and brane λ don’t
cancel each other. From the coefficient of the energy-momentum tensor τμν we find
the Newton’s constant as

GN = κ4
(5)λ

48π
, (27.40)

and there is an extra term, quadratic in the energy-momentum tensor (giving the ρ2

term advertised before),
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πμν = −1

4
τματν

α + τ

12
τμν + 1

8
g(4)

μν ταβταβ − 1

24
g(4)

μν τ 2. (27.41)

The energy-momentum tensor τμν satisfies the usual conservation equation.
Indeed, from (27.23) and (27.37) we find that

DνKμ
ν − DμK ∝ Dντμ

ν = 0. (27.42)

Here Eμν is the same as before, but cannot be freely specified. Indeed, from the
4 dimensional Bianchi identity

Dμ

(
(4)Rμν − 1

2
g(4)

μν
(4)R

)
= 0 , (27.43)

substituted in the equations of motion (27.38) and using the conservation equation
for τμν , we find

DμEμν = K αβ(DνKαβ − DβKνα)

= κ2
(5)

4

[
ταβ(Dνταβ − Dβτνα + 1

3
(τμν − g(4)

μν τ )Dμτ

]
. (27.44)

27.5 FLRW Cosmology

As advertised, within the context of FLRW cosmology, with 4 dimensional metric

ds2 = gμνdx
μdxν = −dt2 + a2(t)g(3)

i j dx
idx j , (27.45)

and for the usual diagonal energy-momentum tensor

τμ
ν = diag(−ρ(t), P(t), P(t), P(t)) , (27.46)

we obtain the modified Friedmann equations

H 2 + κ

a2
= �4

3
+ 8πGN

3
ρ

(
1 + ρ

2λ

)
+ μ

a4

Ḣ − κ

a2
= −4πGN (ρ + P)

(
1 + ρ

λ

)
− 2μ

a4
. (27.47)

Here κ = 0,±1 characterizes as usual the curvature (flat, closed, open) of the 3
dimensional Universe, but we notice the appearance of a “dark radiation” term μ/a4.
The 1/a4 behaviour is one of radiation, but the constant μ comes as an integration
constant, when integrating the constraint (27.44), a fact that is left as an exercise to
prove.
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As we mentioned, the bulk formalism gives the same result, even though the
methods seem different. There, we consider a moving brane in a static bulk (“mirage
cosmology”), and we solve for the bulk geometry (solve the 5 dimensional Einstein
equations). After that, we solve for the brane motion, with energy-momentum ten-
sor on the brane, in this fixed geometry and impose the Israel junction conditions.
Together with conditions from the bulk this will again lead to the same modified
Friedmann equations.

Important Concepts to Remember

• Braneworld cosmology appears as the motion of a brane in a spacetime, and
is described either in the brane formalism or the bulk formalism. It primarily
describes “late time” cosmology, close to the RD and MD regimes.

• In the bulk formalism, it is called “mirage cosmology”;weuse the brane formalism.
• The embedding of a brane in a bulk is defined by theGauss–Codazzi equations (the
Gauss equation and the Codazzi equation), depending on the Riemann curvature
tensor and the extrinsic curvaturre.

• For braneworld cosmology, we must assume a negative cosmological constant in
the bulk � and on the brane λ (as a part of the brane energy-momentum tensor
τμν), related by � ∝ −λ2, like in the RS model.

• Then, instead of H 2 ∝ ρ2 + �, we get a linear term, H 2 ∝ ρ(1 + ρ), with a small
correction to the usual cosmology.

• A static fifth dimension can be achieved by stabilizing the radion via the
Goldberger-Wise mechanism, with a massive bulk scalar field with a Higgs poten-
tial on the brane.

• The Israel junction conditions are equivalent to the Einstein’s equations on the
brane, and related the jump in bulk quantities with at most one derivative with the
delta function source on the brane, via integration of the (second order) Einstein
equations.

• The Israel junction conditions are [g(4)
μν ] = 0 and [Kν

μ − K δμ
ν ] = −κ2

5Sν
μ, with

Sν
μ the energy-momentum tensor on the brane, including its cosmological

constant λ.
• One obtains a corrected FLRW cosmology, with dark radiation appearing as an
integration constant.

Further reading: The original braneworld cosmology, with H 2 ∝ ρ2, appeared in
[36]. Almost immediately, the correction introduced by the compensating brane cos-
mological constant, obtaining H 2 ∝ ρ + ρ2, was found in [37, 38]. The Goldberger-
Wise radion stabilization mechanismwas presented in [39]. Taking this into account,
the cosmology with ḃ = 0 was considered in [40] and especially [41], which is now
the standard treatment, which I mostly followed. Reviews including braneworld cos-
mology are [42], which is actually an early review on string cosmology, andmentions
braneworld cosmology in this context, and the general modified gravity and cosmol-
ogy review [43], which contains a comparison of the brane and bulk formalisms, and
cosmological perturbations in them. TheADD scenariowas defined in [44], extended
(via strings) in [45], and the two Randall-Sundrum scenarios were defined in [46,
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47]. The validity of the Israel junction conditions, as coming from the Einstein’s
equations, was studied in [48].

Exercises

(1) Show that the Gauss–Codazzi equations imply

(4)Rμν − 1

2
g(4)

μν
(4)R =

(
(5)Rρσ − 1

2
g(5)

ρσ
(5)R

)
g(4)

μ

ρ
g(4)

ν

σ + (5)Rρσn
ρnσg(4)

μν

+KKμν − Kμ
ρKνρ − 1

2
g(4)

μν (K 2 − K αβKαβ) − Ẽμν ,

(27.48)

where
Ẽμν = (5)Rα

βρσnαn
ρg(4)

μ

β
g(4)

ν

σ
. (27.49)

(2) Derive (argue for) the Israel junction conditions from integrating the Einstein’s
equations around the brane.
(3) Find the modified Friedman equations with μ/a4 integration constant term from
the integration of the equation for DμEμν .
(4) Find the solution for a(t) solving the modified Friedmann equations (27.47)
for a flat Universe (κ = 0), given a scale factor a0 at time t0, with density ρ0 and
pressure P0.



Chapter 28
The KKLT Scenario for de Sitter
Backgrounds in String Theory

In this chapter we will learn how to obtain de Sitter backgrounds in string theory.
This is a difficult problem. In particular, there was a “no-go theorem” about the
non-existence of de Sitter backgrounds in the supergravity approximation of string
theory, by Juan Maldacena and Carlos Núñez. Kachru, Kallosh, Linde and Trivedi
(KKLT) have shown for the first time that it is in fact possible, with the introduction
of some nonperturbative string information.

However, it is worth noting that recently there was a lot of controversy on whether
this is truly possible, in particular articles by I. Bena and collaborators claming the
approximations used in the calculations are not valid, and there is no true de Sitter
vacuum and, even more recently, the “swampland conjecture” of Obied, Ooguri,
Spodyneiko and Vafa, claiming that there is a string theory version of the no-go
theorem that precludes de Sitter vacua, and we can have only a certain type of
metastable situations, leading to quintessence models.

28.1 Supersymmetric Vacua Are AdS

Let us prove that in supergravity, the constraint of having supersymmetry for the
vacuum implies it is of AdS type (� < 0), not dS type.

The scalar potential coming out of supergravity coupled to anN = 1 chiral super-
field and an N = 1 vector superfield is

V = eK/M2
Pl

(
gαβ̄DαW (DβW ) − 3

M2
Pl

W

)

+1

2
(Re f )−1 ABDADB , (28.1)

where on the first line we have the F-term from the chiral superfield, and on the
second we have the D-term from the vector superfield, with f the gauge kinetic
function.
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The condition for a supersymmetric vacuum is, as we said, Q|0〉 = 0, which in
terms of fields means that the variation of the fields in the background must be zero,
δSUSY fields=0. But the variation of a boson is a fermion, which has zero VEV due
to Lorentz invariance, so we only need to impose the vanishing of the variation of the
fermions (which is a bosonic field). The variation of the spin 1/2 fields is as follows.
The variation of the fermion in the chiral multiplet is

δSUSYχα = − 1√
2
e

K
2M2

Pl gαβ̄DβW . (28.2)

On the other hand, the variation of the gaugino (the fermion in the vectormultiplet)
is

δSUSYPLλ
A = i

2
(Re f )−1ABDB , (28.3)

where A, B is an index in the adjoint of the gauge group. We therefore see that the
conditions for supersymmetry are

DαW = 0; DA = 0. (28.4)

The condition on the chiral superfield in rigid susy (when 1/M2
Pl → 0) is indeed

∂αW = 0, and the condition for the vector is DA = 0.
But what about the gravitino? The variation of the gravitino is

δSUSYPLψμ = 1

2M2
Pl

e
K

2M2
Pl Wγμ , (28.5)

and we note that it is not strictly speaking linear in the fields: it has a constant piece.
In fact, when putting the fields in their vacuum, the right hand side will become a
constant (W is constant), which signifies the presence of the AdS space, as we will
see. In the vacuum, we obtain

V = −3
|W |2
M2

Pl

e
K
M2
Pl < 0. (28.6)

So indeed we have an AdS background, associated with a constant W .
In order to obtain a de Sitter background, we therefore need to break supersym-

metry. But the breaking must be done in a controlled way, so that we can calculate.
We will be doing it by adding antibranes in a background generated by branes (with
charges opposite to the ones of the background).
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28.2 General Set-up for KKLT

The general set-up that we will use for the KKLT scenario is of type IIB string theory
flux compactification, with some corrections.

More precisely, we will treat type IIB string theory compactified on a CY3 space,
with varying τ = a + ie−φ. Note that for this case there is a fancy name: it is called
“F-theory on CY4”. Unlike M-theory, which is string theory at strong coupling, but
is genuinely 11 dimensional: there is dynamics in the 11th dimension, as well as
Lorentz invariance, in the F-theory case, this is just a mathematical trick. We write
the theory as a 12 dimensional theorywith signature (10, 2), but we have no dynamics
of the extra dimensions (fields don’t depend on the 2 extra coordinates), nor Lorentz
invariance. Then τ acts as the modulus of a torus (if τ is constant) on which we
compactify, or (if τ varies) as the torus fiber of a fibration of a CY4 space with a CY3
base. We also have a G-flux, with

G3 = F3 − τH3 (28.7)

being nonzero on the compact space. As we said, we have the GVW superpotential

W =
∫
M
G ∧ �. (28.8)

The volume modulus on the CY3 is

ρ = b√
2

+ ie4u , (28.9)

where b comes from a B-field, and the metric on the compact space is gmn ∝ e2u .
The Kähler potential for the moduli ρ, τ ,�, where� is the (unique) holomorphic

3-form on the CY3 is

K

M2
Pl

= −3 ln[−i(ρ − ρ̄)] − ln[−i(τ − τ̄ )] − ln

[
−i

∫
M

� ∧ �̄

]
. (28.10)

If W is independent of ρ (like in the GVW superpotential above), then

DρW = − 3M2
Pl

(ρ − ρ̄)
W

gρρ̄ = − 3M2
Pl

(ρ − ρ̄)2

gρρ̄DρWDρW = 3

M2
Pl

|W |2. (28.11)
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That means that in the potential, the constant piece |W |2 cancels against the ρ
contribution, so

V = e
K
M2
Pl

[∑
a,b

gab̄DaW DbW − 3

M2
Pl

|W |2
]

= e
K
M2
Pl

⎡
⎣∑

i, j

gi j̄ DiW DjW

⎤
⎦ ≥ 0 , (28.12)

where a, b are all the moduli, and i, j are a, b less ρ. Note that now the potential is
positive definite! So it admits a zero energy supersymmetric vacuum (Minkowski),
though of course we still cannot have a de Sitter vacuum.

But in reality, while there are no perturbative ρ contributions to the superpotential
(since the volume is perturbatively a modulus), there are nonperturbative contribu-
tions to it, coming from two sources:

(1) Euclidean D3-brane “instantons”. These are extensions of the usual field the-
oretic instantons, which are Euclidean solutions localized both in space and time in
3+1dimensions.NowweconsiderEuclidean signatureD3-braneswrapping4-cycles
in the geometry, i.e., all of their coordinates (even theEuclidean “worldvolume time”)
compact, leaving an instanton (localized in space and time) in our 3+1 dimensions.

Then, aswe saw, gmn ∝ e2u , where the volumeof the 4-cycle is
√

g ∝ e4u = Im ρ.
Then the contribution ei S ∼ eiVol (the action for the wrapped D3-brane is propor-
tional to the volume of the 4-cycle) becomes a contribution to the superpotential,

Winst. = T (zi )e
2πiρ , (28.13)

where zi are the complex structure moduli.
(2) Gluino condensation in some N = 1 supersymmetric SU (Nc) gauge theory

on D7-branes wrapping 4-cycles.
If we have D7-branes, wrapped on a 4-cycle on the internal manifold, they will

still be extended in the 3+1 noncompact directions, and have a SU (Nc) gauge theory
on them. But in a supersymmetric gauge theory we can have spontaneous supersym-
metry breaking, appearing through the condensation of the gluinos λ, namely a
nonzero VEV for a gluino bilinear 〈λ̄λ〉. The superpotential responsible for this is
W = �3

Nc
, where �Nc is the dynamically generated scale, of the type e

iSi
Nc . Here the

Si is the instanton-type action, which, since g2YM = 4πgs on the D3-brane (relation
between the open and closed string couplings) and g2YM = 4πgs

R4 on D7-brane, gives

8π2

g2YM

= 2π
R4

gs
= 2πImρ. (28.14)

Here we have used the exact relation Im ρ = e4u = R4/gs (since e2u plays the
role of R2, as common factor of the compact metric). Finally, we have
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Wgluino = Ae
2πiρ
Nc . (28.15)

Together, the two nonperturbative sources above are generically written as

W = Aeiaρ. (28.16)

On the other hand, the perturbative superpotential was independent of ρ, so we
will describe it as the constant W0. In total, we have the superpotential

W = W0 + Aeiaρ. (28.17)

28.3 Moduli Stabilization in KKLT

In general, flux compactifications have the property that the string coupling gs , and
by extension τ , as well as the complex structure (shape) moduli are stabilized (fixed)
at a scalem ∼ α′

R3 (it is proportional to α′, and by dimensional analysis, must also be
proportional to 1/R3).

To understand this, we take the example of a flux of the usual electromagnetic
field Fμν on S2, which is quantized,

∫
S2
Fμνdx

μ ∧ dxν = N . (28.18)

The reason for this is the Dirac quantization condition in 4 dimensions. The
electric charge e and magnetic charge g can be defined as

∫
S2

∗F = e;
∫
S2
F = g. (28.19)

Then the Dirac quantization condition, obtained by considering the quantum
mechanics invariance under gauge transformations (we will not explain this further
here) is

1

2π
eg ∈ Z. (28.20)

The result of the quantization condition is that, if a single magnetic monopole
exists in the Universe, then electric charge is quantized. Since we know experimen-
tally that electric charge seems quantized, it seems very likely that there is a magnetic
monopole somewhere.

Reversely, the existence of a single electric charge (which we know to be true)
implies that

∫
S2 F is quantized, as we said. Then, it follows that the solution for the

electromagnetic field is

Fμν = N

4πR2
εμν . (28.21)
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But in turn that means that, if we now deform the 2-sphere, it will cost energy
(since it will deform the relation above), which means that the complex structure
(shape) moduli will be stabilized.

The quantization condition was generalized to p-forms by Nepomechie and Teit-
elboim. Defining

μp =
∫

∗Fp+2 , (28.22)

in 10 dimensions the generalized quantization condition is

1

2π
μpμ6−p ∈ Z. (28.23)

That means that all the moduli are stabilized, except ρ (in fact, also the Kähler
moduli different than ρ are stabilized). We will not describe the details here. We can
therefore ignore all other moduli, and concentrate on K and W for ρ. The Kähler
potential is, as we saw

K = −3 ln[−i(ρ − ρ̄)] , (28.24)

and the superpotential is
W = W0 + Aeiaρ. (28.25)

Here a ∈ R+, andW0, A ∈ R, andwe can also takeW0 < 0.Wewill also consider
the case when there is no nonzero axion, so ρ = iσ.

In a supersymmetric vacuum, as we saw, we need to put DρW = 0. But now

DρW = i Aaeiaρ − 3

ρ − ρ̄
(W0 + Aeiaρ) , (28.26)

and on ρ = iσ, we obtain

DρW |ρ=iσ = i

[
Aae−aσ + 3

2σ
(W0 + Ae−aσ)

]
. (28.27)

Moreover, on ρ = iσ, we also have

K |ρ=iσ = −2 ln 2σ

W |ρ=iσ = W0 + Ae−aσ

gρρ̄|ρ=iσ = − 3

(ρ − ρ̄)2

∣∣∣∣
ρ=iσ

= 3

4σ2
. (28.28)

Then the supersymmetric vacuum condition DρW |ρ=iσ0 becomes

W0 = −Ae−aσ0a

(
1 + 2aσ0

3

)
. (28.29)
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The potential at the minimum is then

V (ρ = iσ0) = eK/M2
Pl

(
|DρW |2 − 3

M2
Pl

|W |2
)∣∣∣∣

ρ=iσ0

= − 3

M2
Pl

|W |2eK/M2
Pl |ρ=iσ0

= − A2a2

6σ0
e−2aσ0 < 0 , (28.30)

where in the last equality we have used the condition at the minimum (28.29). We
see that again, the minimum is of AdS type.

In order to trust the calculation above, we must have small worldsheet string
α′ corrections, which means that the compactification volume must be large in α′
units, or σ  1. Moreover, we have used a single exponential Aeiaρ, but at least in
the instanton calculation, there could be an infinite series of instantons of the type
Aneianρ. In order for the leading instanton to be a good approximation, we need
aσ > 1. Together, these two conditions are satisfied by

a < 1, σ  1, aσ0 > 1. (28.31)

Moreover, we can then choose W0 � 1, since this is now consistent with (28.29),
independently of A. We will see that we need this condition for the de Sitter vacua.

28.4 Compactification

We now give a few details on the compactification. A bit more will be given in the
next chapter. The background metric (in Einstein frame) will be of the type

ds210,E = e2A(y)ημνdx
μdxν + e−2A(y)g̃mn(y)dy

mdyn , (28.32)

and it will be a solution of the type IIB equations of motion known as “Klebanov–
Strassler” (KS), after its discoverers.

The solution has a radial coordinate y = √∑
n(y

n)2 and as a function of it, the
volume of the extra coordinates changes from a minimum value to +∞, forming
what is known as a (semi-infinite) “cigar” geometry. But instead of this infinite
(decompactified) geometry, we cut the KS geometry at some ymax, and glue onto it
a half of a CY3 geometry, in order to make it compact. This can be done smoothly,
so that we still have a solution of the Einstein’s equations. Moreover, then we add
fluxes in order to stabilize the moduli.

In this construction then, there is aminimumvalue for the volume, i.e., aminimum
value for A(y), giving

amin = eAmin ∼ e− 2πK
3gs M � 1. (28.33)
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Here M, K are integers defining the fluxes through the geometry, and we can
choose them such as to have amin � 1.

28.5 de Sitter Vacua

We finally come to the construction of de Sitter vacua. Since the background has
D-brane charges, away to break supersymmetry is to introduce anti-D-branes. Specif-
ically, we will introduce an anti-D3-brane in the geometry, at position y0. Then, if

a0 ≡ eA(y0) , (28.34)

the anti-D3-brane adds the extra energy density to the system of

δV = 2a40T3
g4s

1

(Imρ)3
. (28.35)

We will not derive this formula, only argue about the factor a40T3: here T3 is
the 3-brane tension, so the energy should be proportional to it, and a0 is the warp
factor, so for a 4-dimensional world-volume, we should indeed have this factor (the
volume of the anti-D3-brane worldvolume is a40 times the volume of the Minkowski
coordinates).

Then, because of the a40 factor, the anti-D3-brane will run off to the minimum of
a0, amin, the end of the KS throat (or cigar). For more general validity, we write

δV = D

(Imρ)3
. (28.36)

This potential is to be added to the potential coming from the supersymmetric
case, obtaining

V = 1

(2σ)3

[
4σ2

3

9

4σ2

(
W0 + Ae−aσ

(
1 + 2aσ

3

))2

− 3(W0 + Ae−aσ)2

]
+ D

σ3

= Ae−aσ

(2σ)3

[
6

(
1 + 2aσ

3

)
W0 + 3Ae−aσ

(
1 + 4aσ

3
+ 4a2σ2

9

)
− 6W0 − 3Ae−aσ

]
+ D

σ3

= aAe−aσ

2σ2

[
W0 + Ae−aσ

(
1 + aσ

3

)]
+ D

σ3 . (28.37)

The shape of the resulting potential, with the parameters chosen as explained above,
is: the potential drops from infinity at zero, down to a positive value (de Sitter
vacuum), then to a maximum, and then runs off to zero at infinity. One can in fact fine
tune the coefficient D of the susy breaking term to obtain a vacuum value V0 very
close to zero, consistent with what we see now (very small cosmological constant).
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The fine tuning of D is not as extreme as in the cosmological constant, but is fine
nevertheless. Note that D is the parameter responsible for supersymmetry breaking,
which lifts a would-be AdS background to a dS background.

Important Concepts to Remember

• In supergravity, supersymmetric vacua are AdS vacua.
• With a volume modulus ρ for KK compactification and W independent of ρ, we
obtain a positive definite potential V ≥ 0, with a Minkowski vacuum.

• But there are nonperturbative contributions to W (ρ) from Euclidean D3-brane
instantons and gluino condensation onD7-braneswrapping 4-cycles, giving gener-
ically W = Aeiaρ, with a > 0, besides the constant W0 perturbative term.

• The moduli are stabilized by integer fluxes on the compact space.
• The solution is a compactified version of the Klebanov–Strassler geometry, where
the “cigar” geometry in y has a minimum volume at one sides, and is cut off and
glued onto a half of CY3 at the other.

• The supersymmetric minimum is AdS, but by adding antibranes sitting at the tip
of the cigar, with V = D/(Imρ)3, we get a de Sitter minimum.

Further reading: The original KKLT paper is [49].

Exercises

(1) Consider a superpotential

W = (Aρ + B)eiaρ + C , (28.38)

where A �= 0, a ∈ R+. Find the conditions for a supersymmetric minimum.
(2) Add an anti-D3-brane to the previous exercise. Do we obtain a dS vacuum?
(3) Consider the superpotential

W = Aη(ρ)−6e
3iτ
4b + B , (28.39)

where η(x) is the Dedekind eta function. Is the volume stabilized? How about the
dilaton?
(4) Find a way to obtain a dS vacuum for the superpotential at exercise 3 (by breaking
supersymmetry in a controllable way).



Chapter 29
The KKLMMT Scenario for Inflation
and Generalizations

In the previous chapter, we have shown how KKLT have obtained a de Sitter back-
ground in string theory, with a geometry made from branes, cut off in the UV and
smoothly joined onto a CY3 half of space, and an antibrane at the tip (minimum of
the KS throat). In this chapter, we will present the KKLMMT scenario for string
inflation based on it, of the type of brane-antibrane inflation already analyzed before
in the book.

Since the potential energy found by KKLT depended on the volume modulus
ρ, it would have been a natural assumption to believe that we could construct an
inflationary scenario for a potential for ρ. Or perhaps by letting the antibrane slide
towards the tip of the KS geometry r0, with its position being the inflaton. But in
fact, the inflaton is neither: the volume modulus ρ becomes stabilized at the de Sitter
minimum, as we saw, and the antibrane has too steep a potential, leading to the eta
problem (η ∼ 1). In fact, in order to obtain inflation, we must introduce a sliding
D3-brane in the KS throat geometry, and then its position r1, or rather the brane-
antibrane separation (r1 − r0), acts as the inflaton, just like in usual brane-antibrane
inflation.

Note that, since the KS geometry itself is made from D3-branes, if we would
put only the sliding D3-brane in the geometry, we would have no potential, since
the solution would be supersymmetric (we can always add parallel branes without
breaking extra supersymmetry. But because there is an anti-brane, breaking susy, we
get a potential: the anti-D3 modifies the background (there is a back-reaction), and
the D3-brane feels this modification.

This would give inflation as it stands, but we will see that we need to fix the other
moduli, and then this generically will spoil the inflationary potential, and we would
get η ∼ 1. So in fact, as emphasized in the KKLMMT paper, the scenario doesn’t
really describe inflation in string theory, but rather the opposite: that generically, we
don’t obtain inflation, if we want to stabilize all the moduli.
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29.1 Simplified Model for KKLMMT

We will start with the analysis of a simplified model, where we replaced the some-
what complicated geometry of the KS throat with a simpler solution, AdS5 × X5,
coming from N D3-branes. But then we must phenomenologically cut off the radial
r direction of AdS5 in the IR at r0 and the UV at rmax, in order to make the space
compact, thus creating a Randall–Sundrum (RS) like construction (the RS 2-brane
model has an IR and a UV brane cutting off a slice of AdS space). The cut-offs r0 and
rmax can be chosen independently of R (as we will see later in the KS construction).
The compact space X5 is a generalization of the pure D3-brane case, that gives S5.
We can have X5 be a Sasaki–Einstein space in general, for instance a space obtained
by dividing (making an equivalence under) a discrete group like Z2.

The metric of the space is

ds2 = r2

R2
(−dt2 + d �x2) + R2

r2
dr2 + ds2X5 , (29.1)

where the radius is defined by an integer N (the flux through AdS, or the number of
D3-branes generating it), as

R4 = 4πags Nα′2. (29.2)

Here a is a phenomenological parameter that allows us to cover several cases,
including the KS case. In the pure D3-brane case, a = 1, but for KS we will see that
a �= 1.

The sliding D3-brane is put at a large distance from the tip where we have the
anti-D3-brane, i.e.,

r0 � r1. (29.3)

Calculation of the Potential

In order to calculate the potential, we first rewrite the metric in the way that it was
originally described, as coming from N D3-branes, namely in terms of a harmonic
function H3(r),

ds2 = H−1/2
3 (r)(−dt2 + d �x2) + H 1/2

3 (r)

(
dr2 + r2

R2
g̃abdy

adyb
)

ds2X5 = g̃abdy
adyb

H3(r) = R4

r4
. (29.4)

Note that the harmonic function is a harmonic function of the transverse space,

ds26 = dr2 + r2

R2
g̃abdy

adyb , (29.5)
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which for X5 = S5 is simply flat 6 dimensional space, and the harmonic function
is the usual one, 1 + R4/r4, with the 1 dropped because we are in the near-horizon
(r → 0) limit.

Moreover, we have a 4-form potential coupling to the D3-brane of value

(C4)t x1x2x3x4 = r4

R4
≡ H−1

3 (r) ⇒

(F5)r t x1x2x3x4 = ∂r H
−1
3 (r) = 4r3

R4
. (29.6)

As we said, in order to calculate the potential, we should calculate the back-
reaction effect of the anti-D3-brane on the background, and then calculate the action
of the sliding D3-brane in the modified background. But since the force exerted by
the D3-brane on the anti-D3-brane equals the force exerted by the anti-D3-brane on
the D3-brane, we can calculate the potential due to the D3 and anti-D3 by reversely
considering how the sliding D3-brane modifies the background, and calculating the
action of the anti-D3-brane in the modified background.

This is easier to do, since the harmonic function of parallel branes with no anti-
branes (a supersymmetric configuration) is simply the sumof the harmonic functions.
So we must make in the above solution the substitution

H3(r) → H ′
3(r) = R4

r4
+ δh(r) , (29.7)

where δh(r) is again a harmonic function of the transverse space. The coefficient of
δh(r) is one instead of N , and centered at position r1 instead of r = 0, i.e.,

�6δh(r) = Cδ(6)(�r − �r1) ⇒
δh(r) = R4

N

1

|�r − �r1|4 
 R4

N

1

r41
, (29.8)

where in the last equation we have used that r � r1, since r = r0 is the position of
the anti-D3-brane (where we will calculate the action). In conclusion, we have

H ′
3(r) = R4

(
1

r4
+ 1

N

1

r41

)
. (29.9)

In this modified background, we calculate the potential by evaluation the action
of the anti-D3-brane (the DBI plus the WZ term) at the position r = r0,

SDBI+WZ,D3/D3−brane(r = r0) = −T3

∫ √−g(4)d
4xH

− p+1
4

3 (r0)
√
1 + H3(r0)∂μr0∂μr0

±T3

∫
(C4)t x1x2x3x4dtdx

1dx2dx3dx4. (29.10)
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The plus (upper) sign is for the D3-brane, when the leading term in DBI cancels
against the leading term in theWZ term, and ignoring δh(r), we have only the kinetic
term,

S 
 −T3

∫
d4x

r40
R4

√
1 + R4

r40
∂μr0∂μr0 ± T3

∫
(C4)t x1x2x3x4dtdx

1dx2dx3dx4


 −1

2

∫
d4xT3∂μr0∂

μr0. (29.11)

We have used the fact that the 4 dimensional metric is flat, and we see that we
obtain the canonical kinetic term, modulo a trivial rescaling, such that the canonical
scalar is

φ = √
T3r0. (29.12)

As we have already shown, the 3-brane tension is

T3 = 1

(2π)3gsα′2 . (29.13)

Then, by introducing the modified harmonic function H ′
3(r) and considering the

anti-D3-brane case at r = r0, we find the potential

V (r0, r1) = 2T3
r40
R4

(
1 − 1

N

r40
r41

)
, (29.14)

which we leave as an exercise to prove.
While this potential is in principle a function of both r0 and r1, only r1 can vary,

and in the physical KS case r0 is fixed.
Then, as a function of the inflaton φ, we obtain the slow-roll parameters

ε ≡ M2
Pl

2

(
V ′

V

)2

=
(
M2

Pl

T3r21

)
1

2N

(
4r40
r41

)2

� 1

η ≡ M2
Pl

(
V ′′

V

)
= −

(
12M2

Pl

T3r21

)
1

N

(
r0
r1

)4

� 1. (29.15)

We have obtained ε, η � 1 since all the 3 factors in each are � 1, including

M2
Pl

T3r21
= (2π)3M2

Plgsα
′2

r21
� 1 , (29.16)

where the ratio is much smaller than one, since if the distance r1 (brane-antibrane
distance) is not much larger than the Planck and string scales, we would need to
consider quantum string corrections.
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29.2 String Theory Example for KKLMMT Construction

We now move on to the standard example in string theory, where instead of the
AdS5 × S5 space we have the KS geometry. This is an example in type IIB string
theory, with G-flux, i.e., with flux for

G3 = F3 − τH3 , (29.17)

on 3-cycles in the internal space. As described in the previous chapter, the total KS
space is written as

ds2 = e2A(y)ημνdx
μdxν + e−2A(y)gmn(y)dy

mdyn . (29.18)

At the tip of KS throat, there is an S3 of finite size, leading to the fact that the
warp factor a = eA has a minimum. Then, at a certain y = ymax, we cut off the KS
space, and glue half of a CY3 space, specifically a fibration over the 5 dimensional
T 1,1 space (I will not explain what it is), as in Fig. 29.1.

There are integer G-fluxes defined on 3-cycles A and B,

1

(2π)2α′

∫
A
F3 = M; 1

(2π)2α′

∫
B
H3 = −K , (29.19)

where A is the S3 at the tip of the KS geometry, and B is a dual 3-cycle. We can
choose M, K � 1. The KS geometry is not known analytically over the whole range
of r , only near the tip, and far away from the tip. Far away from the tip, we have the
metric

ds2 = H−1/2(r)ημνdx
μdxν + H+1/2(r)(dr2 + r2ds2T 1,1) , (29.20)

and the harmonic function is a log-corrected AdS5 × S5 with a �= 1,

H(r) = 27π

4r4
α′2gsM

[
K + gsM

(
3

8π
+ 3

2π
ln

r

rmax

)]
. (29.21)

Fig. 29.1 KKLMMT
construction: take the KS
“cigar geometry”, or
semi-infinite almost cone
with a smooth tip, and cut it
off at some position, and
glue half a CY space there,
to make it compact
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As we see, the leading term (without the log correction) is an AdS space defined
by a radius of the type already used,

R4 = 27

16
4πgs Nα′2 , (29.22)

so with a = 27/16, and where N ≡ MK is the product of the two fluxes. The pres-
ence of T 1,1 in the metric means that we can smoothly join a half of a CY3 space
which is a fibration over T 1,1 onto the KS throat cut off at some finite r . It also means
that the volume modulus of the CY will then be proportional to the volume modulus
of the whole resulting compact space.

As explained in the previous chapter, the warp factor has a minimum, but the
minimum is defined by the ratio of fluxes, as

(r0
R

)4 = a40 ≡ a4min = e− 8πK
3gs M . (29.23)

This ends the description of the “model for inflation”. We leave as an exercise to
calculate the inflaton potential in this physical KS case.

29.3 Volume Stabilization and Problems

We now turn to the problems: when we try to stabilize the moduli, we generically
obtain an η ∼ O(1). Consider the complex volume modulus ρ, rescaled as

ρKKLMMT = −iρKKLT , (29.24)

and the complexified D3-brane position φ that becomes the inflaton. Then the Kähler
potential for ρ is, as we already explained, simply from KK compactification, is
K = −3 log(ρ + ρ̄). Adding the D3-brane moduli, as we also explained, is done by
adding a Kähler potential κ(φ, φ̄) inside the log,

K (ρ, ρ̄,φ, φ̄) = − log(ρ + ρ̄ − κ(φ, φ̄)) , (29.25)

where κ(φ, φ̄) starts with a canonical term,

κ(φ, φ̄) = φ̄φ + · · · (29.26)

A partial explanation for the above structure is that the moduli space (the leading
kinetic term gi j∂φi∂φ j ) of D-branes has metric

ds2 = 3

2r2

(
dr2 +

(
dχ + i

2
∂ jκdφi − i

2
∂ j̄κdφ̄ j̄

)2
)

+ 3

r
∂i∂ j̄κdφi dφ̄ j̄ . (29.27)
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Here r ∼ e4u is proportional to the volume of the CY space (and thus of the whole
compact space). One would be tempted to work with the complex modulus r + iχ,
but that is not generated by a Kähler potential. Instead, one must choose the complex
parameter ρ, whose imaginary part is the axion (as we said in the previous chapter),
while the real part is defined by

2r = ρ + ρ̄ − κ(φ, φ̄) 
 ρ + ρ̄ − φφ̄ + · · · . (29.28)

If, as we said, the perturbative superpotential equals the tree level contribution,
which is constant,

W = W0 , (29.29)

then, since (a labels φi and ρ)

gab̄∂aK∂b̄K = 3 , (29.30)

we obtain V = 0, so indeed ρ and φ are moduli.
If however,W = W (φi ) only, and stabilizesφi , then in a supersymmetric vacuum,

i.e., with ∂φW = 0, the potential will be independent of ρ, so ρ is still a modulus.
Note that the Kähler potential K that we wrote does not have good transformation

properties in the limit that K is given by κ only, namely at large enough (and stabi-
lized) volume, so that the D-brane will move approximately in flat space, i.e., will
have a canonical kinetic term. That however can be fixed by assigning the modified
Kähler transformation for κ,

κ(φ, φ̄) → κ + f (φ) + f (φ)

ρ → ρ + f, ρ̄ → ρ̄ + f̄ . (29.31)

Finally, the volume modulus ρ can be stabilized by the nonperturbative contribu-
tion of the KKLT model (see the previous chapter),

W = W0 + Ae−aρKKLMMT = W0 + AeiaρKKLT . (29.32)

But this stabilization has the generic problem that for volume∝ e4u ∝ r stabilized
at large r , the potential will be generically of the type

V (r,φ) ∼ X (ρ)

rα
= X (ρ)

(ρ − φ̄φ/2 + · · · )α . (29.33)

Then if ρ is stabilized at ρ 
 ρ0, by expanding the above potential around φ = 0
and considering zero axion (imaginary part of ρ is zero, so ρ is real) we obtain

V 
 V0

(
1 + α

φφ̄

2ρ0
+ · · ·

)
, (29.34)
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whereα ∼ O(1), and also ρ0 ∼ O(1) in Planck units (the volumemodulus stabilized
close to the Planck scale, as is natural), then η ∼ O(1).

Of course, if instead of X (ρ) we have a more general X (ρ,φ), then we will get
an extra contribution

V 
 V0

(
1 + α

φφ̄

2ρ0
+ ∂φ∂φ̄X (ρ0, 0)

X (ρ0, 0)
φφ̄ + · · ·

)
, (29.35)

and by fine-tuning we could arrange for the two terms to (almost) cancel, so that we
get η � 1. But it means that this doesn’t happen generically.

29.4 KKLMMT Generalization with Magnetic Flux

Since volume stabilization is such an important issue, we must look for generaliza-
tions. One such generalization is in the paper by Abe, Higaki and Kobayashi [51],
which shows that we can have not just the AeiρKKLT superpotential contribution with
a > 0, but also one with

Be−iaρ , (29.36)

again with a > 0, and with
B = Ce−m9c〈S〉. (29.37)

Here the dilaton modulus is S,

2πS = e−φ − ic0 , (29.38)

where c0 is the axion,

c = 8π2

N9
. (29.39)

This superpotential comes from gluino condensation on magnetized D9-branes
added to the KKLT construction, such that the coupling constant of the theory on the
D9-branes is given by

1

g2D9

= |m9ReS − w9ReT| , (29.40)

and T = −iρKKLT = ρKKLMMT.
Moreover, a term of this type in the superpotential would be required by imposing

the condition of T-duality invariance (as well as the condition for “modular invari-
ance” about which we will not say anything). Indeed, we saw that T-duality, relating
small compact volumes with large compact volumes, is a symmetry of string theory,
so the potential, that blows up at very small volumes, should also blow up at large
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ones. In fact, it was argued that the superpotential arising from gaugino condensation
from compactification on tori is

W (T, S) ∼ η(iT )−6e− 3S
8πb , (29.41)

where η(x) is the Dedekind eta function. At large volume, Re T → ∞, the super-
potential behaves as

W ∝ eπT/2 , (29.42)

with a proportionality coefficient of the order of

∼ e− 3S
8πb , (29.43)

and b ∼ O(1) is an RG flow factor.
We should mention however that there is some controversy about this calculation.

Despite T-duality invariance being needed, it was argued that it is unphysical (from
the point of view of the string coupling dependence in string theory) to have the
potential blowing up as the volume blows up.

29.5 Type IIA Model Corresponding to KKLMMT

Until now we have worked in type IIB string theory, but an alternative model in type
IIA string theory has been proposed.

The background that replaces KS in this case is the doubly Wick rotated nonex-
tremal D4-brane background considered before, when discussing brane inflation,
namely

ds2 = H−1/2
4 (r)(−dt2 + d �x23 + f (r)dx26 ) + H+1/2

4 (r)

(
dr2

f (r)
+ r2d�2

4

)

C(5) = 1

gs
H−1

4 (r)dt ∧ dx1 ∧ · · · ∧ dx4

f (r) = 1 −
(rH
r

)3

H4(r) = 1 + α4

(r4
r

)3
. (29.44)

The geometry is now:

• a cigar geometry for r over S4, with a physical cut-off at rmin = rH , and an explicit
cut-off at rmax.

• a cigar geometry for r over x6, again cut off at rmax, and at rH .
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Then, at rmax, we can glue a half of a CY3 space W over the space (r, x6, S4), and
finally find a construction that is T-dual to KKLT.

Model 1

We can construct a model by adding a sliding D4-brane in the above construction.
Even though it looks different, it is actually the same construction we had before,
since the fact that the background is nonextremal means that we have anti-D4-branes
in it (instead of the probe anti-D4-brane situated at the tip of the geometry).

Model 2

We can construct an alternative model by putting rH = 0, i.e., considering a super-
symmetric background, without any anti-D4-branes in it, but then adding a sliding
anti-D4-brane probe to break supersymmetry and generate a potential.

It is left as an exercise to show that the potentials we obtain in the two models,
by calculating as before the DBI+WZ action for the probe in the background, are

V1(φ)|plateau 
 T4(2πR)

gs

(
φH

φ4

)3 [
N − 1

2α4

(
1 + φ3

4

4φ3
− φ3

α4φ
3
4

)]

V2(φ) = 2T4(2πR)

gs

1

1 + φ3
4

φ3

. (29.45)

Important Concepts to Remember

• TheKKLMMTscenario is amodification of theKKLT scenario, where the volume
modulus (in the presence of the anti-D3-brane at the tip) is stabilized at its de
Sitter minimum, and the inflaton is a sliding D3-brane, or rather the D3-anti-D3
separation, like in usual brane-antibrane inflation.

• A simplified model has an AdS5 × X5 space, cut off at r0 and rmax (chosen inde-
pendently of R, the radius of the geometry), coming from N D3-branes.

• To calculate the potential, instead of calculating the backreaction of the anti-D3
on the geometry, and then the potential for the sliding D3, we calculate how the
sliding D3 modifies the background, and then the potential for the fixed anti-D3
in the modified geometry.

• The resulting potential has a plateau followed by a drop, V (φ) ∼ V0(1 − α/φ4),
and has ε, η � 1.

• In the physical string theory case, with theKS geometry, still r0 and rmax are chosen
independently, as r0 depends on a ratio of fluxes K/M , whereas the radius R on
the product N = MK , and rmax is arbitrary.

• When we try to stabilize the volume modulus ρ through a nonperturbative super-
potential like the KKLT one, generically we obtain a O(1) contribution to η, i.e.,
a quadratic contribution to V (φ) of order one in Planck units.
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• We can also generate a W = Be−iaρ (opposite sign in the exponent) for the
KKLT scenario by adding magnetized D9-branes. Moreover, such a term would
be required for T-duality invariance. The resulting potential has a minimum (it
blows up in the IR and the UV).

• A type IIA version of KKLT can be obtained by replacing the KS geometry with
the doubly Wick rotated nonextremal D4-brane geometry,

• One model has a sliding D4-brane in the nonextremal geometry, another has a
sliding anti-D4-brane in the extremal geometry.

Further reading: The original KKLMMT paper is [50]. The KKLT model with
magnetic flux is [51], and the type IIA model is [35].

Exercises

(1) Prove that the KKLMMT potential for the AdS5 × S5 background is

V (r0, r1) = 2T3r40
R4

(
1 − 1

N

r40
r41

)
. (29.46)

(2) Repeat the exercise for the RS background, to find its V (r0, r1).
(3) Check that for the case T-dual to KKLMMT, we have

V1(φ)|plateau 
 T 4(2πR)

gs

(
φH

φ4

)3 [
N − 1

2α

(
1 + φ3

H

4φ3
− φ3

α4φ
3
4

)]

V2(φ) = 2T4(2πR)

gs

1

1 + φ3
4

φ3

. (29.47)

(4) Consider the modification of the KKLMMT model with superpotential

W (T, S) ∼ η(iT )−6e− 3S
8πb , (29.48)

and calculate the scalar potential, and check whether all scalars are stabilized.



Chapter 30
The Ekpyrotic Scenario

In this chapter we will describe the ekpyrotic scenario, which is an alternative to
inflation, inspired from string theory, defined in a 2001 paper by Khoury, Ovrut,
Steinhardt and Turok. The general idea is that we have two “end of the world” branes
that move towards each other in a fifth direction, and their collision represents the
Big Bang.

In fact, the original idea of the ekpyrosis (coming from the ancient Greek word
for the end of the Universe in a conflagration) came from a string theory construc-
tion (shown in the original paper, and explained in more detail later): In heterotic
M-theory, the strong coupling version of the heterotic string, the “eleventh” direc-
tion, of radius R = g

2/3
s , has two “end of the world” M9-branes at its ends. In fact,

the eleventh direction is an interval S1/Z2, obtained by identifying (“orbifolding”)
a circle under reflection, which means that the M9-branes at the endpoint sit on the
orbifold fixed points at the end of the interval. Each M9-brane has an E8 group on
them, for a total E8 × E8 gauge group. But in this construction, there is also an
M5-brane in the bulk, moving towards one of the M9-branes, and finally colliding
with it. However, wewill see that thismechanism is not favoured inmodern ekpyrotic
constructions, and instead we must have only two “end of the world” branes moving
towards each other and colliding.

So it would seem like it has some similarities with brane-antibrane inflation,
but that is only superficial. In the brane-antibrane inflation scenario the Universe
is always expanding, as the separation decreases, and the collision corresponds to
reheating; moreover, contrary to what will be seen here, the potential was positive,
leading to an inflating Universe, with the inflaton being the separation.

By contrast, now almost everything relevant happens before the Big Bang, in a
contracting phase with negative potential. The primordial fluctuations are created
not by quantum fluctuations in some scalar during the expanding phase, but rather
by fluctuations on the branes, before the collision.

Wenow solve in a differentway the smoothness problem (the fact that theUniverse
is uniform and isotropic on the largest scales) and the related horizon problem, which
means that when extrapolating in the past the current cosmology we get that there are
many patches in the current sky that were causally disconnected (72 patches that were
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disconnected on the surface of last scattering), and yet they seem to be correlated.
These problems are now solved because the branes colliding are held together by
tension as a single object, and the collision happens at every point on the branes in
the same time. So the connectedness of various regions is due to the tension, or said
another way, due to the fact that the Universe is much older than the Big Bang, so
there was some causal connection of the various points before the Big Bang. On the
other hand, in inflation these puzzles are solved by the exponential expansion due to
the inflaton, after the Big Bang.

Like in the case of inflation, we can have an effective field theory description for
most of the evolution, in which the fifth dimension is integrated over (somewhat
similar to what happens in dimensional reduction), and the interbrane separation
becomes a scalar field in 4 dimensions, φ(t, �x). We can explain the early stages of
the ekpyrotic scenario entirely in terms of evolution of the scalarφ coupled to gravity,
just like in inflation. However, the later stages must take into consideration the actual
higher dimensional set-up.

30.1 The Ekpyrotic Phase

The essential tool of the ekpyrotic model is the existence of a contracting ekpyrotic
phase. It is due to a potential that has the form

V = −V0e
−cφ , (30.1)

which can be obtained as the potential for the interaction of the bulk brane with
the boundary brane in the original heterotic M-theory construction sketched above.
However, it was realized thatwe only need to have the above potential, not necessarily
the construction with the bulk brane (though without the bulk brane it becomes
unclear how to justify the above potential).

Note that the above potential, if considered with a positive sign, gave an exact
solution for inflation (as we saw in Chap. 9, of part I). In fact, we can use the same
algebra to solve it also now.

The KG equation for the scalars (we consider several scalars for generality) and
the two Friedmann equations (the second being the dependent one) are

φ̈ + 3H φ̇ + Vi,φi = 0

H 2 = 1

3

[∑
i

1

2
φ̇2
i +

∑
i

Vi (φi )

]

Ḣ = −1

2

∑
i

φ̇2
i . (30.2)

Here the potential is V = ∑
i Vi (φi ), where
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Vi (φi ) = −Vie
−ciφi , (30.3)

and we consider ci � 1 for all i . Then we can show (which we leave as a simple
exercise) that there is a scaling solution,

a(t) = (−t)p

φi = 2

ci
log

⎛
⎝−t

√
c2i Vi

2

⎞
⎠

p =
∑
i

2

c2i
(30.4)

Here t < 0, so the evolution is from t = −∞ to t = 0, i.e., towards a Big Crunch,
after which we have the Big Bang, and our current cosmology. Since we must have
ci � 1 for all i , it follows that p � 1, so the time evolution is very slow (a(t) �
const.). Note that by substituting φi in the potential, we obtain the time evolution

Vi (φi (t)) = − 2

c2i t
2
. (30.5)

On the other hand, comparing a(t) with the evolution due to a single matter
component with equation of state P = wρ, which is

a(t) ∝ t
2

3(1+w) , (30.6)

we obtain

w = 2

3p
− 1 � 1. (30.7)

Thus we need matter with w � 1 in order to obtain the ekpyrotic phase.
Note that for a single i ,

w = 2

3p
− 1 = c2

3
− 1 , (30.8)

so the condition w > 1 (certainly needed if w � 1, but also will be needed later)
implies

c >
√
6. (30.9)

Solution to the Flatness Problem

As we said, for p � 1, we have a(t) � constant, but on the other hand we obtain

H = ȧ

a
∝ 1

t
, (30.10)
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which means that we can solve the flatness problem (the fact that the Universe is
approximately flat near the Big Bang, � � 1, independent of what we have now) in
a way similar to that done during inflation: In inflation it was solved by having aH
grow by e60 (60 e-folds), though that was done by H being constant and a increasing
by e60. We can solve it now again by having aH increase by 60 e-folds, but rather
by having a constant, and instead H increasing by e60, which in a contracting phase
means that

|tbeg| ≥ e60|tend|. (30.11)

Note that the end time of the ekpyrotic phase can be close enough to the Planck
scale, so that the condition on |tbeg| is not necessarily very stringent.

Wementioned thatw > 1 is needed, and in fact in order to avoid chaotic behaviour,
the Belinsky–Khalatnikov–Lifshitz (BKL) singularity, an instability towards an
anisotropic, homogenous, chaotically oscillating solution (the anisotropies oscillate),
we need w > 1.

During the ekpyrotic phase, the Universe contracts, but the energy density of a
component with equation of state P = wρ behaves as

ρ ∝ a−3(1+w) , (30.12)

which means that as t evolves, the highest w will dominate (whereas in the usual
expanding phase, the lowestw dominates asymptotically: the cosmological constant
with w = −1 gets to dominate eventually). That justifies the choice of w � 1 for
the ekpyrotic phase: it is the last w to dominate during the contraction.

30.2 Kinetic Phase

Further, as one approaches even more the Big Crunch (and thus the Planck scale),
eventually the potential (which is defined by some energy scale) must become
irrelevant (the potential cannot increase without bound, but the kinetic energy will
increase), so we have

S = −1

2

∫
d4x

√−g(∂μφ)2 , (30.13)

leading to the energy-momentum tensor

Tμν(φ) = ∂μφ∂νφ − 1

2
gμν(∂ρφ)2. (30.14)

Considering a uniform scalar, so φ = φ(t), we obtain

T00 = Tii = 1

2
φ̇2 ⇒ P = ρ ⇒ w = 1. (30.15)
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This is called (as we explained in part I of the book) stiff matter. The KG and
Friedmann equations for this case are

φ̈ + 3H φ̇ = 0

3H 2 = 1

2
φ̇2 = −Ḣ . (30.16)

From the second equation, we obtain

a(t) ∝ e
φ(t)√

6 , (30.17)

whereas from 3H 2 = −3Ḣ we get

a(t) = a0(−t)1/3. (30.18)

Comparing the two, we find

φ(t) =
√
2

3
ln(−t) + φ0. (30.19)

Finally, we find that indeed, as for stiff matter

ρ = φ̇2

2
∝ a−6. (30.20)

At the end of the kinetic phase, we should reach the Planck scale. That means that
before that, the fifth dimension will become important in the analysis. In turn, that
means that it is important to remember that φ represents the distance between the
colliding branes in the fifth dimension, which is the length of a line segment S1/Z2.

In KK dimensional reduction from dimension D down to dimension d, as we saw
in Chap.13, the nonlinear ansatz for gravity (that gives the correct Einstein action in
the lower dimension) is

ds2D = �− 1
d−2 ds2d + gmndx

mdxn , (30.21)

where � = det gmn . When reducing from D = 5 down to d = 4, since we have a
single extra dimension, g55 = R2, so the reduction ansatz is

ds25 = R−1ds24 + R2dy2. (30.22)

However, using the general formulas for the action for the scalar R, we can define
the relation to the canonical scalar φ (identified with the same scalar φ used until
now in the ekpyrotic and kinetic phases), as

R ≡ e
√

2
3 φcan . (30.23)
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Then substituting into the 5 dimensional metric, we obtain the ansatz (and drop-
ping the index “can” on the canonical scalar)

ds25 = e−
√

2
3 φds24 + e2

√
2
3 φdy2 , (30.24)

for the canonical 4 dimensional effective action (valid during the kinetic phase, when
the scalar potential can be ignored)

Sred =
∫

d4x
√−g

[
1

2κ2
R − 1

2
(∂μφ)2

]
. (30.25)

Since φ is the ekpyrotic scalar, we can substitute in the 5 dimensional ansatz
(30.24) the solution (30.18), (30.19), with a0 = 1, φ0 = 0, and then we find

ds25 = (−t)−2/3[−dt2 + (−t)2/3d �x23 ] + (−t)4/3dy2. (30.26)

Making the change of variables

T ≡ 3

2
(−t)2/3; y = 2

3
ȳ , (30.27)

we find the metric
ds25 = −dT 2 + T 2d ȳ2 + d �x23 . (30.28)

But note that by aWick rotation, the (T, ȳ) space is a cone, with radial coordinate
T and angular one ȳ, which means that the space is actually flat, except at the
collision point T = 0 (so t = 0). Indeed, even without the Wick rotation, by making
a coordinate transformation

u = T cosh y; v = T sinh y , (30.29)

we find the flat space (except at T = 0, which makes the coordinate transformation
singular)

ds25 = −du2 + dv2 + d �x23 . (30.30)

If we didn’t have �x3, nor the compactification and orbifolding of the y coordinate,
the resulting space would be called the “Milne Universe”. As it is, it is called the
“compactified Milne mod Z2”, and as we saw, it describes 2 orbifold planes (where
we have the branes) approaching, colliding, and then (during the Big Bang phase)
receding from each other.
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30.3 String Theory Model

Until now we have presented the general 2-brane model that is preferred, as we will
see. But now we also present the original string theory motivation for the model,
though as we will shortly see, it is by now excluded for theoretical reasons.

As we mentioned, the model is defined in heterotic M-theory, which has two “end
of the world” M9-branes, situated on orbifold fixed points, at a relative distance
(radion) πR = πlPg

3/2
s . The M9-branes have each a E8 gauge group on them, for a

total E8 × E8.We are interested in the large gs limit (large R), and in this case we can
describe the resulting theory from the point of view of the low energy supergravity,
compactified to 4 dimensions. The bulk action is then the 11 dimensional supergravity
action

S11 = 1

2κ2
11

∫
M11

√
−ĝ

[
R̂ − F̂MN PQ F̂

MN PQ −
√
2

1728
εM1...M11 ÂM1M2M3 F̂M4...M7 F̂M8...M11

]
.

(30.31)

But there is also an anomaly action, arising from a one loop quantum worldsheet
string correction (so it is of order α′), that lives only on the boundary, i.e., on the 2
M9-branes (defined by i = 1, 2), so that

Sbdy = 1

8πκ2
11

(κ11

4π

)2/3 ∑
i=1,2

∫
M(i)

10

√−g

[
Tr(F (i))2 − 1

2
TrR2

]
. (30.32)

Moreover, the 6 extra coordinates (except the “eleventh one” and our 4 dimen-
sions) must be compactified on a CY3 space, as usual. From the general formula for
nonlinear KK compactification (30.21), we obtain

ds211 = �−1/3ds25 + gmndy
mdyn , (30.33)

with � = det gmn = V 2, where V is the volume of the CY3, so

ds211 = V−2/3ds25 + gmndy
mdyn . (30.34)

To cancel the anomaly coming from the two boundary terms, not locally but in the
4 dimensional effective field theory, we can choose the standard embedding (under
KK compactification of string theory), of the gauge field on one of the branes (in one
E8 group) into the spin connection, while putting to zero the other. This means that,
under dimensional reduction, the same lower dimensional field appears both in the
gauge field and in part of the spin connection, and it results in having

Tr[F (1) ∧ F (1)] = Tr[R ∧ R], F (2) = 0. (30.35)
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Lastly, we must introduce the M5-brane moving in the bulk, which interacts with
the boundary branes via an exchange of M2-branes. One can calculate in M-theory
the resulting 4 dimensional superpotential (in effective field theory),

W ∼ e−cY , (30.36)

where Y is the chiral superfield corresponding to the distance between the M5-
brane and the boundary M9-brane. But using the general formula for the N = 1
supergravity coupled to chiral superfields,

V = eK/M2
Pl

[
gi j̄ DiW DjW − 3

M2
Pl

|W |2
]

, (30.37)

we find
V = −V0e

−c̃φ , (30.38)

as advertised.
Under dimensional reduction onCY3,we obtain the effective 5 dimensional action

S5 = M3
5

2

∫
M5

d5x
√−g

[
R − 1

2
(∂φ)2 − 3

2
e2φ

F2

5!
]

− 3
∑

i=1,2,3

αi M
3
5

∫
M4

d4ξi
(√−h(i)e

−φ

− 1

4! ε
μνρσAαβγδ∂μX

α∂νX
β∂ρX

γ∂σX
δ

)
, (30.39)

where the 3-brane terms come from the dimensional reduction of the twoM9-branes
on CY3, and of the M5-brane on a 2-cycle, both leading to 3-branes in 5 dimensions.

We can then show that, for α1 = −α, α2 = α − β, α3 = β, we have a BPS solu-
tion defined by a one dimensional harmonic function (in the coordinate transverse
to the branes) D(y),

ds2 = D(y)(−N 2dτ 2 + A2d �x23 ) + B2D2(y)dy2

eφ = BD3(y)
F0123y = −αA3N B−1D−2(y), for y < Y

= −(α − β)A3N B−1D−2(y), for y > Y
D(y) = αy + C, for y < Y

= (α − β)y + C + βY, for y > Y (30.40)

Here y = Y is the position of the bulk brane, and the boundary branes are situated
at y = 0 and y = R (so 0 ≤ y ≤ R). One can use a moduli space approximation,
which means to promote the constant parameters like the position Y to fields =
functions of time τ , in particular Y (t), resolve the equations of motion to linear
order in the perturbation, and find the effective action on the moduli space, i.e., on
the space of Y (t) and other fields. One will find that the effective description that we
used during the kinetic phase, i.e., with a canonical scalar, is a good one.
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30.4 Solving an Issue Related to the Null Energy Condition

After the initial ekpyrotic paper, it was observed in a paper by the same authors plus
Seiberg that the fact that the null energy condition is satisfied presents a problemwith
the original ekpyrotic scenario described above, that can be solved if we consider
only the end of the world branes to be the colliding ones.

The null energy condition is the most general of the energy conditions, believed
to always hold. The energy conditions are conditions that replace the condition of
positivity of the energy density in general relativity. Generally, the null energy con-
dition is described as Tμνnμnν ≥ 0, for all null nμ vectors, i.e., nμnμ = 0, but in the
case of a perfect fluid, it reduces simply to

ρ + P ≥ 0. (30.41)

For gravity coupled to scalars (the various moduli of a compactification) and with
a potential V ,

S =
∫

d4x
√−g

[
1

2κ2
4

R − 1

2
gμνGI J (φ

K )∂μφ
I∂νφ

J − V (φK )

]
, (30.42)

which has the energy-momentum tensor

Tμν = GI J∂μφ
I∂νφ

J − gμν

[
1

2
gαβGI J∂αφI∂βφJ + V

]
, (30.43)

the null energy condition becomes

ρ + P ≡ T00 − 1

3
gi j Ti j = GI J φ̇

I φ̇J ≥ 0. (30.44)

The null energy condition is indeed satisfied, just because of the positivity of the
kinetic term for the scalars, i.e., because of the absence of ghosts in a normal theory.

But by substituting this result in the second Friedmann equation, we obtain

Ḣ = −4πGN (ρ + P) = −4πGNGI J φ̇
I φ̇J ≤ 0. (30.45)

However, that means that we cannot have a reversal from a contracting phase, dur-
ing which H < 0, to an expanding phase, during which H > 0, via matter satisfying
the null energy condition, since it gives Ḣ < 0.

In order to violate this simple theorem, we must either:

• have terms in the action that are higher order in derivatives and violate the null
energy condition, or

• pass through a singularity, where we can jump discontinuously from H < 0 to
H > 0, so where Ḣ is not well defined.
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Clearly we are not in the first case, so we must be in the second. But the problem
with it is that we then cannot calculate things. However, it turns out that there are
two descriptions of the physics, one in which there is a singularity, which is the usual
cosmology thatwe described, but there is another onewhere there are no singularities,
so we can calculate things.

Consider the kinetic dominated phase, with V � 0, near the singularity, and the
FLRW metric in conformal time η, so

ds2 = a2(η)[−dη2 + d �x23 ]. (30.46)

The solution for (a(t),φ(t)) is rewritten as

a = a(1)η1/2;
φ = φ(0) + √

3ε log |η| , (30.47)

where ε = ±1.
But we can now remember that the scalar φ parametrizes the radion, which is

related to the dilaton of string theory (being the “eleventh dimension”) as

R = R0e
√

2
3 φcan = lPg2/3s = lPe

2
3 φdilaton . (30.48)

But that means that we can define a string frame, as the natural metric that appears
in string theory (from string theory calculations), related to the Einstein metric by

gμν,s = eφdilaton/cgμν,E , (30.49)

where

c =
√
d − 2

2
. (30.50)

Indeed, for d = 10, we have c = 2, as we said in part II, whereas for d = 4 we
have c = 1. The string frame action in d dimensions is

Sstring =
∫

ddx
√−ge−cφdilaton [R[gs] + c2gμν∂μφdilaton∂νφdilaton]. (30.51)

Defining the string time τs by

dτs = asdη , (30.52)

we find the string frame solution (we leave it as an exercise to check it is satisfied)

as = as(1)|τs |
ε√
3

φdilaton = φdilaton(0) + (ε
√
3 − 1) log |τs |

ε = ±1. (30.53)
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Here ε = ±1 is used to compare the ekpyrotic case with a previously considered
case.

ε = −1 corresponds to the “pre-Big Bang” scenario previously considered by
Veneziano in string theory. However, as we can easily see, it corresponds to strong
coupling near the Big Crunch/Big Bang,

gs = eφdilaton → ∞ for t → 0 − . (30.54)

That means that in order to describe what happens at the cosmological singularity,
we must make assumptions about strongly coupled string theory, which are of course
not reliable.

ε = +1 on the other hand corresponds to the ekpyrotic case considered in this
chapter, and as we can easily see has instead weak coupling at the cosmological
singularity,

gs = eφdilaton → 0 for t → 0− (30.55)

That means that on the contrary, now we can trust the physics at the cosmological
singularity, since it is classical (zero coupling).

But if there is a singularity, how can we trust anything that goes through it not
to be modified? This is needed, since we need to consider perturbations, which are
generated during the ekpyrotic phase.

The answer lies in the fact that there is another frame for gravity, besides the
Einstein and string frames, in which physics is non-singular. Indeed, consider the
metric frame

ḡμν ≡ e− φdilaton√
3 gμν , (30.56)

which leads to the solution

ā(t) = A = constant

e
φdilaton√

12 = B|t |1/2. (30.57)

Therefore as we can see, while again we have the string coupling gs = eφdilaton

vanishing at the cosmological singularity, there is in fact no singularity in the metric,
since the spatial metric is constant.

The existence of these coordinates should have been guessed from the brane
picture. Indeed, the original description of the cosmology was in terms of a colli-
sion of branes, and clearly in that picture there is nothing singular happening with
the 3 dimensional spatial volume at the collision point: it still looks finite; in fact,
the whole 3 dimensional space on the branes doesn’t look like it changes at all near
the transition, just like in the ā(t) coordinates above.

The important observation is that the mechanism described here onlyworks if the
ekpyrotic scalar φ is the radion, which is identified in heterotic M-theory with the
dilaton φdilaton. That means that we need to only have the boundary branes colliding.
If we would have instead the bulk brane colliding with the boundary brane, at fixed
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interval (radion) distance R, so fixed dilaton, the mechanism described here would
not work. That eliminates the calculable scenario which was the original motivation
for ekpyrosis.

30.5 Fluctuations in Ekpyrotic Models

The most important issue nowadays, given that we can measure very precisely the
CMBR spectrum, is to find the spectrum of fluctuations.

• One possible assumption is that the full metric, including fluctuations, goes
unchanged through the bounce from Big Crunch to Big Bang. There have been
many papers claiming this, with various variants for it.

• But there have been also papers claiming that there are dynamical issues happening
at the cosmological singularity. I believe that the issue is not yet settled.

If the first assumption is made, then, defining the quantity

ε ≡ 3

2
(1 + w) � 1 , (30.58)

after a long calculation that will not be reproduced here, one finds the tilt of the power
spectrum coming in the Newtonian potential � as

n� − 1 = 1 −
∣∣∣∣ε + 1

ε − 1

∣∣∣∣ � 1. (30.59)

But we need to calculate the spectrum of the curvature perturbations ζ, as we saw
in part I. It turns out that this needs a mixing of modes that is model dependent, so
the result above is modified in general. Note that we get n − 1 � 1, like for inflation
(though we still need to check that the same happens for ζ fluctuations).

But the thing that most distinguishes the ekpyrotic scenario from the inflationary
one is the spectrum of tensor fluctuations. One finds that this spectrum has the tilt

nT = 3 −
∣∣∣∣ε − 3

ε − 1

∣∣∣∣ � 2 , (30.60)

with contrast to inflation, where we find also nT � 1 (a scale invariant spectrum).
Thus we find a very blue spectrum. But since we haven’t even seen tensor pertur-
bations, much less measure the tilt of their spectrum, this distinguishing feature is
unlikely to be tested in the very near future.
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Important Concepts to Remember

• The ekpyrotic scenario is based on two end-of-the-world branes, moving towards
each other and colliding.

• Unlike inflation, everything relevant happens before the Big Bang, in a contracting
phase with a negative potential.

• The original ekpyrotic model was in heterotic M-theory, with a bulk M5-brane
colliding with one of the M9-branes carrying E8 gauge groups.

• Fluctuations are on the branes, before the Big Bang (collision), and the horizon
problem is fixed because of the cohesion of the branes before the collision, and
their pre-Big Bang causal connection.

• There is an effective field theory description in terms of φ(�x, t), the interbrane
separation.

• For the contracting ekpyrotic phase, we need V = −V0e−cφ, with c � 1, which
leads to a(t) ∝ (−t)p, p � 1, corresponding to an effective equation of state with
w � 1.

• After the ekpyrotic phase, we have a kinetic phase, dominated by a kinetic term,
with w = 1 (stiff matter), and after it we reach the Planck scale.

• In this late stage the 5 dimensional picture prevails, and we obtain a “compactified
Milne Universe mod Z2”, for 2 orbifold planes colliding and receding.

• The null energy condition (NEC) ρ + P ≥ 0, satisfied by a scalar field with a
potential, implies via the Friedmann equation that Ḣ = −4πGN (ρ + P) ≤ 0, i.e.,
we cannot go from a contracting (H < 0) Universe to an expanding (H > 0)
Universe, unless we pass through a singularity or violate the NEC.

• While we pass through a singularity, there is a gravitational frame in which things
are smooth (constant scale factor as a function of time). With a choice ε = +1, we
even have gs → 0 at the singularity, so we can pass through it.

• Like for inflation, scalar fluctuations have n� − 1 < 0 and � 1, however tensor
fluctuations have nT − 1 � 1, unlike inflation, where it is also � 1.

Further reading: The original paper on the ekpyrotic scenario is [52]. The analysis
of the transition to the Big Bang and the necessity of 2-brane model was done in
[53]. A good review of the ekpyrotic (and cyclic) scenarios is [54].

Exercises

(1) Check that

a(t) = (−t)p

φi = 2

ci
log

⎛
⎝−t

√
c2i Vi

2

⎞
⎠

p =
∑
i

2

c2i
(30.61)
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solves the equations of motion of the cosmology with potential V = ∑
i Vi (φi ),

where
Vi (φi ) = −Vie

−ciφi . (30.62)

(2) Check that the solution

ds2 = D(y)(−N 2dτ 2 + A2d �x23 ) + B2D2(y)dy2

eφ = BD3(y)
F0123y = −αA3N B−1D−2(y), for y < Y

= −(α − β)A3N B−1D−2(y), for y > Y
D(y) = αy + C, for y < Y

= (α − β)y + C + βY, for y > Y (30.63)

satisfies the φ and F equations of motion for the action

S5 = M3
5

2

∫
M5

d5x
√−g

[
R − 1

2
(∂φ)2 − 3

2
e2φ

F2

5!
]

− 3
∑

i=1,2,3

αi M
3
5

∫
M4

d4ξi
(√−h(i)e

−φ

− 1

4! ε
μνρσAαβγδ∂μX

α∂νX
β∂ρX

γ∂σX
δ

)
, (30.64)

for α1 = −α, α2 = α − β, α3 = β.
(3) Check that the string frame solution

as = as(1)|τs |
ε√
3

φ = φ(0) + (ε
√
3 − 1) log |τs |

ε = ±1 (30.65)

satisfies the equations of motion of the action

S =
∫

dd x
√−gse

−cφ(R[gs] + c2gμν∂μφ∂νφ) , (30.66)

for

c =
√
d − 2

2
. (30.67)

(4) Show that the 5 dimensional action (30.39) is obtained by dimensional reduction
on CY3 from the 11 dimensional supergravity action (30.31).



Chapter 31
The Cyclic and New Ekpyrotic Scenarios

In this chapter we will study variants of the original ekpyrotic scenario, which are
introduced in order to solve some problems with the original model. These are the
cyclic model of Steinhardt and Turok, and the new ekpyrotic model of Buchbinder,
Khoury and Ovrut.

31.1 The Cyclic Model

The cyclic model is described within 4 dimensional effective field theory, by a poten-
tial V (φ) that has the following properties:

• it must go asymptotically, for φ → +∞, to a constant V0, giving the “cosmolog-
ical constant”, or rather dark energy, today. Only for small φ close to zero, the
potential bends down and goes through zero. Thus for φ > 0 we are in the stan-
dard cosmology, dominated asymptotically by dark energy, with equation of state
w � −1.

• for negative φ, until a certain value, wemust have an ekpyrotic phase, withw � 1,
so the potential must have a steep (exponential) drop, until a minimum value of
−Vend.

Combining these two features, we have the following potential:

V = V0(1 − e−cφ) , (31.1)

where from the ekpyrotic condition of w � 1, as we saw in the previous chapter, we
need c � 1. In fact, from making contact with experiments we will see that we need
c � 10.

• Finally, as we said last time, the potential cannot increase indefinitely, and near
the Planck scale we should have kinetic energy domination. That means that the
potential should reverse, forming a well shape with minimum at −Vend, and go
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Bounce

Ekpyrotic phase
w � 1

contracting KE phase
w � 1

dark energy phase
w � −1

expanding KE phase w � 1 KE phase
V0φend

−Vend

Fig. 31.1 The potential for the cyclic model, with a sketch for the various phases of evolution in it

back to zero. The kinetic domination phase applies for this upward branch of the
potential, with equation of statew � 1 (stiff matter). At the end, when one reaches
zero, the bounce from Big Crunch to Big Bang should happen.

The potential is sketched in Fig. 31.1.
So the picture of the cyclic cosmology is as follows. Cosmology happens in cycles,

expansion to a maximum, followed by contraction to zero (Big Crunch), followed by
Big Bang and expansion. We start in a dark energy phase, with kinetic energy that is
just shy of the one needed to reach the asymptotic value V0, and after a maximum, we
start to contract and go back to smaller φ. For φ < 0 we enter a contracting ekpyrotic
phase, followed by the contracting kinetic phase, followed by a bounce. Then we
start expanding in a kinetic phase, followed by a quick ekpyrotic phase (that can
be neglected), and then we are back to standard cosmology: radiation domination,
followed by dark energy domination. And the cycle repeats.

Wewill see that the entropy increases in each cycle, but so does the volume, which
increases exponentially over a cycle, so in effect, we are left with the same entropy
density.

The scalar φ corresponds in the original string theory construction to the distance
between the colliding brane, and the bounce to the collision between branes (that
generates entropy).

In the brane picture, we have 2 branes, for a bulk dimensionally reduced metric

ds211 = V−2/3ds25 + V 1/3g̃mndy
mdyn . (31.2)
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Here note that V = √
det g = �1/2 is the volume of the internal 6 dimensional

space, hence the �−1/(d−2) = �−1/3 = V−2/3 prefactor in front of the 5 dimensional
metric. We have also taken out of the metric a factor of V 1/3 = det g1/6, so that
the remaining metric has unit determinant, det g̃mn = 1. Moreover, V = eφ is the
4 dimensional dilaton. Then the effective action in 5 dimensions is

S5 = 1

2κ2
5

∫
d5x

√−g

[
R − ∂μV∂μV

V 2
− 6α2

V 2

]

+ 12α

2κ2
5

[
−

∫
y=+1

d4x
√−g

1

V
+

∫
y=−1

d4x
√−g

1

V

]
. (31.3)

Note that the potential term is now, once we canonically normalize V to φ, ∼
e−√

2φ, and that the brane sources are at y = ±1. We obtain a domain wall solution,

ds25 = h2/5(y)[A2(−dτ 2 + d �x2) + B2dy2]
V = Bh6/5(y)

h(y) = 5αy + C , (31.4)

and symmetric with respect to y = ±1, so that it actually satisfies the Israel junction
conditions at these branes.

In this way we have obtained two static branes, but we can use the usual moduli
space approximation for the brane solution, where we make the parameters in the
(solitonic) solution, including the position of the (solitonic) brane, as functions of
time, A, B,C → A(τ ), B(τ ),C(τ ). Then as usual, we don’t have anymore a solu-
tion, but we can re-solve the equations of motion to linear order in the velocities
(in the time dependence), and find the motion on moduli space, and its associated
effective action on moduli space. In this way, we find the colliding brane solution
and its effective field theory.

Above we have obtained the exponential term in the potential (like we also had in
the previous chapter). But the positive constant part of the potential V0, which would
mean a de Sitter background, is harder to obtain.

During the ekpyrotic phase,we have a very steep drop in potential, andwegenerate
perturbations, but unlike the case of inflation, we do so in a “fast-roll” approximation,
the opposite to the “slow-roll” of inflation. For a single field ekpyrosis, the spectral
tilt of generated fluctuations can be found to be

ns − 1 � −4(ε + η) , (31.5)

where however now ε and η are “fast-roll” parameters

ε = 1

M2
Pl

(
V

V ′

)2
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η = 1 − V ′′V
V ′2 . (31.6)

The “fast-roll” approximation means that ε, η 
 1, so indeed we obtain ns − 1

 1, as it observed experimentally. Moreover, using the potential above, we find

ns − 1 = − 4

c2
, (31.7)

and from the experimental value ns − 1 � −0.04, we find indeed

c � 10. (31.8)

Note that for two-field ekpyrosis, one obtains instead

ns − 1 � +4ε − 4η. (31.9)

We now turn to the evolution of the space, i.e., the evolution of a(t) and H(t).

• During the dark energy phase, a(t) will grow a certain number of e-folds, by
definition NDE, so a(t) increases by eNDE , whereas H(t) remains approximately
constant.

• During the ekpyrotic phase, since, as we saw last time,

V (φ(t)) ∝ 1

t2
, (31.10)

and the time evolution is

a(t) ∝ (−t)p, H(t) ∝ 1

t
, (31.11)

we obtain

a(t) ∝ V (φ)−
p
2

H(t) ∝ V (φ)1/2 , (31.12)

so a(t) shrinks by ∣∣∣∣Vend

Vbeg

∣∣∣∣
−p/2

∼ O(1) , (31.13)

where this factor is not large, since p 
 1. On the other hand, H(t) grows by

∣∣∣∣Vend

Vbeg

∣∣∣∣
1/2

≡ eNek , (31.14)

where in the last equality we have defined the number of e-folds of ekpyrosis.
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• After the ekpyrotic phase, we have a period of kinetic domination, starting at Vend

(the bottom of the potential well), followed by the bounce, that creates energy from
collisions (reheats the Universe), followed by kinetic phase again, and a short
(and irrelevant, since it will not generate more perturbations during expansion)
ekpyrotic phase, until thermalizing at a reheat temperature Tr (so that ρreheat ∼ T 4

r ),
once we reach positive potential. This then transitions into the standard radiation
dominated cosmology. In effect then, we start with ρ ∼ |Vend| ∼ T 4, and we end
with ρ ∼ T 4

r . Since during this (mostly) kinetic dominated phase, we havew � 1,
so ρ ∝ a−6 ∝ t−2 (in general ρ ∝ a−3(1+w)), and therefore a(t) increases by

( |Vend|1/4
Tr

)2/3

≡ e
2
3 γKE . (31.15)

On the other hand, H(t) ∝ 1/t ∝ ρ1/2 ∝ T 2, so shrinks by

( |Vend|1/4
Tr

)−2

= e−2γKE . (31.16)

• During the standard radiation dominated cosmology, ρ ∝ a−4 ∝ 1/t2 ∝ T 4, so
a(t) increases by

Tr
T0

≡ eNrad , (31.17)

where T0 is the CMBR temperature today. Also, H(t) ∝ 1/t ∝ √
ρ ∝ T 2, so

shrinks by
e−2Nrad . (31.18)

Putting everything together, we find that a(t) grows in a cycle by

exp

(
NDE + 2

3
γKE + Nrad

)
. (31.19)

On the other hand, H(t) is modified by

√|Vend|√
Vbeg

T 2
r√|Vend|

T 2
0

T 2
r

= T 2
0

V 1/2
beg

. (31.20)

But this ratio is approximately one, as indeed it should be, since over a cycle,
H(t) must return to the same value, the one given by the dark energy V0. In another
way, this gives a constraint on Nek , since the total number of e-folds in H(t) is
Nek − 2(γKE + Nrad):

Nek � 2(γKE + Nrad). (31.21)
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We have some constraints on the reheat temperature Tr . First, like in the case of
inflation, Tr must be larger than the Big Bang Nucleosynthesis temperature of about
1MeV, which is the first time that we know precisely what happens in cosmology
(we know nuclear reactions, and we can find that changing things would mess up the
primordial abundances). Second, we know it must be smaller than the GUT scale of
about 1016 GeV, to avoid themonopole problem (the appearance of undiluted solitons
coming from the GUT phase transition). All in all,

1MeV < Tr < 1016 GeV. (31.22)

But another constraint appears purely from the condition to have radiation dom-
ination start only after the crossing of the potential well. Since during the kinetic
dominated phase (assuming that roughly the same exponential potential is valid), as
we saw last time,

φ(t) ∝
√
2

3
ln(t) ⇒ V (φ(t)) ∝ t−c

√
2
3 , (31.23)

and assuming that the potential at the beginning of the phase is of the order of |Vend|
(we work in order of magnitude only anyway) and after the crossing is of about V0,
we obtain

tcross = tend

( |Vend|
V0

)√
3
2
1
c

. (31.24)

Then, from the condition that reheating happens (just) after crossing, tr � tcross,
and from the fact that tr ∼ H−1

r (H ∝ 1/t), and tr ∼ 1/
√

ρ ∼ T−2
r , we find

Tr � |Vend|1/4
∣∣∣∣ V0

Vend

∣∣∣∣
√

3p
16

. (31.25)

As an example, considering a reasonable |Vend| ∼ (1015 GeV)4, and a p ∼ 10−3,
we find

Tr � 1012 GeV. (31.26)

31.2 The New Ekpyrotic Cosmology

New ekpyrotic cosmology does not attempt to modify the basic scenario of the
ekpyrotic case (unlike the cyclic cosmology), but rather attempts to deal with the
fact that during the kinetic dominated phase we must switch from a contracting
(H < 0) Universe to an expanding one (H > 0), and as we saw, there is a simple
theorem saying we can either have a singularity, or violate the null energy condition.
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In the ekpyrotic and cyclic cosmologies, the assumption is that it can happen since
we have a singularity, but on the other hand we can calculate what happens to the
spectrum of fluctuations since it can go untouched through it, due to the existence
of a frame where there is no singularity, and where the string coupling goes to zero
at the transition. But various points in that reasoning have been contested, hence the
need for an alternative, and the logical alternative is to consider a violation of the
null energy condition.

Now a random violation of the null energy condition is bad, since the NEC is
assumed to hold in some generality. But one example of a better violation is in the
system known as ghost condensate (since there is the potential to have a ghost, which
of course would also be bad; but that is avoided).

The action one takes is a general function of the kinetic variable

X ≡ − 1

2m4
(∂φ)2 > 0 , (31.27)

so

S =
∫

d4x
√−gP(X) , (31.28)

where P(X) is an arbitrary function. Note that a case where P(X) � A + BX at
small X , with various higher derivative corrections, has been considered before,
going under the name of k-essence if it tries to define dark energy, or k-inflation (or
k-flation) for the application to inflation. This would be the case of the DBI action,
which is actually

P(X) = √
1 + X � 1 + X + · · · (31.29)

But here we will not be interested in that case. For a cosmology with uniform
field φ and scale factor, so a = a(t), φ = φ(t), the equation of motion coming from
the above action is

d

dt
(a3P,X φ̇) = 0. (31.30)

But we want to consider the case that P(X) hasminimum at some finite X , which
can be taken to be (by a redefinition of fields and of m) X0 = 1/2. Then X0 = 1/2
is an exact solution of the above equation of motion (since P,X (X0) = 0), and it
corresponds to

φ = −m2t. (31.31)

Note that the sign is arbitrary, and we have chosen the minus for convenience.
The energy-momentum tensor coming from the above action, if M = m, is

Tμν = gμνM
4P(X) + P,X∂μφ∂νφ , (31.32)

and it leads to the energy density and pressure (in Minkowski space)
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ρ = T00 = M4(2P,X − P)

P = Tii = M4P(X). (31.33)

At the extremum X0, where P,X (X0) = 0, we have P = −ρ, sow = −1, just like
a cosmological constant. This is not surprising, since then we can just approximate
the action as S = ∫

d4x
√−gM4P(X0), which is indeed a cosmological constant.

We now consider fluctuations around this minimum. Define

φ(t, �x) = −m2t + π(t, �x) , (31.34)

where π(t, �x) is the fluctuation. Then

X � X0 − π̇

m2
+ π̇2 − ( �∇π)2

2m4
+ O(π3) , (31.35)

where we have used the fact that X0 = 1/2. Substituting in the action, we find

S �
∫

d4x
√−g

[
M4P(X0) − P,X (X0)M

4 π̇

m2

+ (
P,X (X0) + 2X0P,XX (X0)

)
π̇2 − P,X (X0)( �∇π)2

]
+ · · · (31.36)

But at the minimum P,X (X0) = 0, we have no ghosts: the leading kinetic term
π̇2 has the usual sign (the sign would be opposite, and we would have a ghost, at a
maximum of P(X)). We must then consider a higher order action for the gradient of
π (one not encoded in P(X)), namely

Lgradient = − 1

M ′2 ( �∇2π)2 , (31.37)

besides the kinetic term
Lkinetic = P,XX (1/2)π̇2 , (31.38)

leading to a dispersion relation for plane waves

ω2 ∼ k4

M ′2 . (31.39)

Also at the minimum, expanding

P,X � P,X (X0) − P,XX (X0)
π̇

m2
+ · · · , (31.40)

and adding a potential V (that can absorb the constant −P(X0 = 1/2)), we obtain
near the minimum the energy density and pressure
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ρ � −KM4π̇

m2
+ V

P � −V , (31.41)

where
K ≡ P,XX (1/2). (31.42)

Then the second Friedmann equation, which was M2
Pl Ḣ = −1/2(ρ + P), and

which by the NEC should have been negative, is now

M2
Pl Ḣ = 1

2

KM4π̇

m2
, (31.43)

and can have either sign, depending on π̇. In particular, if π̇ > 0, we have Ḣ > 0,
unlike standard cosmology.

Then the KG equation for the scalar (in the presence of a potential) becomes

M4

m4

1

a3
∂t (a

3P,X φ̇) = −V,φ , (31.44)

which becomes further

π̈ + 3H φ̇ = −V,φ

K

m4

M4
. (31.45)

We consider the same field φ to be the ghost condensate field, and the ekpyrotic
field. Then, during the ekpyrotic phase, we want to have the usual situation, so

M4P(X) � m4X = −1

2
(∂μφ)2 , (31.46)

whereas during the kinetic dominated phase we need to have a ghost condensate
phase, so

P(X) � K

2

(
X − 1

2

)2

. (31.47)

Of course, it could be that P(X) � X (linear) at small X , and then we have the
minimum at 1/2, but that would mean that there would be a maximum in between 0
and 1/2, and a maximumwould mean we do have a perturbative ghost (as we already
argued), which is bad.

So instead, it must be that after the minimum at X0 = 1/2, P(X) starts growing
almost linearly, which is the branch that is associated with ekpyrosis. In fact, in
order to have a violation of the NEC as we want, we must have a potential that is
approximately

V (φ) � α�4

(
1 − β

�2

m2

φ

MPl

)
, (31.48)

with α,β > 0. The constant part is as it should be from just P(X0).
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This ghost condensation seems then to solve most of our problems with the
ekpyrotic phase, however it is unclear how one would obtain it in string theory,
or some UV consistent theory. So we have traded a solution for the cosmology to not
being able to obtain the model as an effective field theory, at least not in an obvious
way.

There are conditions on the model one could impose. Noting that H(t) ∝ V 1/2

(from the Friedmann equation), during ekpyrosis we find

eN ≡ Hmin

Hekp
=

√
Vmin

Vbeg
. (31.49)

One can in fact show that we need

e−2N |Vmin| = Vbeg � m4 , (31.50)

and also |Vmin| 
 M4K/p, leading to a total interval for the potential at the mini-
mum,

m4e2N 
 |Vmin| 
 M4K

p
. (31.51)

Important Concepts to Remember

• The cyclicmodel is based on a potential that goes asymptotically to a small constant
V0 > 0 asφ → ∞, and for negativeφ has a steep exponential drop until aminimum
value of −Vend, and then goes back to zero at even more negative φ. For the first
two stages, a good choice is V = V0(1 − e−cφ).

• Cosmology happens in cycles, with one cycle being a dark energy phase, with
expansion to a maximum, then contraction, then contracting ekpyrotic phase, then
kinetic phase, then bounce. Then expanding kinetic phase, quick ekpyrotic phase,
and back to standard cosmology: RD, MD, dark energy phase.

• Entropy and volume increase exponentially over a cycle, with a steady entropy
density.

• During the ekpyrotic phase, we have fluctuations being generated in a “fast-roll”
approximation,with parameters ε, η, such that ns − 1 = −4(ε + η) for single-field
ekpyrosis.

• At the end of the short expanding ekpyrotic phase, and entering into the RD era,
we have a thermalization at a reheating temperature Tr , which must be > 1MeV,
and has an upper bound as well.

• New ekpyrotic cosmology breaks the NEC through a ghost condensate.
• A ghost condensate has an action S = ∫ √−gP(X), where X = −(∂φ)2/2m4,
that has a minimum at X0 = 1/2, i.e., φ = −m2t . After the minimum, it starts
growing almost linearly, for an usual kinetic term.
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Further reading: The cyclic scenario was defined in [55]. The new ekpyrotic
scenario was defined in [56]. A good review of the ekpyrotic and cyclic scenarios is
[54].

Exercises

(1) Calculate the evolution of the “fast-roll” parameters ε, η in the full potential
V = V0(1 − e−cφ), and evaluate the limits for the ekpyrotic and dark energy phases.
Repeat for the “slow-roll” inflation parameters ε, η.
(2) Consider a ghost condensate with P(X) = (X − 1/2)2. Calculate the equation
of state w(X) at arbitrary X .
(3) Show that the null energy condition can be violated if

V (φ) � α�4

(
1 − β

�2

m2

φ

MPl

)
, (31.52)

with α,β > 0.
(4) For the case at exercise 2, calculate the time evolution of the scale factor, a(t).



Chapter 32
String Gas Cosmology: Basics and
Brandenberger-Vafa Scenario

In this chapter we address the first truly stringy cosmological model, the string gas
model, started by Brandenberger and Vafa. The reason for the model starts with a
very simple observation: If inflation lasts for more than 70 e-folds (which admitedly
is not necessary, we need more than 50–60 e-folds, but restricting Ne < 70 would
not be needed for experimental reasons, only for calculational reasons, which seems
unreasonable), then current cosmological scales, ∼ H−1

0 , that leave an imprint in the
CMBR, were less than Planck size lPl at the initial time. But then we cannot trust the
effective field theory of inflation, and we would need a full quantum gravity theory,
like string theory.

Theproblem is thatwedon’t have anonperturbative quantumgravity theory (string
theory), whereas for the sub-Planckian regime, this is exactly what we would need.
The string gas model, and its generalization, the brane gas model, to be described
in the next chapter, is an attempt to formulate a simple string theory model that still
preserves some nonperturbative information, specifically T-duality.

Indeed, T-duality says that small scales are the same as large scales in string theory.
For a compactified dimension, physics with radius R is the same as physics with
radius α′/R, valid even non-perturbatively. If therefore we introduce this T-duality
information into the model, we have a model that has some chance of working. The
T-duality invariance is in fact related to the existence of a Hagedorn temperature,
that acts like a phase transition temperature.

32.1 Hagedorn Temperature

The existence of the Hagedorn temperature is due to the exponential increase in the
degeneracy of string states (the number of string states with a given energy) at large
energy, which is found to be

d(m) � e4π
√

α′m , (32.1)
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where the energy is

Eh = m = 4√
α′ (h − 1) , (32.2)

and h is the conformal weight of the state.
But the thermal partition function at temperature T = 1/β is

Z(β) =
∑
h

e−βEh d(m) , (32.3)

which in the large m limit becomes the integral

Z(β) =
∫ ∞

0
dme4π

√
α′me−βm , (32.4)

which diverges if

T > TH = 1

4π
√

α′ . (32.5)

Here TH is the Hagedorn temperature, where the diverging partition function
signals a phase transition, to a system described in terms of different degrees of
freedom. Note that at T = TH ,

β = βH = 4π
√

α′ ⇒ d(m) = ebHm . (32.6)

The exponential increase in the number of states, signaling a phase transition, is
also observed in QCD, close to the deconfinement phase transition (and also related
to the degeneracy of states of the QCD string).

But the existence of the Hagedorn temperature is related to T-duality invariance,
since we need to consider compact directions in order to find βH . If we consider some
directions uncompactified, we find that the specific heat of the system is negative,
C < 0, whereas to find C > 0, we need to consider all directions compactified.

If we consider a fully compactified (9-dimensional in the case of the superstring)
space, the density of states at large energy is found to be of the type

d(E) = c
eβH E

E
. (32.7)

A (long) string calculation finds indeed this form, with c = 1, density of states at
level n of

dn = (2n)−
11
4 e2π

√
2n , (32.8)

where the energy of a string state at large level n is M2 = E2 � n/α′, so we obtain
the previous result. We also can obtain positive specific heat, C > 0.
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The assumptions for the calculation are:

• homogenous fields, i.e., functions of time t only.
• adiabatic approximation, or small time t dependence, which means that we can
ignore higher derivatives, i.e., higher α′ corrections (quantum worldsheet string
corrections).

• weak coupling gs � 1,whichmeans thatwe can ignore quantum string corrections
as well.

• all dimensions to be compactified, as we saw.

32.2 3 Large Spatial Dimensions

Given that we need to have all dimensions compactified for C > 0, but we know
there are 3 very large, apparently uncompactified, dimensions, the question is, how
this came to be? It seems natural to start at the Planck scale, with all dimensions
compactified with the same scale. Through the cosmological time evolution, it seems
natural to have the dimensions start expanding, but we have to explain why only 3
expand, while the other ones remain at the Planck scale. Since we have strings
with winding, whose energy is proportional to the size of the compact dimensions
(E = R/α′), when the dimension grows classical, so do the strings, becoming cosmic
strings, and pressing back against the expansion of the dimension. The only way to
prevent that is to have annihilation of two closed strings with opposite winding into
an unwound string, w + w̄ ↔ 0, through a “pair of pants” interaction.

But since the dimension is large and classical, so is the string, so we need to
answer whether there is an interaction of classical strings, determined solely by
geometry. As time evolves, two classical (one dimensional) strings extending in the
whole dimension(s) (infinite, if the dimension(s) is/are infinite) oriented arbitrar-
ily and moving in an arbitrary direction, will eventually intersect if the motion is
in 3 dimensions, but not if there are 4, since two arbitrary infinite lines form a 3
dimensional space. Of course, there is the case, when the strings are parallel, and
never intersect, but that is irrelevant since it has zero measure. Therefore 3 large
spatial dimensions is the maximum possible number that allows for annihilation of
wound strings of opposite windings, thus avoiding the energy cost that can slow their
expansion. In more than 3 spatial dimensions, the windings never annihilate, and the
dimensions would stop expanding.

This is then the explanation of 3 large spatial dimensions, even when starting with
an arbitrary state of small compact dimensions.
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32.3 String Equations of Motion

The idea of the string gas model is very simple: we consider a gas of free (non-
interacting) strings, each with Polyakov action. Of course, this is not a very good
model: the strings are actually interacting, and non-perturbative, so it is not clear
why such a simple model can work so well. On the other hand, in many theories
there is some effective description in terms of some free modes, not necessarily the
fundamental ones. Perhaps in this case the string gas is made up of effective modes,
not the fundamental ones. Or maybe it simply is too simple a model.

For a generic NS-NS background (gμν, Bμν,φ), the Polyakov action is

SP = − 1

4πα′

∫
d2σ

[√−γγabgμν(X)∂a X
μ∂bX

ν + εabBμν(X)∂a X
μ∂bX

ν

+α′√−γφ(X)R(2)
]
. (32.9)

Its equations of motion are:

• the Xμ equation of motion, δS/δXμ = 0, giving

∂a(
√−γγab∂bX

μ) + �μ
λν

√−γγab∂a X
λ∂bX

ν + 1

2
Hμ

λνε
ab∂a X

λ∂bX
ν = 0 ,

(32.10)
• the γab equation of motion, δS/δγab = 0,

gμν(X)

[
∂a X

μ∂bX
ν − 1

2
γabγ

cd∂c X
μ∂d X

ν

]
= 0. (32.11)

The Polyakov action is classically Weyl invariant, which means that

− 2√−γ
γab δSP

δγab
= T a

a = 0. (32.12)

But for local symmetries like Weyl invariance, we need to not have quantum
anomalies, i.e., the symmetry must be preserved at the quantum level. Considering a
one-loop quantum action on the string worldsheet, i.e., an α′ correction, the quantum
Weyl (or conformal) invariance condition becomes

T a
a = βG

μν

√−γγab∂a X
μ∂bX

ν + βB
μνε

ab∂a X
μ∂bX

ν + βφ√−γR(2) , (32.13)

where

βG
μν = Rμν + 2∇μ∇νφ − 1

4
HμρσHν

ρσ + O(α′)

βB
μν = ∇ρHρμν − 2∇ρφHρμν + O(α′)

βφ = 1

α′
(
D − 26

48π2

)
+ 4∇ρφ∇ρφ − 4∇2φ − R(2) + 1

12
HμνρH

μνρ + O(α′). (32.14)
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In the last equation, the constant is written for the bosonic string in a noncritical
dimension; for the superstring we have a different one.

The equations of motion can be obtained the spacetime effective action

SST = 1

2κ2
D

∫
dDx

√−Ge−2φ

[
R + c + 4(∇φ)2 − 1

12
Hμνρ

]
, (32.15)

where

2κ2
D = (2π

√
α′)D−2 g2s

2π
. (32.16)

The string background that solves the spacetime equations of motion can be
thought of self-consistently as being a condensate of the string modes, but we can
still consider other quantum mechanical strings moving in this background.

32.4 String Gas Cosmological Model

The string gas model has T-duality invariance built in, and in the context of the
cosmological model, it becomes scale factor duality.

From homogeneity (meaning that the metric components are only functions of
time t) and the cosmological ansatz, the solution is

ds2 = −dt2 +
d∑

i=1

a2i (t)dx
2
i

Bμν = 0; φ = φ(t). (32.17)

Here d = D − 1 is the number of space dimensions.We define the log of the scale
factors by

ai (t) = eλi (t). (32.18)

In the case of FLRW cosmology, the scale factors in the 3 noncompact (or rather,
large) spatial dimensions are the same, but here we assume a more general ansatz.
We also assume that the compact space is a square torus geometry, defined only by
the radii (scale factors) of the extra dimensions. The total volume of space (all the
dimensions) is

V =
d∏

i=1

eλi . (32.19)

The T-duality invariant dilaton is

φ̃ = φ − 1

2
ln V = φ − 1

2

d∑
i=1

λi . (32.20)
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Then T-duality leaves φ̃ invariant, while inverting the scale factors,

ai → 1

ai
⇒ λi → −λi . (32.21)

To construct the cosmological model, we add a string source SP to the spacetime
action SST, obtaining the modified equations of motion for gμν and Bμν ,

δ(SST + SP )

δgμν
= 0 ⇒

Rμν + 2∇μ∇νφ − 1

4
HμρσHν

ρσ = − κ2
De

2φ

2πα′√−g

∫
d2σ

√−γγab∂a X
μ∂b X

νδ(D)(X − X (σ, τ ))

δ(SST + SP )

δBμν
= 0 ⇒

∇μ(e−2φHμνρ) = κ2
D

πα′√−g

∫
d2σεab∂a X

μ∂b X
νδ(D)(X − X (σ, τ )) , (32.22)

whereas the φ equation is unmodified, since the φ term in SP has the topological√−gR(2) dependence,

4∇ρφ∇ρφ − 4∇2φ − R(2) + 1

12
HμνρH

μνρ = 0. (32.23)

The energy-momentum tensor of the string source is

T μν = 2√−g

δSP
δgμν

= − 1

2πα′√−g

∫
d2σ∂a X

μ∂bX
νδ(D)(X − X (σ, τ )). (32.24)

We will use an adiabatic approximation, which means that the time variation of
the scale factors is slow enough so that we can consider them approximately constant,
for the purpose of using flat space formulas for the equations of motion,

∂+∂−Xμ = 0 , (32.25)

and for the spectrum. In particular, the left-moving and right-moving momenta for
the compact dimensions are as usual

pR,m =
√

α′

R
nm − R√

α′ wm

pL ,m =
√

α′

R
nm + R√

α′ wm . (32.26)
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In conformal gauge (γab = δab) and using also the light-cone gauge X0 = τ
√

α′E
for the residual symmetry (conformal invariance), where E = p+ stands for the
energy of the string state, we find

α′E2 = α′ �p2 + p2L + p2R
2

+ 2(NL + NR + aL + aR). (32.27)

We leave the proof (the same as in flat space) as an exercise. Here �p is the
momentum in the 3 noncompact dimensions, NL and NR are occupation numbers for
left- and right-movers, and aL , aR are the normal ordering constants. In the bosonic
string case, (aL , aR) = (−1,−1). We also obtain the usual level matching condition

p2L − p2R = 4niwi = 4(NR − NL − aR − aL). (32.28)

Eliminating NR + aR between the two equations, we find

E =
√

�p2 + Gmn
(
nm + wm

α′
) (

nn + wn

α′
)

+ 4

α′ (NL + aL) , (32.29)

where Gmn is the inverse metric in the compact dimensions.
Replacing this result in the conformal (and lightcone) gauge into the form of the

energy-momentum tensor Tμν , as well as the solution for Xμ, we obtain

T 00 = . . . = E√−GD−1
δ(D−1)(Xi − Xi (σ, τ )). (32.30)

We next generalize to N string sources, i.e., a gas made up of N strings. Consider
that the gas is split into species s, for instance in the above gauge, parametrized by
nm, wm, NL , NR . Then the energy density is

ρ =
∑
s

ñs Es , (32.31)

where ñs = ns/V is the number density of species s, and Es is the energy of a single
state of species s. The pressures in directions i are

Pi = − 1

V

∂(ρV )

∂λi
. (32.32)

Here V is, as before, the total d = D − 1 dimensional volume (in the noncompact
and the compact directions),

V =
d∏

l=1

eλl . (32.33)
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Example

Consider the simplest case, of a gas of bosonic strings, with aL = aR = −1.
Moreover, consider that it is made up only of:

• winding modes, with wm = 0, but nm = 0, NL = NR = 1 (so that NL + aL =
NR + aR = 0)

• momentum modes, with nm = 0, but with wm = 0, NL = NR = 1 (so that NL +
aL = NR + aR = 0).

Since the radius in direction l is Rl = eλl , andwindingmodes have energyn(l)
w Rl =

n(l)
w e+λl , it follows that the energy density in the case of compactification of all the

d = D − 1 spatial directions is (now the species s are simply the modes in various
compact directions)

ρw =
d∑

l=1

ñ(l)
w eλl (t) = 1

V

d∑
l=1

n(l)
w eλl (t) , (32.34)

and from the general formula for the pressures, we find

P (l)
w = −ñwe

λl (t). (32.35)

In the case that all the d directions are identical, we find

Pw = − 1

d
ρw. (32.36)

For the momentum modes, the energy is n(l)
m /Rl = n(l)

w e−λl , so that the energy
density is

ρm =
d∑

l=1

ñ(l)
m e−λl (t) = 1

V

d∑
l=1

n(l)
m e−λl (t) , (32.37)

the pressures are now
P (l)
m = ñme

−λl (t) , (32.38)

and in the case that all d directions are identical, we find

Pm = + 1

d
ρm . (32.39)

The results are consistent with the fact that winding modes provide a kind of zero
point energy, leading to negative pressure, whereas momentummodes give the usual
positive pressure.
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32.5 Cosmological Early Time Evolution

We can now consider a simplified model of cosmological early time evolution, in
which the noncompact dimensions take the FLRW form, i.e., with equal scale factors,
λ1 = λ2 = λ3 ≡ λ, whereas for simplicity we consider all the compact scale factors
to be identical, λ4 = · · · = λd = ν. We consider also a solution with a constant
NS-NS field strength H in the noncompact spatial directions H123, i.e.,

ds2 = −dt2 + e2λ(t)d �x2 + e2ν(t)d �y2
H3 = hdx1 ∧ dx2 ∧ dx3

φ = φ(t). (32.40)

Though it might seem that a constant field with indices, that picks up a certain
direction or directions as special breaks Lorentz invariance, in this case it doesn’t
break more than what the FLRW solution already does. Indeed, as we already men-
tioned when talking about the CMBR and the fact that we canmeasure the velocity of
the Earth with respect to it, since we are in general relativity with a non-Minkowski
metric, we don’t have a (global) Lorentz invariance anymore, only a local Lorentz
invariance in an infinitesimal neighbourhood of a point. The (global) cosmological
FLRWsolution picks out a special (global) frame, that defines the cosmological time.
This is equivalent to picking out a special vector A0, or equivalently, the Poincaré
dual spatial 3-tensor H123.

Adding the string sources, as we have seen, adds on the right hand side of the gμν

and φ equations of motion terms involving Tμν , as

Rμν + 2∇μ∇νφ − 1

4
HμρσHν

ρσ = 2κ2e2φTμν = 16πG10e
2φTμν

4∇ρφ∇ρφ − 4∇2φ − R(2) + 1

12
HμνρH

μνρ = 2κ2e2φTμ
μ = 16πG10e

2φTμ
μ.

(32.41)

The Hμνρ equation of motion is automatically satisfied by the ansatz, as one can
check.

With this simplified ansatz, the total spacetime volume V = e3λe6ν , so the energy
of the string gas is

E = ρV = ρe3λ+6ν , (32.42)

and the pressures times volume are

P̄i ≡ PiV = Pie
3λ+6ν , (32.43)

and they split into Pλ (usual pressures, times volume, in the noncompact directions),
and Pν (in the compact dimensions).
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The Einstein (gμν) and dilaton (φ) equations of motion become on our ansatz

c − 3λ̇ − 6ν̇2 + 4 ˙̃φ2 − h2

2
e−6λ = e2φ̃E

λ̈ − 2 ˙̃φλ̇ − h2

2
e−6λ = 1

2
e2φ̃ P̄λ

ν̈ − 2 ˙̃φν̇ = 1

2
e2φ̃ P̄ν

2 ¨̃φ − 3λ̇2 − 6ν̇2 = 1

2
e2φ̃E . (32.44)

We also need to impose the conservation equation for the energy-momentum
tensor, ∂μTμν = 0, which becomes

Ė + 3λ̇P̄λ + 6ν̇ P̄ν = 0. (32.45)

These equations, with ρ, Pλ, Pν given by the gas of string momentum and wind-
ing modes, cannot be solved analytically, but we can make simulations of the time
evolution.

One finds a period of “cosmological loitering”, during which λ̇ = 0, ˙̃φ = 0, i.e.,
our 3 spatial dimensions don’t evolve. (in fact, in the Einstein frame, they contract)
This lasts until all winding modes annihilate. After its end, our 3 spatial dimensions
can grow large. The existence of this period solves the horizon problem in a different
way than in inflation. Rather than having a small patch blow exponentially way
outside the horizon, the size remains constant as the Hubble size evolves, but the
effect is the same. Also the isotropy (if not the homogeneity) problem is solved, as
initial differences between the various directions get smoothed over.

32.6 Moduli Stabilization

All the “radions”, the radii (or sizes) of the extra dimensions, will be stabilized by
the string gas model. Going back to the general ansatz for the compact dimensions,
i.e.,

e2νd �y2 →
6∑

α=1

b2α(t)dy2α , (32.46)

one finds the equation of motion for them

b̈α +
⎛
⎝3H +

6∑
β=1,β =α

ḃβ

bβ

⎞
⎠ ḃα =

∑
m,n

8πGN
μm,n

εm,n
S , (32.47)
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where μm,n is the number density of string states with momentum n nad winding m,
εm,n is the energy of this state, and

S =
∑

α

(
mα

bα

)2

−
∑

α

n2αb
2
α + 2

D − 1

[�n · �n + �n · �m + 2(N − 1)
]
. (32.48)

The last term will vanish at the self-dual (T-duality invariant) radius, i.e., it will
be stabilized (since it minimizes the right hand side of the equation of motion, the
“potential”).

Important Concepts to Remember

• For an inflation that lasts more than 70 e-folds, we find that current Hubble scales
were initially sub-Planckian, hence it makes no sense to treat them in effective
field theory (inflation).

• The Hagedorn temperature TH = 1/(4π
√

α′) is the maximum temperature of a
gas of strings, after which the partition function diverges due to the exponential
number density of states.

• The existence of the Hagedorn temperature is related to T-duality invariance. The
calculation of the density of states for a fully compactified theory (the only case
that gives positive specific heat C > 0) gives the exponential behaviour.

• From the initially all compactified dimensions, only 3 expand and become large,
since only for those can strings find each other, interact, and annihilate their wind-
ing (which otherwise keeps the dimensions small).

• The string equations of motion are obtained from quantum conformal invariance
of the string worldsheet, and can be derived from a spacetime effective action.

• Considering a gas of strings, with momentum modes and winding modes, the
winding modes have equation of state P = −ρ/d and the momentum modes have
equation of state P = +ρ/d.

• Early time cosmology has a “cosmological loitering” phase, in which the 3 spatial
dimensions don’t evolve (in fact, contract in the Einstein frame), and winding
modes annihilate. It solves the horizon and isotropy problem differently than in
inflation.

• Moduli get stabilized during the time evolution.

Further reading: The original paper of Brandenberger and Vafa is [57]. Good
reviews for string gas cosmology are [58, 59] and the recent one [60].

Exercises

(1) Prove that for Ne > 70-folds of inflation current cosmological scales (∼ H−1
0 )

were lPl at initial time.

(2) Show that in conformal gauge, with Xρ = τ
√

α′E , we obtain

α′E2 = α′ �p2 + p2L + p2R
2

+ 2(NL + NR + aL + aR). (32.49)
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(3) Show that the conservation equation ∂μTμν = 0 becomes

Ė + 3λ̇P̄λ + 6ν̇ P̄ν = 0. (32.50)

(4) Show that the equations of motion of the spacetime action plus the string source,
SST + SP , are given by (32.22).



Chapter 33
String Gas and Brane Gas Developments

In this chapter we will first describe a simple generalization of the previously defined
string gas cosmology, namely brane gas; and then we will calculate the spectrum of
scalar and tensor perturbations in string gas cosmology.

33.1 Brane Gas

The idea of the brane gas is obvious from its name: replace the gas of strings from
the previous chapter with a gas of p-branes.

The p-brane action is taken to be a DBI action for interaction with a NS-NS
background, and with an electromagnetic field on its worldvolume, so

SDBI,p = −Tp

∫
d p+1ξe−φ

√
− det(g̃ab + B̃ab + 2πα′Fab) , (33.1)

where g̃ab and B̃ab are induced NS-NS metric and B-fields on the p + 1 dimen-
sional worldvolume, and Fab is the field strength of the electromagnetic field on the
worldvolume,

g̃ab = gμν∂a X
μ∂bX

ν

B̃ab = Bμν∂a X
μ∂bX

ν . (33.2)

In a static gauge, Xa = ξa , Xi = φi , we find

g̃ab = gab + gi j∂aφ
i∂bφ

j + gib∂aφ
i + gia∂bφ

i

B̃ab = Bab + Bi j∂aφ
i∂bφ

j + Bi[a∂b]φi . (33.3)
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The tension of the p-brane is

Tp = 1

(2π
√

α′)p+1

π

gs
(33.4)

We also consider a cosmological background in conformal time, where for sim-
plicity we consider the same scale factor for all directions,

ds2 = a2(η)[−dη2 + d �x2]
Bμν = 0. (33.5)

Substituting it into the DBI action, and expanding in the number of derivatives,
we find

SDBI,p � −Tp

∫
d p+1ξa(η)p+1e−φ

[
1 + 1

2
(∂aφ)2 + π2α′2a−4F2

ab + · · ·
]

. (33.6)

We can now calculate the energy-momentum tensor T ab for the analog of winding
modes, which are now “wrapped” modes of the brane (all p directions wrap some
of the -compact- spatial directions). From it, we can calculate the energy density ρ
and the pressure P , obtaining

Pi = wiρ; wp = − p

d
. (33.7)

Here d is the total number of space dimensions. For a 3-brane in 3+ 1 dimensional
space, we would obtain w = −1, since this would then truly be a cosmological
constant. On the other hand, for momentum modes, we have as usual w = +1/d,
whereas in general normal matter has w ∈ [0, 1].

The equations of motion for the cosmology are obtain from the equations of
the previous chapter (32.44), considered for c = 0 (i.e., in the critical dimension,
D = 26 for the bosonic string and D = 10 for the superstring), h = 0 (since we now
consider only Bμν = 0), and λ = ν since we now consider the same scale factor for
all dimensions, which is certainly true during the first, Hagedorn, or cosmological
loitering, phase of the cosmological evolution, before our 3 spatial dimensions start
expanding. Indeed, in the following we will only consider this Hagedorn phase. The
equations are then

−dλ̇ + 4 ˙̃φ2 = e2φ̃E

λ̈ − 2 ˙̃φλ̇ = 1

2
e2φ̃ P̄

2 ¨̃φ − dλ̇2 = 1

2
e2φ̃E . (33.8)
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Here as usual φ̃ = φ − d
2λ is the T-duality invariant dilaton. The energy and

pressure follow from the previous brane action. Indeed, we can say that, since the
energy is proportional to the brane tension times the spatial volume,

E ∝ Tp[a(η)]p , (33.9)

the effective potential in 10 dimensional string frame is

Veff(λ) = βpe
2φ̃epλ. (33.10)

Here epλ = a(η)p is the spatial volume of the p-brane, βp ∝ Tp. In more gen-
erality, if our 3 dimensions have scale factor a and the other d have scale factor b
(valid after the Hagedorn phase), the effective potential in string frame would be

V (4+d)
s = N

(2π
√

α′)4
bk

a3bd
, (33.11)

where the 1/(2π
√

α′)4 = T3 is a 3-brane tension, N is the number of branes, a3bd

is the total volume of space, and k = 1 for the p-branes and k = −1 for momentum
modes is the dependence coming either from the p-dimensional volume of the branes
wrapped over the compact space (so that p ≤ d) or from the 1/R = 1/b momentum
of the momentum modes.

The importance of the p-brane gas model comes from a generalization of the
argument about the string gas selecting 3 large dimensions. For two generic classical
p-branes to intersect as time evolves,weneed a large 2p + 1dimensional space, since
two generic p-branes form a 2p + 1 dimensional space. That means that, through the
interaction, we can eventually annihilate all p-branes of opposite wrapping number
only if the dimension of space is 2p + 1 or smaller. But higher p branes annihilate
slower than lower p ones (there’s a larger phase space to be covered), which means
that we create a hierarchy of dimensions.

Then, for instance, in the presence of strings and 2-branes (which annihilate in
5+1 dimensions), we will create 3 very large (almost infinite) dimensions (because
of the strings), but also two larger dimensions (because of the 2-branes), ending up
with a large extra dimensions scenario. This is the main interest of the brane gas:
the possibility of hierarchies for dimensions, allowing for a large extra dimensions
scenario.

33.2 Cosmological Perturbations Generalities

The cosmological evolution we will be interested in happens in a Hagedorn phase.
Like we said in the previous chapter, during this phase (also called cosmological
loitering phase), in Einstein frame the horizon scale H−1(t) shrinks, solving the
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horizon problem in the opposite way to inflation: there the scales blow up exponen-
tially, and H−1 is fixed, here scales are evolving slowly, but the horizon shrinks. It
in fact shrinks until it reaches Hagedorn time tR , where it is minimum,

H−1(tR) ∼ MPl

T 2
H

, (33.12)

and then, for t > tR , when many scales have gone already outside the horizon, we
start standard cosmology, and H−1 starts increasing again. Perturbations observed
in the CMBR will be created close to this minimum, so this is what we will try to
calculate.

We therefore move on to the calculation of cosmological perturbations, which
will leave an imprint in the CMBR. We want to calculate the scalar and tensor
perturbations, using a starting point similar to that for inflation: The most general
perturbation of the metric with scalar and tensor components, in a Newtonian gauge
with � = � and in conformal time, is

ds2 = a2(η)
{−(1 + 2�(x, η))dη2 + [(1 − 2�(x, η))δi j + hi j ]dxidx j

}
.

(33.13)
Here � will generate scalar perturbations, and hi j tensor perturbations.
For the Newton potential �, we have the Newton equation relating it to a small

density fluctuation acting as a source,

∇2� = 4πGNδρ. (33.14)

In momentum space, we have

− k2�(k) = 4πGNδρ(k) = 4πGNδT 0
0(k). (33.15)

For the tensor perturbation hi j , for i �= j , we have similarly

∇2hi j = 4πGNδT i
j , (33.16)

or in momentum space
− k2hi j (k) = 4πGNδT i

j . (33.17)

Substituting in the correlators that we want to calculate, we obtain (for i �= j)

〈|�(k)|2〉 = (4πGN )2

k4
〈δT 0

0(k)δT
0
0(k)〉

〈|h(k)|2〉 = (4πGN )2

k4
〈δT i

j (k)δT
i
j (k)〉. (33.18)



33.3 Correlators from Thermodynamics 395

33.3 Correlators from Thermodynamics

We now express the energy-momentum tensor correlators in terms of thermodynam-
ical quantities, which will be later calculated for the string gas.

For a general system with a metric component g00, the partition function Z , free
energy F and Hamiltonian H , for states s, are related by

e−βF = Z =
∑
s

e−β
√−g00H(s). (33.19)

For the strings,with a nontrivial g00, but in a static configuration, so theLagrangian
equals minus the Hamiltonian, L = −H , we have the action (written in terms of the
proper time dτ = dt

√−g00)

S =
∫

dt
√−g00H. (33.20)

In a path integral formulation in Euclidean space,
∫
dt = β = 1/T .

But since the energy-momentum tensor is

Tμν = 2√−g

δS

δgμν
⇒ T μ

ν = 2gμλ

√−g

δS

δgλν
, (33.21)

and the variational derivative δ means normal derivative d, when we drop the time
integral

∫
dt , we obtain in a state s

T μ
ν(s) = 2gμλ

√−g

d

dgλν
[−√−g00H(s)]. (33.22)

But a general ensemble average gives

〈M〉 ≡ 1

Z

∑
s

e−β
√−g00H(s)M , (33.23)

so applying it for T μ
ν gives

〈T μ
ν〉 = 2gμλ

√−g

δ

δgλν
ln Z , (33.24)

since

δe−β
√−g00H(s) = e−β

√−g00H(s)δ[−β
√−g00H(s)] = e−β

√−g00H(s)d[−√−g00H(s)].
(33.25)

Here we have used that β = ∫
dt and the system is time-independent.
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Now considering a second derivative will give the correlator of the fluctuations
of the energy-momentum tensor,

〈δT μ
νδT

σ
ρ〉 = 〈T μ

νT
σ

ρ〉 − 〈T μ
ν〉〈T σ

ρ〉
= 2gμα

√−g

δ

δgαν

(
gσλ

√−g

δ

δgλρ
ln Z

)
+ 2gσα

√−g

δ

δgαρ

(
gμλ

√−g

δ

δgλν
ln Z

)
.

(33.26)

Applying this for μ = ν = ρ = σ = 0, we obtain

〈δT 0
0δT

0
0〉 = 〈(δρ)2〉

= 4g00√−g

δ

δg00

(
g00√−g

δ

δg00
ln Z

)
. (33.27)

Considering a 3 dimensional spatial metric gi j � R2δi j , we obtain

〈(δρ)2〉 = 1

R6

(
2g00√−g00

δ

δg00

)2

ln Z = 1

R6

(
δ

δ
√−g00

)2

ln Z . (33.28)

But since ln Z = −βF , and, when acting on Z , δ/δ
√−g00 = d/(

√−g00dβ), we
obtain

〈(δρ)2〉 = − 1

R6(−g00)

d2

dβ2
(βF) = − 1

R6(−g00)

∂

∂β

(
F + β

∂

∂β
F

)
. (33.29)

From the thermodynamic relations F = E − T S and dF = −SdT − PdV , with
V = R3, we find

E = F + T S = F + β

(
∂F

∂β

)
, (33.30)

which means that

T 2CV = T 2

(
∂E

∂T

)
V

= −
(

∂E

∂β

)
V

= − ∂

∂β

(
F + β

(
∂F

∂β

)
V

)
V

. (33.31)

Finally, we obtain

〈(δρ)2〉 = T 2

R6
CV . (33.32)

Next we apply the same methods for the spatial components,

〈δT i
jδT

i
j 〉 = 〈T i

j T
i
j 〉 − 〈T i

j 〉〈T i
j 〉

= 4gik√−g

δ

δgk j

(
gil√−g

δ

δgl j
ln Z

)
, (33.33)
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with i �= j . With gi j = R2(δi j + hi j ) � R2δi j , we obtain

〈δT i
j δT

i
j 〉 = 4δR2

√−g00R3
δ

δR2

(
R2

√−g00R3
δ

δR2

)
ln Z =

(
1√−g00R3

δ

δ ln R

)2
ln Z .

(33.34)

But since δ/δR, when acting on Z , removes also an
∫
dt = β, so δ/δR =

(1/β)d/dR, and ln Z = −βF , we obtain

〈δT i
jδT

i
j 〉 = 1

−g00β

1

R3

∂

∂ ln R

(
− 1

R3

∂F

∂ ln R

)
. (33.35)

Then, since dE = TdS − PdV and dF = −SdT − PdV and V = R3, we have

p = T

(
∂S

∂V

)
E

= −
(

∂F

∂V

)
T

= − 1

3R3

(
∂F

∂ ln R

)
T

(33.36)

so that finally

〈δT i
jδT

i
j 〉 = 3

(−g00)βR2

(
∂ p

∂R

)
T

. (33.37)

33.4 Thermodynamics for String Gas

With the general thermodynamics formulas, we could calculate the fluctuation cor-
relator for any quantum gas. But in particular, we want to apply for the gas of strings.
We need to calculate the total number of states of given energy E and volume R3,
�(E, R), and from it the entropy

S(E, R) = ln�(E, R). (33.38)

A string calculation finds

�(E, R) � βHe
βH E+nH V [1 + δ�(1)] , (33.39)

where βH = 1/TH with TH the Hagedorn temperature, nH ∼ l−3
s is the Hagedorn

number density and δ�(1), with −δ�(1) � 1, comes from a density of states, and is
found to be

δ�(1) � − (βH E)5

5! e−(βH−β1)(E−ρH V ) , (33.40)

where ρH ∼ l−4
s is a Hagedorn density, and β1 is the closest singularity to βH , which

obeys
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βH − β1 ∼ l3s
R2

; R � ls

∼ R2

ls
; R � ls . (33.41)

We then obtain

S(E, R) � βH E + nHV + ln[1 + δ�(1)] , (33.42)

and, since 1
T = (

∂S
∂E

)
V
, we find

T (E, R) =
[(

∂S

∂E

)
V

]−1

�
[
βH +

(
∂δ�(1)

∂E

)
V

]−1

� TH

[
1 − 1

βH

(
∂�(1)

∂E

)
V

]

� TH

[
1 + βH − β1

βH
δ�(1)

]
. (33.43)

Inverting this relation, and using βH − β1 � l3s /R
2, since we are interested in the

regime R � ls , we obtain

l3s δ�(1) � − R2

TH

(
1 − T

TH

)
. (33.44)

Then inverting the relation (33.40) to find E as a function of �(1), we obtain

E � 1

βH − β1
ln

1

−δ�(1)
� R2

l3s
ln

⎡
⎣ l3s T

R2
(
1 − T

TH

)
⎤
⎦ . (33.45)

Then finally

CV =
(

∂E

∂T

)
V

� R2

l3s

∂

∂T
ln

T

1 − T
TH

= R2/ l3s

T
(
1 − T

TH

) . (33.46)

For the pressure, the formula for the entropy (33.42) gives

p = T

(
∂S

∂V

)
E

� nHT + T

(
∂

∂V
δ�(1)

)
E

. (33.47)

But(
∂δ�(1)

∂V

)
E

=
[
−∂(βH − β1)

∂V
(E − ρHV ) + ρH (βH − β1)

]
δ�(1). (33.48)
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Using βH − β1 = l3s /R
2, ρH = l−4

s , V = R3, E from (33.45) and δ�(1) from
(33.44), we find after some algebra

p � nHT − T

TH

1 − T
TH

l3s

⎧⎨
⎩ 5

3ls
+ 2

3R
ln

⎡
⎣ l3s T

R2
(
1 − T

TH

)
⎤
⎦

⎫⎬
⎭ . (33.49)

If we are very close to the Hagedorn temperature, T � TH , we can approximate
further

p � nHTH − 2

3

1 − T
TH

l3s R
ln

⎡
⎣ l3s T

R2
(
1 − T

TH

)
⎤
⎦ (33.50)

Moreover, we can calculate the derivative

(
∂ p

∂R

)
T

� T

TH

1 − T
TH

l3s R
2

⎛
⎝4

3
+ 2

3
ln

⎡
⎣ l3s T

R2
(
1 − T

TH

)
⎤
⎦

⎞
⎠ . (33.51)

Finally then, we can calculate the energy-momentum tensor correlators,

〈(δρ)2〉 = T 2

R6
CV � l−3

s

R4

T(
1 − T

TH

) (33.52)

and, for i �= j ,

〈δT i
jδT

i
j 〉 = 3T

R2

(
∂ p

∂R

)
T

� 3T 2

TH

1 − T
TH

l3s R
4

⎛
⎝4

3
+ 2

3
ln

⎡
⎣ l3s T

R2
(
1 − T

TH

)
⎤
⎦

⎞
⎠ .

(33.53)
For T � TH � l−1

s , we can approximate further,

〈δT i
jδT

i
j 〉 �

2T
(
1 − T

TH

)
l3s R

4
ln

⎡
⎣ l2s

R2
(
1 − T

TH

)
⎤
⎦ . (33.54)

33.5 String Gas Power Spectra and Tilts

We can finally relate to CMBR physics. The correlators of �(k) and |h(k)| give rise
to scalar and tensor power spectra in the CMBR. It is assumed that the fluctuations in
the CMBR are close to the end of the Hagedorn phase, and the beginning of standard



400 33 String Gas and Brane Gas Developments

cosmology, like in the case of inflation (where the fluctuations are computed towards
the end of inflation).

Scalar Power Spectrum

As we saw in part I of the book, the scalar power spectrum in the CMBR and its tilt
ns is defined by

P�(k) = k3

2π2
|�(k)|2 ∝ kns−1 , (33.55)

so

ns − 1 = d

d ln k
ln P�(k). (33.56)

But 〈|�(k)|2〉 was related to 〈(δρ)2〉 in (33.18), which gives

P�(k) = 8G2
N

k
〈(δρ(k))2〉. (33.57)

Note however that we need a density fluctuation in momentum space, δρ(k),
whereas the correlatorswe have calculatedwere in position space.We can relate them
by considering a sphere of radius R = 1/k. Then δρ = δM/R3 = k3δM , whereas
in momentum space (because of the Fourier transform)

〈(δρ(k))2〉 = 1

V
〈(δM)2〉 = k3〈(δM)2〉 = 1

k3
〈(δρ)2〉. (33.58)

Then, from the density correlator (33.52), we find

P�(k) = 8GN

l3s

T (k)

1 − T (k)
TH

. (33.59)

We can rewrite this, using TH ∼ l−1
s , as

P�(k) ∼
(
lPl
ls

)4 T (k)

TH

1

1 − T (k)
TH

(33.60)

The first observation ia that the spectrum is almost scale invariant, ns − 1 � 0,
since there is no explicit k dependence, and only a very small scale implicit depen-
dence in the temperature T (k). That is due to the fact that, as in inflation, we calculate
the fluctuation when the scale exits the horizon (since it is frozen in there, and then
goes back inside the horizon only now), at ti (k), just before the minimum horizon
size time tR .

But moreover, we have a slight red tilt, as observed experimentally, since, like in
inflation, larger scales (larger wavelengths λ, thus smaller k) exit the horizon sooner
(at smaller ti (k)), when the temperature T (k) is higher: the temperature slightly
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decreases with time at the end of the Hagedorn phase, while remaining smaller than
the maximum one, TH . That means that dT (k)/dk < 0.

Specifically, we obtain

ns − 1 = d ln P�

d ln k
=

(
1

1 − T (k)
TH

+ 1

)
k
d

dk

T (k)

TH
� 1

1 − T (k)
TH

k
d

dk

T (k)

TH
< 0.

(33.61)
It is however impossible to calculate analytically dT/dk, so that is the most we

can say: ns − 1 can be small and negative, as observed experimentally.

Tensor Power Spectrum

Similarly, we define for the tensor perturbation

Ph(k) = k3

2π2
|h(k)|2 ∝ knT −1. (33.62)

We have defined the power with a−1, even though sometimes it is definedwithout
it, in order to have symmetry with the scalar spectrum.

Then in the same way as for the scalar case, we find

Ph(k) = 8G2
N

k
〈δT i

j (k)δT
i
j (k)〉 , (33.63)

but we need to relate to the previously calculated one by considering a sphere of
radius R = 1/k, so

Ph(k) = 8G2
N

k4
〈δT i

j (R)δT i
j (R)〉 , (33.64)

and, using (33.53), we find

Ph(k) � 16G2
N

l3s

T 2
(
1 − T

TH

)
TH

ln

⎡
⎣ l2s

R2
(
1 − T

TH

)
⎤
⎦ , (33.65)

that becomes

Ph(k) �
(
lPl
ls

)4 T 2

T 2
H

(
1 − T

TH

)
ln

⎡
⎣ l2s

R2
(
1 − T

TH

)
⎤
⎦ . (33.66)

Again we see that the tensor spectrum is approximately scale invariant, nT −
1 � 0, but now we find the tilt
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nT − 1 = d ln Ph(k)

d ln k
=

(
− 1

1 − T
TH

+ 2

)
k
d

dk

T (k)

TH
= −(ns − 1)

2 T (k)
TH

− 1

2 − T (k)
TH

� −(ns − 1) > 0 (33.67)

So the characteristic property of string gas cosmology is this blue tilt for the tensor
spectrum, with the same deviation from scale invariance as the red tilt of the scalar
spectrum. Inputting the experimentally observed scalar tilt from the Planck data, we
expect that

nT − 1 � 0.03. (33.68)

Moreover, the tensor to scalar ratio is now

r = Ph(k)

P�(k)
�

(
1 − T (k)

TH

)2

ln

[
1

l2s k
2

(
1 − T (k)

TH

)]
� 1 , (33.69)

so a small ratio, consistent with observations, as well as being similar to string
inflation models in that respect.

Important Concepts to Remember

• For a gas of Dp-branes, the wrapping modes have equation of state wp = −p/d,
generalizing the one for the strings.

• The addition of p-branes to strings means that we can have a hierarchy of large
dimensions: besides the 3 very large ones, we can have two smaller but still large
ones for 2-branes, etc.

• Two-point correlators of the energy-momentum tensor can be expressed in terms
of thermodynamic quantities: for δρ in terms of CV , and for spatial components
in terms of ∂P/∂V |T .

• The thermodynamics of a gas of strings allows us to calculate the two-point cor-
relators of energy-momentum tensor, and from them the power spectra of scalar
(for δρ) and tensor (for the spatial components) modes.

• Besides a small tensor-to-scalar ratio r � 1, which is also possible in inflation
(especially appears in string inflation), we obtain the characteristic nT − 1 =
−(ns − 1).

Further reading: The spectrum of perturbations in string gas cosmology was found
in [61], and the brane has generalization was defined in [62]. Good reviews for string
gas and brane gas cosmology are [58, 59] and the recent one [60].

Exercises

(1) What order is the Hagedorn phase transition?
(2) What is the equation of state near the Hagedorn transition?
(3) Use experimental data to constrain the function T (k).
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(4) Show that for the metric

ds2 = a2(η)
{−(1 + 2�(x, η))dη2 + [(1 − 2�(x, η))δi j + hi j ]dxidx j

}
,

(33.70)
the Einstein equations give

∇2� = 4πGNδρ. (33.71)

and
∇2hi j = 4πGNδT i

j , (33.72)



Chapter 34
Chameleon Scalars and String Theory

In this chapter we will study chameleon scalars and their embedding in string theory.
It was usually thought the fifth force experiments conducted on Earth, or in the Solar
System, would prevent the existence of light scalars.

However, the important observation of Khoury and Weltman, who developed the
chameleon idea, was that we can have a mass for the scalar that depends on the
local mass density. In a dense environment like the Earth, the chameleon will be
very massive, so will elude the usual fifth force constraints. Moreover, we have a
“thin-shell” effect, where for a very massive body only a thin shell surrounding it
effectively interacts via the scalar force, which allows the chameleon to avoid the
constraints on the Newtonian motion.

But on large cosmological scales, the scalar can be extremely light, so that it can
have important consequences. As a plus, in string theory in principle we wouldn’t
need to “stabilize the moduli” (have large masses for them nonperturbatively), but
rather they could be chameleons.

34.1 Chameleon (and Symmetron) Models

The action relevant for the chameleon models (as well as for the symmetron variant)
is

S =
∫

d4x
√−g

[
M2

Pl

2
R[g] − 1

2
gμν∂μφ∂νφ − V (φ)

]
+

∫
d4xLm[g̃, ψ] ,

(34.1)
where Lm is a matter action, depending on matter fields ψ , but which couples to the
conformally-related metric

g̃μν = A2(φ)gμν. (34.2)

Here gμν is the Einstein frame metric. The equation of motion for the scalar field
(KG) is
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�gφ − V,φ + A3(φ)A,φ T̃ = 0 , (34.3)

where
T̃ = T̃μν g̃

μν (34.4)

is the trace of the matter (or Jordan) frame energy-momentum tensor

T̃μν ≡ − 2√−g̃

δLm

δg̃μν
. (34.5)

This tensor is conserved in the g̃μν (Jordan) frame as usual, i.e.,

∇̃μT̃ μ
ν = 0. (34.6)

We define the density in the Jordan frame as usual, by

T̃ μ
ν = diag(−ρ̃, P̃, P̃, P̃) , (34.7)

and for dust matter (P � 0) we have

T̃ μ
μ � −ρ̃. (34.8)

The energy-momentum tensor in the Jordan frame can be related to the one in
Einstein frame by

T̃μν = 1

A4

−2√−g
A2 δLm

δgμν
⇒

T̃ μ
ν = 1

A4

(
− 2√−g

gμρ δLm

δgρν

)
⇒

−ρ̃ = 1

A4
T μ

μ. (34.9)

On the other hand, the zero component of the conservation equation becomes

∇̃μT̃ μ
0 = ∇̃0T̃ 0

0 + ∇̃i T̃ i
0

= ∇0T̃ 0
0 + �̃i

i0T̃
i
0 = ∇0T̃ 0

0 +
(
3
Ȧ

A
+ �i

i0

)
T̃ 0

0

= ∇0T̃ 0
0 +

(
3
Ȧ

A
+ ∇i

)
T̃ i

0. (34.10)
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Then the conservation equation becomes

(
∇0 + 3

Ȧ

A

)
ρ̃ = 0. (34.11)

That means that if we define the density ρ by

ρ ≡ A3ρ̃ , (34.12)

then it will be conserved (time independent in a non-expanding Universe) in Einstein
frame. In particular, it will be independent of φ. Moreover we obtain

T μ
μ = Aρ , (34.13)

which means that the equation of motion for φ is

�gφ = V,φ + A,φρ. (34.14)

Finally, that means that we have an effective potential

Veff(φ) = V (φ) + ρA(φ). (34.15)

For a spherically symmetric solution, the equation of motion for the chameleon
is

d2φ

dr2
+ 2

r

dφ

dr
= V,φ + A,φρ. (34.16)

We have now the interesting possibility that even though V (φ) might not have
a minimum, Veff(φ) can, and the effective mass at the minimum of the effective
potential is

m2
eff = V,φφ(φmin) + A,φφ(φmin)ρ. (34.17)

Since the ρ term increases generically with φ, we need V,φ < 0 over the period
of interest in order to have a minimum for the effective potential (the sum of the two
terms). For stability, i.e., in order to have a positive mass squared, we need V,φφ > 0.
Moreover, for increasing of the effective mass with ρ (so that the mass on Earth is
bigger than outside it), we need V,φφφ < 0.

Examples of potentials that obey these constraints are the inverse power law,

V ∼ 1

φn
, n > 0 , (34.18)

the exponential
V ∼ e−aφ , (34.19)

or more complicated exponentials.
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A typical coupling function A(φ), of the type that also is natural in string theory,
is

A(φ) � eg
φ

MPl � 1 + g
φ

MPl
. (34.20)

The main difference (with respect to generic chameleons) in the case of the sym-
metron model is an A(φ) that doesn’t have a linear term, only a quadratic one, i.e.,
A(φ) � (φ − φ0)

2.

34.2 Thin-Shell Effect

Consider a spherically symmetric object of radius R, density ρin, associated with
a field φmin−in, embedded in a medium with density ρout, associated with a field
φmin−out.

Then for a sufficiently large object, φ will start in the core at φmin−in, and it will
start to deviate from this value at Rroll. The deviation can be approximated to be
quadratic, so we find

φ � φmin−in; 0 < r < Rroll

� φmin−in + g

2MPl
ρmin(r − Rroll)

2; Rroll < r < R. (34.21)

By matching with the outside value for the scalar, we find

	R
R = R − Rroll

R = φmin−out − φmin−in

6gMPl

. (34.22)

Here


 ≡ ρminR2

6M2
Pl

(34.23)

is the Newton potential at the surface (compared to infinity, outside).
Finally then, the scalar field outside the sphere is a screened one, by a factor of

	R/R,

φscreened � − g

4πMPl

	R
R

Me−mmin−outr

r
+ φmin−out. (34.24)

We leave this as an exercise to prove.
In turn, that means that the effective coupling between two large bodies is

g2eff = g2
(

	R
R

)
1

(
	R
R

)
2

. (34.25)
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Concluding this subsection and experimental constraints, generically we have

m2
eff(Earth) � V ′′(φout) , (34.26)

which means that the chameleon is quite massive on Earth, and avoids fifth force
detection.

Moreover, in the Solar System, we have

(
	R
R

)
planet


 1 , (34.27)

which means that we don’t see the scalar force in the Solar System because of the
thin-shell effect: the effective coupling is very small.

On the other hand, the chameleon is left to be light on cosmological scales, which
means that we can have cosmological effects.

34.3 String Theory Embedding

The chameleon idea is very welcome in string theory. Indeed, we saw that we have
many moduli that need stabilization, and when we try to do stabilize all, we usually
spoil inflation. It would be of great help therefore if some of these moduli would not
need to be stabilized, but rather would be chameleons. Then they could be hidden on
Earth and in the Solar System, but would still be detectable cosmologically.

One way to embed the chameleons in string, or rather string-inspired, models,
takes φ as the volume modulus (related to the volume of the compact dimensions)
in a KK dimensional reduction.

Under KK dimensional reduction, we generically have

ds2D = R2ds2d + gmndx
mdxn + · · · , (34.28)

where
ds2d = gμνdx

μdxν (34.29)

is the d-dimensional Einstein frame.
Here

R = 	− 1
d−2 ; 	 = √

det gmn. (34.30)

Under the important assumption that the matter action is simple (becomes the
usual matter) in the ds2D Jordan frame rather than the Einstein frame (which fact is
not obvious a priori in KK compactifications), we have the identification

A2(φ) = R2 = 	− 2
d−2 = (det gmn)

− 2
d−2 . (34.31)
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Choosing the physical case of D = 10, d = 4, we have

A2(φ) = R2 = 	−1 = 1

V6M6
Pl

= 1

r6M6
Pl

. (34.32)

In general, in KK compactifications in string theory, the canonical scalar is related
to R by

φ = MPl

g
ln

R

R∗
, (34.33)

for some dimensionless coupling g and some constant R∗.
But for the volume modulus there must be some nonperturbative potential stabi-

lizing it, translating into a potential for R.
Around the minimum (stabilization point) of this potential, we expand:

• for R � R∗,
V (R) = M4

Pl[−α(R − R∗) + β(R − R∗)2]. (34.34)

The minimum of the potential is at

Rmin = R∗ + α

2β
. (34.35)

• for R � R∗, the potential is a steep exponential,

V (R) = M4
Plv[eγ (R−k−R−k∗ ) − 1] , (34.36)

where α, β, γ, k, v > 0 are dimensionless. By matching the two behaviour at R =
R∗, we find the relation

α = v
kγ

Rk−1∗
. (34.37)

Example: KKLT

As an example of this postulated behaviour, we show that the KKLT model is of this
type.

Consider a complex volume modulus ρ, then

σ = Imρ = M4
s r

4

gs
= M4

10r
4

2
√

φgs
, (34.38)

where M10 is the 10 dimensional Planck scale and Ms = 1/(2π
√

α′) is the string
scale.

But if instead, we would have the relation
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σ = M4
Plr

4

gs
= R−4/3

gs
, (34.39)

which differs from the above by a large factor a that can be absorbed in the exponent
of the KKLT superpotential (though now a doesn’t appear naturally anymore), then
we obtain the picture advocated above.

As we already saw, the Kähler potential for the volume modulus is

K = −3 ln[−i(ρ − ρ̄)] , (34.40)

and the KKLT superpotential is

W = W0 + Aeiaρ. (34.41)

Moreover, we can obtain also a < 0, which is what we will need, by modifying
the standard KKLT scenario, as we saw.

We can prove (we leave this as an exercise) that the supersymmetric KKLT poten-
tial near its minimum can be approximated by

VKKLT − V0 � A2a2

6M2
Plσ∗

[
e2|a|σ − e2|a|σ0

]
. (34.42)

34.4 Experimental Constraints

We can now put the experimental constraints on this model. Fifth force experiments
on Earth give

g2eff � 10−3 , (34.43)

which means
3	R
R = φvac − φtest−mass

2gMPl
test−mass
� 10−3/2 , (34.44)

that finally implies
φvac − φtest � 10−29MPl. (34.45)

After some algebra, this is shown to imply

Rk
∗ � 10−30γ k. (34.46)

Taking the values close to the constraint, we obtain the range of the chameleon in
various environments as

m−1
eff � 0.2mm√

ρ[g/cm3] , (34.47)
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which means that in the atmosphere

m−1
atm � 1 cm , (34.48)

and in the Solar System
m−1

Solar system � 105 Km. (34.49)

But moreover, in the Solar System, the thin-shell factors are extremely small.
Even for the Moon we find

(
3	R
R

)
Moon

� 10−10. (34.50)

We need to impose that the galaxy itself is screened, otherwise its local field will
not be given by its density. Then

(
3	R
R

)
galaxy

< 1 , (34.51)

which in the end imposes the constraint

α

β
� 10−6R∗. (34.52)

On the other hand, the cosmological density must be low, so that φ doesn’t lie on
the steep exponential part. This, after some algebra, implies

α ≥ 10−120R−1
∗ . (34.53)

Finally, we find that the mass of the chameleon on cosmological scales obeys

mcosmo = √
2gMPl

√
βR∗ � 103H0. (34.54)

Applying this for KKLT, we find

|V0| � 10−174M4
Pl; W0 � 10−42M3

Pl; A ∼ M3
Ple

−1030 . (34.55)

However, the last constraint doesn’t look so absurd when it is rewritten as

Ae−aσ = M3
Ple

|a|(σ−σ0) , (34.56)

with σ0 ∼ 1030.
However, it turns out that we need to apply the constraints directly to KKLT, the

general model not being a good enough approximation. Then we find instead
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|a|σmin > 106

|V0| ≥ 10−120

|a|σmin
M4

Pl � 10−159M4
Pl

W0 � 10−30M3
Pl. (34.57)

Those are not that important modifications. However, we also find that now

mcosmo � 1015H0 , (34.58)

which is an important difference, since now the chameleon is not relevant for cosmo-
logical distances anymore. But in fact it turns out that with two KKLT exponentials
in the superpotential instead of one (very close in value to each other), we can achieve
the general formula of mcosmo ≥ 103H0.

Important Concepts to Remember

• Chameleon scalars are scalars with mass that depends on the local density, that
are massive on Earth and avoid detection.

• They also have a thin-shell effect: only a thin shell of a massive body interacts via
the scalar, avoiding detection for planets in the Solar System.

• The chameleon is obtained when the matter couples to g̃μν = A2(φ)gμν , resulting
in an effective potential Veff = V + ρA(φ).

• The density ρ = A3ρ̃ is conserved in Einstein frame.
• The thin-shell effect gives a screening coefficient of 3	R/R = 	φ/(6gMPl
),
with 
 the Newton potential at the surface.

• We can embed in string theory with φ being the volume modulus.
• To obtain a chameleon, consider a potential for stabilizing R that has a minimum,
and a steep exponential on one side, eγ R−k

.
• The KKLT model gives such an example, with k = 4/3.
• Generically, we obtain mcosmo � 103H0. In simple KKLT, we obtain instead
mcosmo � 1015H0, but with two exponentials we can get the general formula.

Further reading: The chameleon scalars were defined in [63, 64]. The embedding
in string theory described here was done in [65].

Exercises

(1) Check that the screened solution outside the spherical mass source is

φscreened � − g

4πMPl

	R
R

Me−mmin−outr

r
+ φmin−out. (34.59)

(2) Prove that we can approximate the KKLT potential around the minimum by

VKKLT − V0 � A2a2

6M2
Plσ∗

[
e2|a|σ − e2|a|σ0

]
. (34.60)
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(3) Check and explain the origin of the difference in chameleonmass on cosmological
scales for the KKLT model and for the generic model with a minimum and a steep
exponential on one side.
(4) Is the thin-shell effect, encapsulated by the solution at exercise 1, still valid for
the symmetron case, with A(φ) = (φ − φ0)

2?



Chapter 35
Axion Inflation and Axion Monodromy
from String Theory

In this chapter, we will learn about axion inflation in field theory, how axions appear
in string theory, and a specific set-up for string inflation that has been very popular
recently, axion monodromy.

35.1 Axions in Field Theory

In a nonabelian gauge theory, we can have instantons, self-dual solutions of the
Yang–Mills equations inEuclidean space (satisfying Fa

μν = ± ∗ Fa
μν ≡ 1

2 εμνρσFa ρσ),
carrying the topological number called the second Chern number (or Pontryagin
number, or instanton number)

c2 =
∫
M4

1

32π2
Tr[Fμν ∗ Fμν] ∈ Z. (35.1)

The instanton action is S = 8π2/g2, and at the quantum level it gives transitions
between states with different winding numbers n for the gauge configuration on the
spatial R3. Therefore gauge fields with a given winding number n are in general not
a good vacuum of the theory by itself. A good vacuum is a superposition of the states
|n〉 with winding number n, parametrized by a constant θ as

|θ〉 =
∑
n≥0

e−inθ|n〉. (35.2)

This is called the θ vacuum, and here θ is an a priori free parameter. The effects
of this parameter can be repackaged as a parameter multiplying the topological term
giving the instanton in the Lagrangian,

Ltop = θ̃g2

32π2
Fa

μν ∗ Fa μν . (35.3)
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Actually, the parameter in the Lagrangian contains, besides θ, a quantum contri-
bution from fermions coupled to it,

θ̃ = θ + arg(det M) , (35.4)

where M is the fermion mass matrix.
But in the real world, in QCD, it turns out that θ is measured (bound) to be

extremely small, less than 10−10. To explain why this parameter is so small, the solu-
tion proposed by Peccei and Quinn is to first promore θ to a pseudoscalar field θ(x)
and then assume there is a global chiral symmetry (called Peccei-Quinn symmetry)
that acts on it as a shift symmetry, θ → θ+const., and on the fermions, for instance
by multiplying the mass term by a γ5 phase, effectively M → eiδθγ5M , and which
is spontaneously broken at some scale fPQ . The Nambu-Goldstone boson for its
spontaneous breaking is the pseudoscalar field called the axion θ(x) = a(x), and the
breaking is due to instanton effects.

This chiral symmetry is anomalous since we have fermions charged under it, and
in the presence of an instanton it generates the topological term. Indeed, the anomaly
of a global symmetry in a gauge theory is

∂μ jμ = Cag
2

16π2
Tr[Fμν ∗ Fμν] , (35.5)

where Ca depends on the number and charges of the fermions. Therefore in the
presence of an instanton it generates a contribution to the action given by the above,
times the axion θ(x) = a(x).

This in turn means a potential term for the axion, fixing it to have the total VEV
equal to zero, the potential coming from the instanton contributions, and breaking
the symmetry at some scale, in particular giving a mass �2

QCD/ fPQ . Here �QCD

is the dynamically generated scale of the gauge theory, and fPQ = f is also called
axion decay constant.

The Lagrangian for the axion can thus be taken to be

L(a) = −1

2
f 2(∂μa)2 − �4[1 − cos(a)] + · · · , (35.6)

where the dots represent higher derivative corrections and multi-instanton contribu-
tions, or, by defining a canonically normalized field φ = f a,

L(φ) = −1

2
(∂μφ)2 − �4

[
1 − cos

φ

f

]
+ · · · � −1

2
(∂μφ)2 − �4

2 f 2
φ2 + · · ·

(35.7)
Then the axion has now just a periodicitiy a → a + 2π, orφ → φ + 2π f , instead

of the general shift symmetry.
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35.2 Axions in String Theory

In string theory, we look for fields a(x) that have shift symmetries a → a+const.,
and which then can be broken by nonperturbative effects to constant shifts.

There aremany such fields in string compactifications, arising from the integration
of p-form potentials over p-cycles in the compact space.

Specifically:

• in type IIA string theory we would have the NS-NS 2-form Bμν integrated over 2-
cycles � I

2 , the RR one-form Cμ integrated over one-cycles � I
1 , and the RR 3-form

Cμνρ integrated over 3-cycles � I
3 .• in type IIB, where we will concentrate, we have again the NS-NS 2-form Bμν ,

but now also the R-R 2-form Cμν integrated over 2-cycles � I
2 , the R-R 4-form

Cμνρσ integrated over 4-cycles � I
4 . We also have 3 universal axions, 4 dimen-

sional pseudoscalars (not integrated over cycles), the IIB axion C , as well as the
4-dimensional duals b and c of Bμν and Cμν (dB2 = H3 = ∗4H1, H1 = db,
dC2 = F3 = ∗4F1, F1 = dc).

We then have, in type IIB,

bI = 1

2πα′

∫
� I

2

B2 , cI = 1

2πα′

∫
� I

2

C2 , c̃I = 1

2πα′

∫
� I

4

C4 , (35.8)

togetherwithC , b and c. Together, these are called a (the dimensionless axion defined
before, with period 2π).

Generically, the p-forms have gauge invariances, δCp = d�p−1, which leads,
under integration on a cycle, to δ

∫
�p

Cp = ∫
�p

d�p−1, which can be taken to be an
arbitrary constant, under a suitable choice of gauge parameter (p − 1)-form �p−1.
For instance, for C1 = dλ, we have

δc = δ

∮
S1
dλ =

∫
S1
dxμ∂μλ = λ(x + 2πR) − λ(x) , (35.9)

which can be chosen to be what we want.
Thus classically, we have δa = const. as a symmetry. But at the quantum level,

we can haveworldsheet, or D-brane, instantons. A D-p-brane is a source for aCp+1,
so if an Euclidean (worldsheet signature) D-brane wraps that same cycle, there is a
priori a contribution to the axion action, that breaks the shift symmetry. The same
thing happens for a fundamental string Euclidean worldsheet wrapping a 2-cycle.
Because of the Euclidean signature, these are both instantonic solutions.

Let us describe this last example in a bit more detail. The action for the string
worldsheet contains the term

SB = − 1

4πα′

∫
� I

2

d2σεab∂a X
M∂bX

N BMN (X) = − 1

2πα′

∫
� I

2

B2 ≡ −b(xμ)I ,

(35.10)
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where b(xμ) is the dimensionless axion (a(xμ) in the general notation), and we have
denoted M = (μ, i), with μ being 4 dimensional (noncompact) index and i compact
index. This term contributes to the axion action. We can expand the coordinates XM

around some point XM
(0).

Considering only XM
(0), so that the B-field is a constant, both in the worldsheet and

in spacetime, we get that the contribution is

δSB = − 1

4πα′

∫
� I

2

∂2σ∂a
(
εabXM∂bX

N BMN (XK
(0))

)
, (35.11)

and this vanishes unless there is a boundary or a topologically nontrivial cycle for� I
2 .

The terms involving the fluctuations in XM will comewith derivatives,∂P BMN (X(0)),
translating in ∂μb terms in spacetime, which respect the shift symmetry.

But the worldsheet instantons, worldsheets wrapping nontrivial cycles � I
2 , give

instantonic contributions to the action. B2 couples to the Kähler form J for the
2-cycle into a complex field, as we saw before, so (J + i B2) is integrated over �2,
for an instanton action

Sinstanton = exp

(
− 1

2πα′

∫
� I

2

(J + i B2)

)
= e−ibI . (35.12)

This is a contribution to the superpotential for the b axion, which has therefore a
periodicity b → b + 2π, as expected.

To determine the axion decay constant f , we must calculate the kinetic term for
the axion. In the case of b, the 10 dimensional kinetic term, coming from the type II
supergravity action with coefficient −1/(4κ2), is1

SB,sugra = − 1

2(2π)7g2sα
′4

∫
M10

d10x
√−g|dB2|2. (35.13)

We expand B2 in a basis �I of 2-forms dual to the cycles � I
2 ,

B2 =
∑
I

bI (x)�
I , (35.14)

where bI (x) are the 4-dimensional fields, and the 2-forms �I are normalized by
(note that B2 is dimensionless, and bI are also, so from this, and the instanton action
below, the normalization must be)

1If we call, as usual, the coefficient of the Einstein action as 1/(2κ2), then one can find that the
D-string tension is TD1 = 4π5/2α′/κ, from matching the D-brane action against a string theory
calculation. The string tension is TF1 = 1/(2πα′), so their ratio is TF1/TD1 = κ/(8π7/2α′2), and
is usually defined to be equal to gs , leading to 2κ2 = (2π)7g2s α

′4.
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� I

2

�J = 2πα′δ J
I . (35.15)

Then, substituting in the supergravity action (note that |Fp|2 ≡ 1
p!g

μ1ν1 . . .

gμpνp Fμ1...μp Fν1...νp ), we obtain

SB,sugra = −1

2

∫
d4x

√−gg I J (∂μbI )(∂
μbJ ) , (35.16)

where the sigmamodelmetric on the axion space is (from the above, with 1/3! = 1/6
coefficient)

g I J ≡ 1

6(2π)7g2sα
′4

∫
K6

�I ∧ ∗6�
J . (35.17)

But, from the Einstein action, which in string theory is found to be (2κ2 was
considered before)

S = 1

2κ2

∫
M10

R = 1

(2π)7g2sα
′4

∫
M10

R = M2
Pl

2

∫
M4

R(4) + · · · , (35.18)

we get that (MPl is the 4-dimensional Planck scale)

M2
Pl = 2V

(2π)7g2sα
′4 , (35.19)

where V is the volume of the compact space K6. For an isotropic compactification
with scale L , so that V = L6, and because of our normalization of �I (

∫
� I

2
�J =

2πα′δ J
I ), we find

∫
K6

�I ∧ ∗6�
J � L2α′2δ I J . Finally, diagonalizing the metric g I J

to f 2δ I J , we obtain

g I J � M2
Plα

′2

12L4
δ I J ⇒ f 2

M2
Pl

� α′2

12L4
. (35.20)

Since in order to trust computations we need L  √
α′, it means we have f �

MPl.

Axionic Inflation from String Theory

But for ns to be compatible with “natural inflation” coming from the axion action,
the Planck experiment (see [76], Fig. 11) finds that one needs f � 10MPl. Note that
the result depends very drastically on priors; the cited formula is for a uniform prior
for log f . But as we saw, super-Planckian values for f are problematic.

So it seems that the simplest models with the string theory axions don’t work, and
we need to do something else. There are 3 main solutions to this: a fine tuning in the
case of two axions similar to “racetrack” inflation fine tuning, a version of N -flation
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(inflation with a radial field in an N -dimensional space of inflatons), and the best
candidate from string theory, axion monodromy inflation.

The first two cases amount to having f ’s that are sub-Planckian for each axion, but
the effective axion has a trans-Planckian decay constant, and therefore field range.

35.3 “Racetrack” with Two Axions

It is a known fact that if we fine-tune the sum of two exponentials or trigonometric
functions (which are exponentials of imaginary argument), we can obtain a function
that has a longer period, so it looks “flatter”. This is basically the mechanism for
“racetrack” inflation, which is an inflationary potential made up of two close by
exponentials.

A similar mechanism can be constructed for axion potentials, where the some of
two cosine axionic potentials will lead to a potential with a much longer period, i.e.,
range or axion decay constant f .

One considers two axionic scalars, each of which couples to a linear combination
of two confining nonabelian gauge groups, that lead to a cosine potential. That is,
the coupling term in the action is (from the form (35.3) for a rescaled dimensionless
axion θ̃ = ϕ/ f , where ϕ has a canonical kinetic term, and for two different group
factors a, b)

Scoupling =
∫

d4x
∑
i=1,2

ϕi

fi

( cia
32π2

Tr
[
F (a) ∧ F (a)

]+ cib
32π2

Tr
[
F (b) ∧ F (b)

])
,

(35.21)
and it leads at low energies to the axion potential

V = �4
a

[
1 − cos

(
c1a

ϕ1

f1
+ c2a

ϕ2

f2

)]
+ �4

b

[
1 − cos

(
c1b

ϕ1

f1
+ c2b

ϕ2

f2

)]
.

(35.22)
Consider now that we have approximately (but to a high precision)

C ≡ c2a
c1a

� c2b
c1b

. (35.23)

Then the potential becomes

V � �4
a + �4

b − �4
a cos

c1a
f1

(
ϕ1 + C

f1
f2

ϕ2

)
− �4

b cos
c1b
f1

(
ϕ1 + C

f1
f2

ϕ2

)
.

(35.24)
As we can see, the potential is now a function of only a linear combination of the

fields, ϕ1 + C f1
f2
ϕ2, and is independent of the transverse linear combination, which

is canonically normalized as
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ξ ≡ c1aϕ2 f2 − c2aϕ1 f1√
c22a f

2
1 + c21a f2

∝ ϕ2 − Cϕ1
f1
f2

. (35.25)

Note that we have

(∂ϕ1)
2 + (∂ϕ2)

2 =

⎛
⎜⎜⎝ϕ1 + C f2

f1
ϕ2√

1 + C2 f 21
f 22

⎞
⎟⎟⎠

2

+

⎛
⎜⎜⎝ϕ2 − C f2

f1
ϕ1√

1 + C2 f 21
f 22

⎞
⎟⎟⎠

2

, (35.26)

and the second term is (∂ξ)2, whereas the first is the canonically normalized
ϕ1 + C f1

f2
ϕ2.

That means that ξ has no potential, therefore infinite range (infinite periodicity,
or axion decay constant f ). If we remember that the ratios of constants cia are not
exactly equal, we can rewrite the potential in terms of the two modes defined above
(we define now C ≡ c2a/c1s), as

V = �4
a

⎡
⎢⎢⎣1 − cos

⎛
⎜⎜⎝
c1a

√
1 + C2 f 21

f 22

f1

ϕ1 + C f2
f1

ϕ2√
1 + C2 f 21

f 22

⎞
⎟⎟⎠
⎤
⎥⎥⎦+ �4

b [1−

− cos

(
c1a
f1

c1ac1b f 22 + c2ac2b f 21
c21a f

2
2 + c22a f

2
1

(
ϕ1 + c2a

c1a

ϕ

f2

)
+ (c1a f2ϕ2 − c2a f1ϕ1)(c2bc1a − c2ac1b)

c22a f
2
1 + c21a f

2
2

)]

≡ �4
a

⎡
⎢⎢⎣1 − cos

⎛
⎜⎜⎝
c1a

√
1 + C2 f 21

f 22

f1

ϕ1 + C f2
f1

ϕ2√
1 + C2 f 21

f 22

⎞
⎟⎟⎠
⎤
⎥⎥⎦

+�4
b

⎡
⎢⎢⎣1 − cos

⎛
⎜⎜⎝α

ϕ1 + C f2
f1

ϕ2√
1 + C2 f 21

f 22

+ βc1b
ξ

fξ

⎞
⎟⎟⎠
⎤
⎥⎥⎦ , (35.27)

where β = 1. We can find the above relation by putting arbitrary coefficients α,β
and fixing them in order to get the same thing on both sides. Then, the axion decay
constant for the mode ξ becomes

fξ =
c1b
√
c22a f

2
1 + c21a f

2
2

|c2bc1a − c2ac1b| , (35.28)

so it can easily be made to be transplanckian, in particular fξ > 10MPl.
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35.4 N-Flation

Another known mechanism to extend the range of the inflaton so that it can become
transplanckian is to consider N copies of the same scalar field, which leads to an
effective field that is the radius in N dimensional field space, effectively

�2 ≡
N∑
i=1

(φi )
2 = N |φ|2 ⇒ � = √

N |φ|. (35.29)

This enhancing of the range by
√
N due to the presence of N fields is called

N -flation.
To be more precise, for an action

S =
N∑
i=1

∫
d4x

[
−1

2
(∂μφi )

2 − Vi (φi )

]
, (35.30)

calculating the KG equations, we see that each scalar field experiences its potential
Vi ,

φ̈i + 3Hφi = −∂iφi , (35.31)

but Hubble friction coming from all of them, since the Friedmann equation in the
inflationary regime (negligible kinetic energy) is

3H 2M2
Pl �

N∑
i=1

Vi . (35.32)

The simplest case is when all the axions have the same mass, mi = �2
i / fi ≡ m,

and for field displacements small with respect to their relevant scale, φi � fi , so we
can approximate the potential by a quadratic one. Then

V =
∑
i

Vi � 1

2
m2

N∑
i=1

φ2
i ≡ 1

2
m2�2 , (35.33)

so indeed the effective field is the radius in field space, �, enhanced by a
√
N with

respect to the individual displacements.
In order to have a � with a range larger than 10MPl, and still have calculability

and reasonable individual field displacements, we need a number N of axions larger
than about 1000.

Note that the model says that the radial coordinate is different than the Cartesian
system of coordinates. That is so, since the individual fields have periodicities φi ∼
φ + 2π fi , restricting their range, but the radial coordinate doesn’t.
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35.5 Axion Monodromy Inflation

The most popular type of model, originally proposed by McAllister, Silverstein and
Westphal, is called axion monodromy inflation, developed from a model of inflation
from general string monodromy by Silverstein and Westphal [67]. In the following
I will follow mostly the arguments in [67].

Monodromy refers to the fact that when going around a closed loop in some
parameter space, a system doesn’t return to its original state, but to a modified one.
An example relevant for the present case would be a helix or spiral, where upon
performing a circular motion, the system also evolves in a third direction.

Indeed, in certain special string compactifications, while going around what looks
like a loop in moduli space, specifically varying the axion across its “periodicity”
range, in reality the potential energy V is modified, thus the system is not, after
all, periodic. That leads to a substantial enhancement of the period, or field range,
in effect becoming infinite, which as we saw before, was needed in order to make
axionic inflation compatible with data.

All the relevant string monodromies refer to D-branes moving around in a (naive)
configuration space, and returning to a modified state after a loop. The generic
D-brane action is, as we saw,

S = SDBI + SWZ = − 1

(2π)pα′ p+1
2 gs

∫
d p+1σ

[
e−(�−�0)

√
− det(GMN + BMN )∂a XM∂b XN

+
⎛
⎝∑

p
C(p)

⎞
⎠ e−Be2πα′F

⎤
⎦ . (35.34)

The simplest case to consider is of a D5-brane in type IIB string theory, wrapped
on a 2-cycle �2, and the axion is the B-field wrapped on it, b = 1

2πα′
∫
�2

B2. Then
the relevant term in the wrapped D5-brane action is

S = 1

(2π)5gs(α′)3

∫
M4×�2

d6σ
√− det Gab + Bab , (35.35)

where Gab and Bab are the induced metric and B-field. Since we have, for a compact
space with g11 = g22 = l2,

det(Gab + Bab) = det
M4

g · det
(

g11 B12
−B12 g22

)
= det

M4
g · ((g11)2 − (B12)

2) = det
M4

g · (l4 − b2α′2) ,

(35.36)
the term in the action becomes a potential for the axion b,

S =
∫

d4x
√−g

1

(2π)5gs(α′)3
√
l4 − b2α′2 ≡

∫
d4x

√−gV (b). (35.37)
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At large b, this becomes

V (b) � 1

(2π)6gs(α′)2
b. (35.38)

For the axion b, we have seen that the kinetic term is − 1
2 f

2(∂μb)2, and then in
terms of the canonically normalized scalar φ = f b, we have the action

S =
∫

d4x
√−g

[
−1

2
(∂μφ)2 − μ3φ + Vper(φ)

]
, μ3 ≡ 1

f

1

(2π)6gs(α′)2
,

(35.39)
where Vper(φ) is the 1 − cos(φ/ f ) potential for the axion, which can be neglected
for the needed large b.

This action is the action for a chaotic inflationmodel with linear potential, but pro-
tected against corrections for super-Planckian displacements by the shift symmetry,
which is just mildly broken by the new, linear, potential term.

Another possibility for inflaton monodromy from string theory can appear for
D-branes wrapped on cycles in some special manifolds, where the position of the
D-brane on the cycle is just the inflaton itself.

Such a manifold is the Nil 3-manifold with metric

ds2

α′ = L2
u1du

2
1 + L2

u2du
2
2 + L2

x (dx
′ + Mu1du2)

2 , (35.40)

compactified by identification under the shifts

(x, u1, u2) → (x + 1, u1, u2)

(x, u1, u2) →
(
x − M

2
u2, u1 + 1, u2

)

(x, u1, u2) →
(
x + M

2
u1, u1, u2 + 1

)
. (35.41)

For a D4-brane in type IIA string theory wrapped on u2 and moving in u1 in the
above manifold, the DBI term in the D4-brane action gives

S = − 1

(2π)4gsα′5/2

∫
M4×u2

d5σ
√−g4

√
gu2u2(1 − α′gu1u1 u̇21). (35.42)

Doing trivially the integral over u1 (with period 1), since nothing depends on
it, and defining L3 ≡ Lu1Lu2Lx and Lu by L3 ≡ L2

u Lx and then β = Lu2/Lu1 , we
obtain a 4 dimensional action

S = − 1

(2π)4gsα′5/2

∫
M4

d4x
√−g

√
βL2

u + L2
x M

2u21

√
1 − α′ L

2
u

β
u̇21. (35.43)
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We see that again we obtain (for u̇1 = 0) a potential term V (u1) of the form√
K 2 + u21 as before, also going to the linear term u1 at infinity, but now the presence

of the nontrivial kinetic term for u1 means that in terms of the canonical scalar φ we
obtain

S =
∫

d4x
√−g4

(
1

2
φ̇2
1 −

√
βLu

(2π)4gsα′2

√
1 + M2

β

L2
x

L2
u

u21(φ)

)
. (35.44)

At very large u1, we see from the above action that the first square root becomes
∝ u1, which means that both the potential becomes linear in u1, and the kinetic term
becomes ∝ u1u̇21, leading to a canonical scalar φ ∝ u3/21 , and a potential

V (φ) ∝ u1 ∝ φ2/3. (35.45)

Conditions on Axion Monodromy Models

As with all string inflation models, axion monodromy has plenty of constraints to be
satisfied, and it is very difficult to satisfy them all.

For one, we need as always when we have D-branes, to consider the consistency
of the compactification.

Indeed, first “tadpole cancellation,” which amounts to having a vanishing total
D-brane charge on the compact manifold (otherwise the flux has nowhere to go on
the compact manifold) imposes some restrictions on possible models. As usual, this
can be fixed by having an anti-D-brane as some other point in the compactification,
or by adding orbifold fixed points.

Second, we need to stabilize themoduli,which aswe saw in general, can introduce
terms that spoil the flatness of the inflation potential. If the shift symmetry is not
badly broken, it is now easier to satisfy this constraint than in general string inflation
models, but we still have generically a problem.

For instance, if we consider the same b modulus as above, and a single Kähler
modulus T , with superpotential and Kähler potential

W = W0 + Ae−T

K = −3 ln(T + T̄ + γb2) , (35.46)

then the holomorphic volume T is stabilized, but we obtain terms in the scalar
potential that come from wrapped branes, and therefore depend on the “physical
volume” V ∝ (T + T̄ + γb2)3/2. That means that the potential depends on both T
and b, so any flat direction is lifted.

However, for axions coming from R-R fields, like the S-dual of the B field, the
C2 of type IIB string theory leading to a c axion, the problems are aleviated, as there
is no tree level c term in the Kähler potential K .

There are nonperturbative corrections to the superpotential, coming from
Euclidean strings and branes wrapping cycles, as well as nonperturbative gauge
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theory corrections on branes (like gaugino condensation on D7-branes). These need
to be taken into consideration, and to make sure nothing spoils the potential we want.

We also need to consider the backreaction of the branes on the geometry: in most
we cannot consistently treat them in the probe approximation.

35.6 Dante’s Inferno

A model that fixes some of the problems above is a variant of axion monodromy
with two axions, called “Dante’s Inferno”. In effective field theory, we consider two
axions r and θ, with axion decay constants that satisfy fr < fθ and

S =
∫

d4x
√−g

[
−1

2
(∂μr)

2 − 1

2
(∂μθ)

2 − V (r, θ)

]

V (r, θ) = W (r) + �4

[
1 − cos

(
r

fr
− θ

fθ

)]
. (35.47)

We see that the names r and θ are related to the fact that only r has a term that
breaks the shift symmetry of the potential, W (r), though the metric in field space is
ds2 = dr2 + dθ2, so it is not really a “radius”. The specific case studied is W (r) =
1
2m

2r2. However, if we represent (r, θ) as cylindrical coordinates, then V (r, θ) looks
like a spiral with edges for each spire, which brings to mind the description of the
Inferno put forward by Dante, hence the name.

If we choose parameters that satisfy

fr � fθ � MPl , �4  f m2rin , (35.48)

where f � r∈ < MPl for the initial condition in r , then the excitation in the r̃ direc-
tion, appearing in the cosine potential, is very massive, and r̃ is effetively fixed. The
remaining coordinate θ̃ is the inflaton. The field redefinition (rotation) is

(
r̃
θ̃

)
=
(

cos ξ sin ξ
− sin ξ cos ξ

)(
r
θ

)
, (35.49)

where

sin ξ = fr√
f 2r + f 2θ

, cos ξ = fθ√
f 2r + f 2θ

, f = fr fθ√
f 2r + f 2θ

. (35.50)

In our limit on the parameters, we obtain that, since r̃ is almost fixed, the effective
field is

φeff = θ̃ � θ, (35.51)
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its potential is

Veff(φeff) = 1

2
m2

effφ
2
eff , (35.52)

and the effective mass of the field is given by

m2
eff = m2 sin2 ξ � m2 f 2r

f 2θ
. (35.53)

That means that we obtain a classic chaotic inflation model (other power laws are
also possible), but the advantages are:

• the effective mass is suppressed compared with themass in the Lagrangian:meff �
m fr/ fθ � m.

• the Lyth bound ismodified: indeed, the Lyth bound about transplanckianity needed
for nontrivial r ratio of tensors to scalars refers to the effective field φeff � θ,
which needs to be  MPl. But the θ direction is periodic, which helps it avoid
large corrections. On the other hand the range in r , which is the field with a mass
term, is

�r � fr√
f 2r + f 2θ

�φeff � fr
fθ

�φeff � �φeff , (35.54)

and can be made subplanckian.

More importantly, the model can be embedded into string theory as follows.
Consider an Euclidean D1-brane instanton, wrapping a 2-cycle � that is a linear
combination of the cycles �r and �θ that correspond to the axions r and θ (the
axions are fields integrated on them). Then we obtain a term in the potential of the
required form,

cos

(
α
r

fr
− β

θ

fθ

)
. (35.55)

One also finds that it is not hard to obtain the needed hierarchy fr/ fθ � 1.

35.7 Phenomenology of Axion Monodromy Inflation

The axion monodromy potential is

V = V0(φ) + �4 cos
φ

f
, (35.56)

and one needs the second term to be subdominant, but not small,
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b∗ ≡ �4

V ′
0(φ∗) f

< 1 , (35.57)

where φ∗ is the value of the inflaton when the pivot scale k∗ exits the horizon.
There are many models of axion inflation from string theory, but there are a few

common signatures for them. Among those, we have:

• because of the modulated potential for the axion, one finds a modulation in the
amplitude of the power spectrum �2

R(k), to leading order in b∗,

�2
R(k) = �2

R(k∗)
(
k

k∗

)ns−1 [
1 + A cos

(
φk

f

)]
, (35.58)

where A ∝ b∗.
• the non-Gaussianity is oscillating, also because of the oscillating potential, and its
possible resonance means that the constraints on the parameters from observations
are looser than for usual models.

• the inflation is coupled to gauge fields, which results in gauge field production.
• the produced gauge fields have a stress tensor that can source gravitational waves,
which are chiral, i.e., of only one chirality: the one that is unstable for the gauge
field.

Important Concepts to Remember

• The vacuum state in the presence of instantons is parametrized by a phase θ, mixing
winding numbers, and which can be represented as a parameter in the Lagrangian,
multiplying the instanton action F ∗ F .

• Axions can explain the smallness of θ: the anomaly equation in the presence of
instantons means a cosine potential for θ, minimized at θ = 0; θ(x) is called the
axion field.

• Axions in string theory can appear as p-form fields integrated over cycles, or
4-dimensional duals of p-form fields, and are classically shift symmetric.

• At the quantum level, the string theory axions can get nonperturbative corrections
from worldsheet, or D-brane, instantons.

• For a good axionic string inflation model, we need f > 10MPl, which is not pos-
sible for a generic string axion.

• Wecanhave afine-tuned “racetrack”with twoaxions,where an effective remaining
axion has a very large decay constant f .

• We can have N -flation for the axions, where the effective field is the radial coor-
dinate of N identical fields, and � � √

N |φ|.
• Axion monodromy means that the axion gets an extra V0(φ), besides the axionic
potential.

• For the axion monodromy model of a D5-brane in type IIB, with a B-field on �2

as the axion, we have at large b a linear potential, leading to a chaotic inflation
model.
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• For a simple string monodromy model, of D4-brane moving on a cycle in a Nil
3-manifold, the inflaton potential is V ∝ φ2/3.

• Dante’s Inferno is a 2-axion monodromy model, with one field having a steep
potential like a mass term, and a linear combination having the consine potential,
and a hierarchy on the decay constants fr � fθ.

• Axion monodromy produces an oscillating power spectrum, oscillating non-
Gaussianity, gauge fields, and chiral gravitational waves.

Further reading: For more about axions, see [1], Chap. 10. For more about axions
in string theory, and axion monodromy models, see [31], Sects. 3.2 and 5.4. The
original axion monodromy scenario was defined in [66], following the model of [67]
for inflation from monodromy in string theory, and the “Dante’s Inferno” scenario
was defined in [68].

Exercises

(1) Show the details for the calculation of the DBI action of the D4-brane on the Nil
3-manifold (35.40) leading to the action (35.44).
(2) Show explicitly that for

W = W0 + Ae−T

K = −3 ln(T + T̄ + γb2) , (35.59)

the holomorphic volume T is stabilized.
(3) Calculate the CMBR parameters r and ns for the Dante’s Inferno model, as a
function of its parameters.
(4) Consider the D-brane action for p = 5. Does the WZ action affect the potential
for the axion φ for any constant C (p)?



Chapter 36
Fuzzy Dark Matter from String Theory

In this chapter, we will examine an alternative to the usual �CDMmodel, where the
cold dark matter is replaced by a “fuzzy dark matter”, and we will see that it appears
more naturally in string theory. In fact, it is based on the axionic models from the
previous chapter.

36.1 Fuzzy Dark Matter from String Theory

We have seen that a priori, the two most important relevant cases of dark matter
models were cold dark matter, the relatively heavy, nonrelativistic matter that can
only interact with itself but not others, and hot dark matter, which meant thermalized
darkmatter, in practice neutrinos, which are still relativistic (with a temperature com-
parable to the one of the CMBR), and are thermalized (because of their early times
interaction with the other particles). Neutrinos are pretty much the only possibilities
for hot dark matter, and have masses of less than 10−2 eV. As we saw in Chap.3,
the hot dark matter scenario is actually ruled out, though a small hot component to
CDM (“warm dark matter”) is still possible.

But there is a third possibility, one that is intriguing, and relates to the axions of the
previous chapter. We can have dark matter that is extremely light, with masses of the
order ofm ∼ 10−22 eV, specifically a bosonwith deBrogliewavelength ofλ ∼ 1kpc,
yet it is not thermal (extremely cold). That means that the boson, despite being much
lighter than the neutrinos, is nonrelativistic, and is quantum on scales smaller than
1kpc. The reason this scenario is possible is that the boson is not thermalized like
the neutrinos.

The boson one will consider is an axion a, with action

S =
∫

d4x
√−g

[
−1

2
f 2(∂μa)2 − �4(1 − cos a)

]
. (36.1)
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H. Năstase, Cosmology and String Theory, Fundamental Theories
of Physics 197, https://doi.org/10.1007/978-3-030-15077-8_36

431

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-15077-8_36&domain=pdf
https://doi.org/10.1007/978-3-030-15077-8_36


432 36 Fuzzy Dark Matter from String Theory

We want the mass m to be

m = �2

f
∼ 10−22 − 10−21 eV. (36.2)

From string theory, the generic axion decay constant is below the Planck scale,
and above the grand unification (GUT) scale, so

1018 GeV � f � 1016 GeV , (36.3)

though it is worth noting that most models from the previous chapter obtained a
larger f for the effective axion. The confining scale � is obtained from instanton
effects, and can in principle be suppressed by susy effects, with scale �S , and we
have

�4 ∼ M2
Pl�

2
Se

−Sinst , (36.4)

where Sinst is the instanton action, and�S has, in susy breaking scenarios (or without
susy at all), the value

1018 GeV � � � 104 GeV. (36.5)

To obtain a mass of m ∼ 10−22 eV, if � = 104 GeV we need Sinst = 165, and if
� = 1018 GeV, we need Sinst = 230. But from the Standard Model, the instanton ac-
tion is Sinst = 8π2/g2 ≡ 2π/αG , where αG = g2/(4π) is the Standard Model gauge
coupling at the GUT scale ∼ 1016 GeV. For αG = 1/20, we get Sinst = 126, and for
αG = 1/30, we get Sinst = 188, so there is overlap with the desired region.

36.2 Axion Dynamics in the Expanding Universe

Having seen what the basic set-up is, and that it can be derived from string theory,
we turn to describing its consequences.

The first thing to do is to set up how the axion evolves from the beginning of the
Universe until today.

One assumes that the axion starts off as a constant field with some random initial
value a0. Then we evolve it in FLRW Universe ds2 = −c2dt2 + R2(t)d �x2 as a time
dependent field, a = a(t). The KG equation of motion for the axion is then

ä + 3Hȧ + m2 sin a = 0. (36.6)

The solution is approximately constant for H � m, and for H � m, it oscillates
with angular frequencym, damped as R(t)−3/2 due to the usual Hubble friction term.

The transition between the two regimes happens at a temperature T0 such that
(since we assume that the Universe is radiation dominated at early times) ρ � ρrad ∼
T 4
0 ∼ H 2M2

Pl ∼ m2M2
Pl, so
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T0 ∼ √
mMPl ∼ 500 eV , (36.7)

or a redshift of about z ∼ 2 × 106, which is after nucleosynthesis. Note that matter
domination starts at about T1 ∼ 1eV, so this is still after T0.

Since the axion is about constant until T0 ∼ 500eV, its potential energy (there
is no kinetic energy since �∇a = 0 and ȧ � 0 on the solution) V ∼ �4 acts as a
component of dark energy (“cosmological constant”), being constant.

But after T0 ∼ 500eV, the axion starts to oscillate (damped by Hubble friction),
and it thus behaves like a condensate of bosons of zero spatialmomentum,with energy
density dropping like R(t)−3, as for any nonrelativistic matter. It thus behaves like
an extremely cold nonrelativistic dark matter (of negligible temperature).

One can also show that the axion self-interaction (due to the cosine potential)
becomes extremely quickly negligible, in fact already at T = 10−5/3T0.

We can fix the the axion decay constant by noting that after T0 (when radiation
has ρrad ∼ T 4

0 and (fuzzy dark) matter has ρm ∼ �4 = f 2m2) and until T1, when
ρm ∼ ρrad, we have ρm/ρrad ∝ T , so

ρm

ρrad

∣∣∣∣
eq.

∼ �4

T 4
0

× T0
T1

� 1 ⇒ f =
√

�2

m
∼ M3/2

Pl T 1/2
1

m1/4
∼ 0.5 × 1017 GeV ,

(36.8)
which is consistent with the range required earlier.

36.3 Fuzzy Dark Matter as a Nonrelativistic Quantum
System

The main applications of fuzzy dark matter are for galaxies and structures present
in the Hubble volume, as in the case of cold dark matter, so we need to find out its
description today. The first thing to note is that we can describe the fuzzy dark matter
as a nonrelativistic quantum system.

The axion must be nonrelativistic, by our assumption. We thus write its action by
reintroducing � and c, with the purpose of taking the nonrelativistic limit:

S =
∫

d4x

�c2
√−g

[
−1

2
gμν∂μφ∂νφ − 1

2

m2c2

�2
φ2

]
, (36.9)

where the field φ has dimensions of energy and x0 = ct . The de Broglie wavelength
is given by

λ

2π
= �

mv
= 1.92kpc

(
10−22 eV

m

)(
10 km/s

v

)
, (36.10)

which means that in order to get a de Broglie wavelength of about kpc, we need
m ∼ 10−22 and v ∼ 10km/s, which indeed makes it very non-relativistic.
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In the nonrelativistic limit, we must take out a phase containing the rest energy

of the particle, e−i E0 t
� = e−i mc2

�2 , as well as a constant that rescales the action to the
nonrelativistic action. Moreover, then the field multiplying it is complex, and we
must add the complex conjugate, so

φ =
√

�2c

2m

(
ψe−i mc2

� + ψ∗e+i mc2

�

)
. (36.11)

Substituting in the action, we obtain

S =
∫

d4x
√−g

[
−|g00|ψ∗i�∂tψ + grr

�
2

2m
( �∇ψ∗)( �∇ψ) + (|g00| − 1)

mc2

2
ψ∗ψ

]
.

(36.12)
Considering a background of the type of a FLRWmetricwith scale R(t), perturbed

by a Newton potential �(�r , t),

ds2 = −
(
1 + 2�

c2

)
c2dt2 + R2(t)

(
1 − 2�

c2

)
d�r2 , (36.13)

and defining as usual the Hubble constant as H = Ṙ/R, we find the equation of
motion (varying with respect to ψ∗)

i�

(
ψ̇ + 3

2
Hψ

)
=

(
− �

2

2mR2(t)
�∇2 + m�

)
ψ. (36.14)

This is just a modified Schrödinger equation, with terms coming from the Hubble
expansion and the Newton potential, as expected for the nonrelativistic limit of a
scalar field theory.

36.4 Superfluid Picture

However, we are in a classical situation, with small quantum fluctuations, so we
must be able to view ψ as some kind of classical field. That is only possible if we
view the dark matter as a superfluid. A regular fluid is a description of a quantum
mechanical system at large distances (ignoring terms of higher orders in derivatives),
whereas a superfluid is a quantum fluid with phase coherence: the wavefunction of
the superfluid defines both the density ρ of the fluid, through the interpretation of
|ψ|2 as probability density, i.e., number density, or ρ/m, whereas the U (1) current
�j defined from the phase is understood as ρ�v. That means that

ψ =
√

ρ

m
eiθ (36.15)
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and the velocity is

�v = �j
ρ

= 1

mψ∗ψ
−i�

2R(t)
(ψ∗ �∇ψ − ψ �∇ψ∗) = �

mR(t)
�∇θ. (36.16)

Because of �v ∝ �∇θ, we have zero vorticity, �ω ≡ �∇ × �v = 0.
Replacing the above ψ in the modified Schrödinger equation, separating the

equation into one for the modulus and one for the phase, then taking �∇ of the phase
and replacing �∇θ by �v, we obtain two equations that look like the ones of the fluid
in comoving coordinates,

ρ̇ + 3Hρ + 1

R
�∇ · (ρ�v) = 0

�̇v + H �v + 1

R
(�v · �∇)�v = − 1

R
�∇� + �

2

2R3m2
�∇

( �∇2√ρ√
ρ

)
. (36.17)

The first is like the continuity equation, and the second like the Euler equation,
generalized to the expanding Universe. These are known as the Madelung equations,
and we note that the only new feature is the “quantum pressure term,” the last term
in the Euler equation.

One can numerically simulate the Madelung equations to find specific fuzzy dark
matter solutions.

36.5 Schrödinger–Poisson Equation and Spherical Soliton
Solution

However, there is another way to approach solutions of the equations of motion
(36.14). For many applications for galaxies, it is enough to ignore the Hubble ex-
pansion, so put H = 0 and R(t) = 1. Then we have a usual Schrödinger equation,
turned into a time independent one in the usual way, by ψ(�r , t) = e−i Etψ(�r), so

− �
2

2m
�∇2ψ(�r) + m�ψ(�r) = Eψ(�r). (36.18)

The new feature is that now, as before, |ψ|2 is a probability density, so m|ψ|2 is a
mass density, that sources the Newton potential, so we also have the Poisson equation

�∇2� = 4πGNm|ψ|2. (36.19)

For the solution defining a galaxy, we consider an isolated system, assuming that
as |�r | → ∞, the variables ψ(�r) and �(�r) go to zero.
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Considering a spherical solution, which can be chosen to be real, we obtain the
equations

− �
2

2mr2
d

dr
r2

dψ

dr
+ m�ψ = Eψ

1

r2
d

dr
r2

d�

dr
= 4πGNmψ2. (36.20)

We obtain soliton solutions ordered by an energy level n (for eigenstates of the
Schrödinger equation),ψn and�n . It turns out that we can scale out dimensions from
all the parameters, given an overall mass M = ∫

ρ = m
∫ |ψ|2 for the soliton, and

express them in terms of numerically calculable dimensionless numbers. We find
that the central density, central potential, and half-mass radius are

ρc =
(
Gm2

�2

)3

M4ρn , �c =
(
GMm

�

)2

φn , r1/2 = �
2

GMm2
fn. (36.21)

Numerically, we see that f0 � 3.9251 and fn increases for n > 0, ρ0 = 0.00440
and ρn decreases for n > 0.

36.6 Observational Consequences

First, the soliton formulas above mean that

r1/2 ≥ 3.925
�
2

GMm2
; ρc ≤ 0.0044

(
Gm2

�2

)3

M4 , (36.22)

so there is a minimum half-mass radius, of about 0.33kpc for M = 109MSun and
m = 10−22 eV, and a maximum central density, of about 7.05MSun/pc3 for the same
values.

There is also a maximum mass for the soliton, since the central Newton potential
� of the soliton cannot exceed ∼ c2, which from (36.21) gives about �c/(GNm).
More precisely, one finds

Mmax = 0.633
�c

GNm
, (36.23)

which is about 8.46 × 1011MSun for m = 10−22 eV.
For distances large compared to the de Broglie wavelength, which as we saw, was

about kpc order, fuzzy dark matter behaves like ordinary dark matter, since it looks
classical. So for any scale larger than galactic, we cannot see a difference.

Differences occur on smaller scales. The minimum half-mass radius and maxi-
mum central density are examples.
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The soliton core is expected to be surrounded by a virialized halo with the usual
(CDM) Navarro-Frenk-White (NFW) profile, since those distances are larger than
the de Broglie wavelength. The maximummass above is only the mass of the soliton
core, there are FDM halos with much larger mass.

From simulations, one finds a minimum mass for dark matter halos of the order
of 107MSun(m/10−22 eV)−3/2.

Dynamical friction for clusters moving in dwarf galaxies is reduced considerably
in FDM, due to various effects, including the quantum effects on small scales (smaller
than the de Broglie wavelength) of the superfluid. That means that the timescale for
relaxation is greatly increased, as observed experimentally in the globular clusters
of the Fornax dwarf galaxy, a satellite galaxy of our own Milky Way galaxy.

The only possible contradiction with observations of the fuzzy dark matter
scenario is from the Lyman-α absorbtion spectrum in galaxies, but there are many
unknown effects, and it is not clear if the constraint, which seems to favor a mass m
of about 10 − 20 × 10−22 eV rather than the 1 − 10 × 10−22 eV range favoured by
the rest of observations, is correct.

Important Concepts to Remember

• Fuzzy dark matter is an alternative to cold dark matter, with an ultra-light boson
with a mass m ∼ 10−22 eV, and a de Broglie wavelength of about 1kpc, which
means it is classical on larger scales.

• The boson is ultra-cold, so is nonrelativistic despite its extremely small mass.
• The best candidate is an axion, specifically a string theory axion with a decay
constant f in between the Planck and GUT scales, and an energy density scale
larger than 104 GeV.

• The axion behaves like a dark energy component, being a constant, until T0 ∼√
mMPl ∼ 500eV, and as regular dark matter afterwards.

• FDM behaves like a nonrelativistic quantum system, satisfying a modified
Schrödinger equation for the wavefunction, with a Hubble friction and a New-
ton potential term.

• FDM can be also recast as a superfluid satisfying Madelung equations, with a
quantum pressure term.

• On galaxy scales, the Schrödinger–Poisson system admits spherical scaling soliton
solutions.

• The soliton picture results in a maximum central core density, a minimum half-
mass radius, a maximum core mass, and an NFW halo outside.

Further reading: The fuzzy dark matter scenario with string theory applications
was defined in [69].

Exercises

(1) Show that the free massive scalar action (36.9) gives in the nonrelativistic limit
(36.12), and that its equations ofmotion in the FLRWmetric perturbed by theNewton
potential, (36.13), are given by the modified Schrödinger equation (36.14).
(2) Show that the modified Schrödinger equation (36.14) leads to the Madelung
equations (36.17).
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(3) Prove the scaling relations (36.21) for the radial soliton solutions of the
Schrödinger–Poisson equations.
(4) Find the solution for the equation of motion of the axion field (KG) in the ex-
panding Universe, (36.6).



Chapter 37
Holographic Cosmology

In this chapter we will consider holographic approaches to cosmology, that is, to
take advantage of the duality to a weakly coupled (therefore calculable) field theory
provided by the AdS/CFT correspondence and its generalizations, gauge/gravity
duality, in order to calculate the behaviour near the strongly coupled gravity near the
cosmological singularity.

There have been various attempts at using holography in this way, with various
degrees of success. Here I will focus on two examples, which provide more concrete
observational consequences, though they both come with caveats.

In one approach, started by McFadden and Skenderis, one starts with a “domain
wall” spacetime, which is an Euclidean version of the FLRW cosmology in the
spatially flat (k = 0) case. One then constructs a holographic phenomenological
approach, by calculating the results of a generic super-renormalizable quantum field
theory (at the 3-dimensional boundary of the domain wall spacetime) momentum
space 2-point function and, after analytical continuation to Lorentzian signature,
compare the resulting power spectra against observations.

In another approach, based on some exact (top down holography) type IIB su-
pergravity cosmological solutions, one calculates the transition of cosmological per-
turbations through a (strongly coupled) cosmological singularity, by doing a cal-
culation in the (weakly coupled) gauge theory, assumed to be N = 4 SYM with a
time-dependent coupling constant gYM , and then mapping to the dual cosmology.

37.1 Generic Holographic Cosmology Map

The generic idea about using holography to calculate correlation functions in cos-
mology is due to the seminal paper of Maldacena from 2002, which calculated for
the first time inflationary non-Gaussianity in the 3-point functions. Maldacena pro-
posed that holography in an asymptotically de Sitter background should use the
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correspondence between the wavefunction of the Universe �[hi j ,φ], with a given
spatial 3-metric hi j and scalar φ, and the dual field theory partition function, with
the partition function ZQFT[hi j ,φ] depending on sources hi j and φ for the operators,

�[hi j ,φ] = ZQFT[hi j ,φ]. (37.1)

The correspondence is analytically continued from (asymptotically) AdS space.
The fields in the cosmology side start in the Bunch–Davies vacuum, corresponding
to the analytical continuation from Euclidean signature.

The the stress tensor Ti j on the boundary is expressed in terms of the wavefunction
� in the bulk as

Ti j (x) = δZQFT[hi j ,φ]√
hδhi j (x)

∣∣∣∣
δhi j=0,φ=0

= δ�[hi j ,φ]√
hδhi j (x)

∣∣∣∣
δhi j=0,φ=0

. (37.2)

This is understood as an operator statement, and valid inside correlation functions.
Analogously, we have for the boundary operator O coupling with φ a variation of
the usual AdS/CFT relation,

〈O(x1) . . .O(xn)〉 = δn ZQFT[hi j ,φ]
δφ(x1) . . . δφ(xn)

∣∣∣∣
δhi j=φ=0

= δn�[hi j ,φ]
δφ(x1) . . . δφ(xn)

∣∣∣∣
δhi j=φ=0

.

(37.3)
This then integrates to the wavefunction of the Universe

�[φ] = exp

[ ∞∑
n=2

1

n!
∫

dx1 . . .

∫
dxn〈O(x1) . . .O(xn)〉

]
. (37.4)

and similarly when we include hi j , dual to Ti j correlators.
The wavefunction �[hi j ,φ] can be computed in the cosmology as � ∼ ei Scl ,

where Scl is the classical action on the on-shell fields with the given boundary val-
ues. But then correlation functions of hi j and φ are evaluated as usual in quantum
mechanics by integrating with the probability |�|2, e.g.

〈hi j (x1)hkl(x2)〉 =
∫

Dhmn|�[hmn,φ]|2hi j (x1)hkl(x2). (37.5)

Since both sides of the equality are real, only the real part of i Scl contributes, but
we obtain a crucial factor of 2 from the square of the wavefunction:

〈hi j (x1)hkl(x2)〉 =
∫

Dhmne
−2ImSclhi j (x1)hkl(x2). (37.6)

If the gravity theory is strongly coupled, this correlation functionmight be difficult
to calculate. Otherwise, for a theory approximately in de Sitter space, these corre-
lators for superhorizon distances, which are what is needed for inflationary CMB
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calculations, can be evaluated (and were evaluated by Maldacena). But in a different
background, it might be hard to calculate.

Note that this is the correlation function that we want, which is a bit different than
the correlation functions in usual AdS/CFT, which are correlation functions of the
operatorsO(x) on the boundary field theory, and not of the sources φ(x) and hi j (x)
associated with them. If we want to use holography to calculate the correlators of
φ and h, we need to find a way to relate them to the correlators of O and Ti j in the
quantum field theory.

37.2 Domain Wall/Cosmology Correspondence

The first holographic approach is based on the “domain wall/cosmology correspon-
dence,” which means a certain Wick rotation in the context of holographic models.

The “domain wall” spacetime is really a FLRW cosmological model, analytically
continued to Euclidean signature. Together, the two signature solutions arewritten as

ds2 = ηdz2 + a2(z)[δi j + hi j (z, �x)]dxidx j

� = φ(z) + δφ(z, �x). (37.7)

Here η = −1 is FLRW cosmology, and η = +1 is the domain wall, obtained by
the Wick rotation t = −i z. hi j is a gravitational fluctuation, δφ a dilaton fluctuation,
and a(z) the scale factor. The Euclidean vacuum becomes the standard Bunch-Davies
vacuum when Wick rotating to the cosmology. Both signature solutions come from
the same action, just with a different overall sign,

S = η

2κ2

∫
d4x

√|g|[−R + (∂μφ)2 + 2κ2V (�)]. (37.8)

If φ(z) is monotonic, we can invert it to z(φ), and thus define a “fake superpoten-
tial” W (φ) by

H(z) = −1

2
W (φ(z)). (37.9)

Then the equations of motion of the gravity plus scalar system are

ȧ

a
= −1

2
W (φ(z)) , φ̇ = W ′ , 2ηκ2V = W ′2 − 3

2
W 2. (37.10)

Wecan addperturbations on topof the background satisfying the above conditions,
and as usual consider

hi j = −2ψ(z, �x)δi j , (37.11)
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go to comoving momentum space �q , and construct the usual gauge invariant variable

ζ = ψ + H

φ̇
δφ (37.12)

and transverse traceless perturbation γi j , and the slow roll parameter

εH = − Ḣ

H 2
= 2

W ′2

W 2
. (37.13)

Then the equations of motion become as usual

ζ̈ +
(
3H + ε̇H

εH

)
ζ̇ − η

q2

a2
ζ = 0

γ̈i j + 3H γ̇i j − η
q2

a2
γi j . (37.14)

The analytical continuation from Euclidean to Lorentzian signature is

κ̄2 = −κ2 , q̄ = −iq. (37.15)

The scalar and tensor (superhorizon) power spectra are momentum space two-
point functions of the perturbations ζ and γi j that go to a constant at late time values,

�2
S(q) = q3

2π2
〈ζ(q)ζ(−q)〉 = q3

2π2
|ζq(0)|2

�2
T (q) = q3

2π2
〈γi j (q)γi j (−q)〉 = 2q3

π2
|γq(0)|2 , (37.16)

where ζq(0) and γq(0) are the late time values of the perturbations, which have at
early times the Bunch-Davies vacuum condition ζq , γq ∼ e−iqτ for conformal time
τ → −∞.

Define the canonical conjugate momenta to ζq and γq ,

�(ζ)
q = 2

κ2
εHa

3ζ̇q , �(γ)
q = 1

4κ2
a3γ̇q , (37.17)

and impose (operatorial) canonical commutation conditions for them,

ζq�
(ζ)∗
q − �(ζ)

q ζ∗
q = i

2(γq�
(γ)∗
q − �(γ)

q γ∗
q ) = i. (37.18)

The specific functions for ζq and γq imply a given ζ̇q , γ̇q , therefore a given �
(ζ)
q

and �
(γ)
q , which can be described by saying that there is a response to ζq and γq ,

defined by response functions � and E ,
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�(ζ)
q = �ζq , �(γ)

q = Eγq . (37.19)

Substituting this functional form in the canonical commutation relations above,
the real parts cancel, and we obtain the conditions

|ζq |2 = − 1

2Im�
, |γq |2 = − 1

4ImE
. (37.20)

Substituting in the superhorizon power spectra, we obtain

�2
S(q) = −q3

4π2Im�(0)(q)
,

�2
T (q) = −q3

2π2ImE(0)(q)
. (37.21)

In the domain wall spacetime, i.e., in Euclidean signature, we can define the same
variables, via the analytical continuation

�̄(−iq) = �(q) , Ē(−iq) = E(q) , (37.22)

leading to the definitions

�̄
(ζ)

q̄ = −�̄ζq̄ , �̄(γ)
q = −Ēγq̄ . (37.23)

37.3 Holographic Calculation

To calculate holographically the power spectra, we must calculate �̄(0) and Ē(0)

holographically, and then make the analytical continuation to cosmology.
For asymptoticallyAdS or dS domainwalls, the holographic prescription is under-

stood. In particular, for the dS case relevant for inflation, this was done byMaldacena,
as reviewed at the beginning of the chapter.

We can then adopt the same logic as there for the relevant case here, which is of
a power law corresponding to FLRW, at least asymptotically

a(z) ∼ (z/z0)
n , φ ∼ √

2n log(z/z0). (37.24)

One calculates holographically, as described at the begining of the chapter, the
two-point function of energy-momentum tensors on the boundary, decomposed in
general as

〈Ti j (q̄)Tkl(−q̄)〉 = A(q̄)�i jkl + B(q̄)πi jπkl , (37.25)

where
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�i jkl = πi(kπl) j − 1

2
πi jπkl , πi j = δi j − q̄i q̄ j

q̄2
(37.26)

are the 4-index transverse traceless projection operator, and the 2-index transverse
projection operator (a 4-index trace), respectively.

But a holographic calculation based on the holographic renormalization approach
of Skenderis andPapadimitriou (thatwill not be reproducedhere) can be doneproving
that the coefficients A(q̄) and B(q̄) are related to the response functions � an E at
large times as

A(q̄) = 4Ē(0)(q̄) , B(q̄) = 1

4
�̄(0)(q̄) , (37.27)

leading finally to

�2
S(q̄) = −(i q̄)3

16π2ImB(q̄)
, �2

T (q̄) = −2(i q̄)3

π2ImA(q̄)
. (37.28)

Note that in principle, the same holographic calculation can be made using the
Maldacena map (37.1) to calculate the hi j two-point function from the Ti j two-point
function on the boundary. The result is the same as above.

The last step is going back to Lorentzian signature, byWick rotating themomenta,
as well as the rank N of the QFT gauge group,

q̄ = −iq , N̄ = −i N . (37.29)

37.4 Phenomenological QFT Calculation

The quantum field theory in which a calculation is done is the most general super-
renormalizable gauge theory on the Euclidean 3 dimensional boundary. In 3 dimen-
sions, Yukawa couplings and φ4 couplings are dimensional, therefore superrenor-
malizable, and there are no higher powers of fields with dimensional couplings. The
fields are gauge field Ai = Aa

i Ta , scalars φM = φaMTa and fermions ψL = ψaLTa
which are in the adjoint of SU (N ) and have flavor indices M, L .

The Euclidean space action is then

SQFT =
∫

d3x Tr

[
1

2
Fi j F

i j + δM1M2Di�
M1�M2 + 2δL1L2 ψ̄

L1γi Diψ
L2

+√
2gYMμML1L2�

M ψ̄L1ψL2 + 1

6
g2YMλM1...M4�

M1 . . . �M4

]

= 1

g2YM

∫
d3x Tr

[
1

2
Fi j F

i j + δM1M2Di�
M1�M2 + 2δL1L2 ψ̄

L1γi Diψ
L2

+√
2μML1L2�

M ψ̄L1ψL2 + 1

6
λM1...M4�

M1 . . . �M4

]
, (37.30)
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where in going from the first form to the second we have rescaled the fields by
gYM . Here λM1...M4 and μML1L2 are dimensionless couplings, Tr[TaTb] = 1

2δab, and
in the first line [Ai ] = 1/2, [�M ] = 1/2, [ψL ] = 1, whereas in the second [Ai ] =
1, [�M ] = 1, [ψL ] = 3/2, as in 4 dimensions.

The fact that in the second form the dimensions are in g2YM , outside the action,
but inside there are no dimensional parameters, is called “generalized conformal
structure,” and it implies a scaling form for 2-point functions, which in turn implies
a scaling form for the coefficients A and B: the dimensions are contained in powers
of momenta only, and these come in quantum corrections via unknown functions of
the effective coupling

g2eff = g2N

q
. (37.31)

Since also A and B (the whole 2-point function) scales as N 2 in the large N limit,
as we saw in general AdS/CFT, we have the general scalings

A(q, N ) = q3N 2 fT (g2eff) , B(q, N ) = 1

4
q3N 2 f (g2eff) , (37.32)

where the 1/4 factor is conventional.
Finally, we need to make the Wick rotation to Lorentzian signature, which takes

q̄3 N̄ 2 = −iq3N 2 , g2eff(q̄, N̄ ) = g2eff(q, N ) , (37.33)

and thus the measured superhorizon power spectra in terms of the Euclidean QFT
are

�2
S(q) = q3

4π2N 2 f (g2eff)
, �2

T (q) = 2q3

π2N 2 fT (g2eff)
. (37.34)

The interesting regime is when the gravitational description is strongly coupled,
which results in a weakly coupled dual QFT, meaning we can calculate f and fT in
perturbation theory. Under general considerations, we find in perturbation theory

f (g2eff) = f0
[
1 − f1g

2
eff ln g2eff + f2g

2
eff + O(g4eff)

]
fT (g2eff) = fT 0

[
1 − fT 1g

2
eff ln g2eff + fT 2g

2
eff + O(g4eff)

]
. (37.35)

Here f0 and fT 0 are obtained from a 1-loop computation, and f1, fT 1 and f2, fT 2
are from a two-loop computation. In it, we set the RG scale μ equal to the pivot scale
q∗ of the observational CMBR spectrum.

We can define dimensionless variables g,β and gT ,βT via

f1g
2
YM N = gq∗ , ln β = − f2

f1
− ln | f1| ,

fT 1g
2
YM N = gq∗ , ln βT = − fT 2

fT 1
− ln | fT 1| , (37.36)
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which parametrizes the power spectrum as

�2
S(q) = �2

0

1 + (gq∗/q) ln |q/βgq∗| + O(gq∗/q)2

�2
T (q) = �2

0T

1 + (gT q∗/q) ln |q/βT gq∗| + O(gT q∗/q)2
, (37.37)

where

�2
0 = 1

4π2N 2 f0
, �2

T 0 = 2

π2N 2 fT 0
. (37.38)

The parameters f0, f1, f2 (or g,β,�2
0) have been calculated at 2-loops in terms

of the number of scalars and fermions, and the dimensionless couplings μ and λ, but
the formulas are long and not very illuminating. An important observation is that,
in order to be able to fit against CMBR data, we need to introduce a nonminimal
coupling between scalars and gravity, in the form of a term in the action of

1

2g2YM

∫
d4x

√−g
∑
M

R(�M)2ξM . (37.39)

As far as the tensor perturbations, the most relevant number is the tensor to scalar
ratio, r . In terms of the number of scalars NS and number of fermions NF , the formula
one finds is

r = 32
1 + ∑NS

M=1(1 − 8ξM)2

1 + 2NF + NS
. (37.40)

In the limit NS � NF and NS � 1, and for ξM = ξ independent of the scalar, we
find

r � 32(1 − 8ξ)2, (37.41)

The holographic spectrum (37.37) has been compared with the data, as a
parametrization, different than the one inspired by inflation with �CDM , with an
ns that runs, so ns and αs = dns/d ln q,

�2
S(q) = �2

0(q∗)
(
q

q∗

)(ns−1)+ αs
2 ln q

q∗
. (37.42)

The idea in using αs as a parameter as well is that now we have the same number
of parameters: besides the pivot scale q∗, and the normalization �0(q∗), we have
on one side g and β, and on the other ns and αs . The result is that both fits (the
inflationary one with ns and αs , and the phenomenologic holographic cosmology
one, with β and g) are compatible with CMBR data.

In the case of the phenomenological holographic cosmology, we find that theories
with only gauge fields and fermions are excluded, but if we introduce scalars and
nonminimal couplings to gravity for them,we can fit theCMBR. To give one example
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of a good fit, if we choose a common nonminimality parameter ξ = 0.133, giving
r = 0.12, and a common λ = 1, we find N = 2995 and NS = 23255 (so N 2 � NS ,
as needed).

From the fits, one finds that generically, f1g2eff ln g2eff � 1 at l � 35. Thus at very
lowmultipoles (l < 30), perturbation theory breaks down, andwewould need instead
to use lattice quantum field theory to give predictions. Restricting to the reliable part
of the data l > 30 (known reliably from a theoretical point of view), the holographic
cosmology fits the CMBR data just as well as the �CDM model with inflation.

37.5 Time Dependent Field Theory Model: Top Down
Holography

Another interesting approach to holographic cosmology starts with the original
AdS/CFT set-up, of the duality between N = 4 SYM theory in 3+1 dimensions,
and string theory (in the supergravity limit) on AdS5 × S5, with metric

ds210 = R2

z2
[dz2 + ημνdx

μdxν] + R2d�2
5 , (37.43)

and 5-form
F(5) = ω5 + ∗10ω5 , (37.44)

where ω5 is the volume form on the 5-sphere.
Instead of considering a 4 dimensional bulk cosmology like before, one considers

a 5 dimensional bulk, with a spatially flat (k = 0) 3+1 dimensional cosmology near
the boundary, i.e., consider instead a 10 dimensional metric

ds210 = R2

z2
[dz2 + g̃μνdx

μdxν] + R2d�2
5 , (37.45)

where the boundary metric is

ds24 = g̃μνdx
μdxν = −dT 2 + a2(T )δi j dx

idx j . (37.46)

Yet, this is still considered as a bulk geometry, with a dual field theory still living
in flat spacetime, as the boundary is conformally flat:

ds24 = a2(T )

[
− dT 2

a2(T )
+ δi j dx

idx j

]
≡ a2(t)[−dt2 + δi j dx

idx j ] , (37.47)

where t is conformal time (which we called η in the context of cosmology), which
is regular time in the boundary field theory.
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In order to be a type of “top-down” model, we need to find a gravitational solu-
tion of type IIB that can still be viewed as a dual to some sort of modification of
N = 4 SYM. The way this happens is that one introduces a nontrivial dilaton field,
specifically time dependent, φ = φ(T ).

The type IIB supergravity equations of motion with metric and dilaton (Einstein
and Klein-Gordon) for our ansatz,

R̃μν = 1

2
∂μφ∂νφ

∂A(
√−gGAB∂Bφ) = 0 , (37.48)

where gAB is the full 10-dimensional metric and R̃μν is the Ricci tensor of g̃μν , have
the solution

a(T ) =
(
3|T |
2R

)1/3

, φ(T ) = 2√
3
ln

|T |
R

+ φ0 , (37.49)

valid both for T > 0 and for T < 0. Thus the cosmology presents a Big Crunch,
followed by Big Bang, singularity. In conformal time t (T = 2R

3 (t/R)3/2), we have

ds24 = g̃μνdx
μdxν = |t |

R
[−dt2 + δi j dx

idx j ] , φ(t) = √
3 ln

|t |
R

+ φ0. (37.50)

This implies

eφ = gs

( |t |
R

)√
3

(37.51)

On the boundary theory, since in string theory we have the map

g2YM

4π
= gs = e〈φ〉 , (37.52)

having a time dependent dilaton φ = φ(t) amounts to having a time dependent Yang-
Mills coupling gYM = gYM(t), specifically

g2YM(t) = g2YM,0

( |t |
R

)√
3

. (37.53)

We thus consider a gauge theory action for the gauge fields

SYM = −1

4

∫
d4y(g2YM(t))−1 Tr[FμνF

μν]. (37.54)
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37.6 Spectrum of Fluctuations Going Through Singularity,
from Holography

The specific question to be answered relates to the cosmological evolution near
the singularity, where gravity is strongly coupled, therefore not calculable, but the
dual field theory is weakly coupled, therefore quite calculable. The question, of
relevance for models with Big Crunch followed by Big Bang, is of the propagation
of fluctuations through the singularity.

The general strategy is: assume perturbations in the cosmological gravity theory,
at t → −∞, which can be calculated in the gravitational background, or assumed
as scale invariant. Translate them to gauge theory, then evolve the gauge theory
perturbations, and finally reconstruct the perturbations at t → +∞.

In the gauge theory, one works in the gauge A0 = 0 and ∂i Ai = 0, so Ai are the
only variables. Moreover, one is interested in the IR limit, in which �k2 is small, so
the operator corresponding to the dilaton perturbation δφk (in momentum space) is

Ok = Tr[F2
μν(k, t)] � 2 Ȧ2

i;k . (37.55)

To relate the scalar perturbation to the field theory, we note first that a boundary
fluctuation δφk must equal a boundary fluctuation of the operator Tr[F2

μν] � 2 Ȧ2
i in

momentum space. But

Ȧ2
i =

∫
d3k1d

3k2 Ȧi (k1) Ȧi (k2)e
i(k1+k2)x V

=
∫

d3keikx
√
V

∫
d3k ′ 1

4
Ȧi

(
k + k ′

2

)
Ȧi

(
k − k ′

2

)√
V , (37.56)

where we have defined k1,2 = (k ± k ′)/2. Doing the integral over k, and identifying
the Fourier space coefficient with the one of δφk/2, we obtain

M4
Plδφk = 1

4

∫
d3k ′ Ȧi

(
k + k ′

2

)
Ȧi

(
k − k ′

2

) √
V . (37.57)

Then doing the integral in the region k ′ < k, where we can approximately put
k ′ = 0 in the arguments of Ai , and obtain ∼ k3 from d3k, we get

m4
Plδφk ∼ k3 Ȧ2

i;k
√
V . (37.58)

If the spectrum of δφk is scale invariant, so ∝ k−3/2 (so Pk ∼ k3δφ2
k is k indepen-

dent), then we obtain the initial gauge perturbation

Ȧin
i;k ∼ k−9/4. (37.59)
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After performing the gauge theory calculation, we should propagate the operator
O back to the bulk, via a “smearing function”, a sort of causal bulk to boundary
propagator, that is restricted to tbe nonzero only on a causal wedge relating the point
z in the bulk with a slice of time |t ′ − t | < z on the boundary, by

δφ(z, �x, t) =
∫

dt ′d3x ′K (�x ′, t |z, �x, t)O(�x ′, t ′). (37.60)

Taking the Fourier transform, we find (defining �x ′ − �x = �y′ and t ′ − t = s)

δφ(z, k, t) = V−1/2
∫

d3xδφ(z, x, t)eik·x

=
∫

dsd3y′K (�y′, t + s|z, 0, t)e−�k·�y′O(k, t + s)

�
∫

ds

[∫
d3y′K (s + t, �y′|z, 0, t)

]
O(k, t + s). (37.61)

In this, we must substitute O(k, t + s) = 2 Ȧ2
i resulting from the Ȧi in the gauge

theory calculation.
This strategy is quite broadly applicable, for various holographic duals.

Results

In the case of theN = 4 SYM with time-dependent coupling, the calculation of the
passage through the singularity is as follows. One can redefine fields to

Ãi = e−φ/2Ai , (37.62)

which when substituted back in the gauge theory action gives an equation of motion
for a KG field with a time dependent mass,

− ∂μ∂
μ Ãi + M2

SYM(t) Ãi = 0 , (37.63)

where

M2
SYM(t) = φ̈

2
− φ̇2

4
= −

√
3(

√
3 + 2)

4t2
, (37.64)

wherewe can replace
√
3 bywhatever powerαwehave in g2YM ∝ eφ(t) ∝ |t |α. It turns

out that, because the mass blows up at the singularity at t = 0, there is a singularity
in the propagation of the modes through t = 0.

To get a sensible result, one needs to regularize, for instance capping off MSYM(t)
at t = −ξ, maintaining it constant until t = +ξ. Then one finds that the spectrum is
unchanged as it passes through the singularity (perhaps expected due to the pertur-
bative nature of SYM, but one encounters subtleties along the way, as one has branch
cuts). Only the amplitude is changed, between a time −t and a time +t as
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Ãk(+t) �
(
t

ξ

)2νg

Ãk(−t) , (37.65)

where the exponent is
2νg = 1 + √

3 → 1 + α. (37.66)

Then one can go back to the cosmological spectrum, and find that the spectrum
as it passes through the perturbation is unchanged, and remains scale invariant. Only
the amplitude gets enhanced.

But the calculation is not reliable: we needed to regularize the equations by hand,
and even so, we obtain some singular behaviour.

Nevertheless, the method explained here could be more broadly used.

Important Concepts to Remember

• In the holographic cosmology approach, one can equate the wavefunction of the
Universe, as a function of spatial metric hi j with the boundary partition function
for the same source, �[hi j ] = Z [hi j ].

• We are interested in correlation functions of hi j in the gravity side, but we can
calculate instead correlation functions of the operators dual to them (Ti j here) in
the dual QFT. We must learn how to relate the two.

• In the domain wall/cosmology correspondence, one can make an Euclidean space
continuation (Wick rotation) of a 4 dimensional cosmology with an a(t) to an
Euclidean domain wall with a(z), which can have a holographic dual.

• A phenomenological approach to holographic cosmology can be obtained by re-
lating the scalar and tensor power spectra in cosmology, �2

0,S/T (k), with response
functions � and E that take fluctuations into their canonical conjugates.

• Holographically, � and E are calculated from the coefficients A and B of the
2-point functions of Ti j , and an analytical continuation to Lorentzian signature.

• As a dual QFT, one considers a general gauge+fermions+scalars+nonminimal
coupling to R theory, and matches against CMBR data.

• The matching, considered only over the region l > 30 in which the perturbative
calculation is valid (as opposed to some lattice QFT one), is as good as �CDM
with inflation.

• For top-down holography, one can consider a 5 dimensional bulk, deformed
AdS5 × S5, made up of a 3+1 dimensional flat FLRW metric, which is the metric
near the boundary, and is conformal to flat space, and a 4 dimensional N = 4
SYM in flat space.

• One uses a type IIB supergravity solution with a time dependent dilaton and, since
eφ(t) ∼ gs ∼ g2YM , a time dependent coupling in N = 4 SYM.

• Fluctuations can be mapped from cosmology to field theory, then evolved through
the singularity (which is strongly coupled on the gravity side), then mapped back
to cosmology.
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Further reading: Maldacena’s map holographic map on correlation functions, and
from wavefunctions to partition functions, was defined in [70]. The phenomenolog-
ical holographic cosmology was defined in [71], and its effects for Planck data were
studied in [72, 73]. The time dependent field theory model was studied in [74, 75].

Exercises

(1)Write down the 1-loop Feynman diagram(s) for the 2-point function of the energy-
momentum tensor in (37.30) and the integral expression using the Feynman rules.
(2) Show that the holographic cosmology ansatz for the scalar spectrum�2

S in (37.37)
and the inflationary ansatz in (37.42) are not that different in terms of their CMBR
values, so they have a chance of being alternative fits to the data.
(3) Show that the equations of motion of type IIB supergravity (37.48) have the
solutions (37.49).
(4) Show that the equation of motion of the gauge field, under the rescaling Ãi =
e−φ/2Ai , under the solution (37.49), gives the KG equation with mass (37.64).
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